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TO THE STUDENT

With the hope that this work will stimulate an interest
in Structural Analysis and provide an acceptable guide
to its understanding.






This book is intended to provide the student with a clear and thorough
presentation of the theory and application of structural analysis as it
applies to trusses, beams, and frames. Emphasis is placed on developing
the student’s ability to both model and analyze a structure and to provide
realistic applications encountered in professional practice.

During recent years there has been a growing emphasis on using
computers to analyze structures by matrix analysis. These developments
are most welcome, because they relieve the engineer of the often lengthy
calculations required when large or complicated structures are analyzed
using classical methods. Although matrix methods are more efficient for
a structural analysis, it is the author’s opinion that students taking a first
course in this subject should also be well versed in the classicial methods.
Practice in applying these methods will develop a deeper understanding
of the basic engineering sciences of statics and mechanics of materials.
Also, problem-solving skills are further developed when the various
techniques are thought out and applied in a clear and orderly way. By
experience, one can better grasp the way loads are transmitted through
structures and obtain a more complete understanding of the way
structures deform under load. Finally, the classical methods provide a
means of checking computer results rather than simply relying on the
generated output.

PREFACE

Organization, Approach, and Unique Features

"The contentis of each chapter are arranged into sections with specific topics
categorized by title headings, Discussions relevant to a particular theory
are suceinet, yet thorough. In most cases, this is followed by a “procedure
for analysis” guide, which provides the student with a summary of the
important concepts and a systematic approach for applying the theory. The
example problems are solved using this outlined method in order to clarify
its numerical application. Problems are given at the end of each chapter
and are arranged to cover the material in sequential order; mozeover, for
any topic they are arranged in approximate order of increasing difficulty.

vil
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The following is a list of some of the other important features of the text.

* Photographs, Many photographs are used throughout the book
to explain how the principles of structural analysis apply to real-
world situations.

s Problems. Most of the problems in the book depict realistic
situations encountered in practice. It is hoped that this realism will
both stimulate the student’s interest in structural analysis and
develop the skill to reduce any such problem from its physical
description to a model or symbolic representation to which the
appropriate theory can be applied. Throughout the book there is an
approximate balance of problems using ST units. The intent has been
to develop problems that test the student’s ability to apply the
theory, keeping in mind that those problems requiring tedious
calculations can be relegated to computer analysis.

* Answers to Selected Problems. The answers to selected problems
are listed in the back of the book. Extra care has been taken in the
presentation and solution of the problems, and all the problem sets
have been reviewed and the solutions checked and rechecked to
ensure both their clarity and numerical accuracy.

* INustrations, Throughout the book, two-color art has been added,
including many photorealistic illustrations that provide a strong
connection to the 3-D nature of engineering,

Contenis

This book is divided into three parts. The first part consists of seven
chapters that cover the classical methods of analysis for statically .
determinate structures. Chapter 1 provides a discussion of the various
types of structural forms and loads. The analysis of statically determinate
structures is covered in the next six chapters. Chapter 2 discusses the
determination of forces at a structure’s supports and connections. The
analysis of various types of statically determinate trusses is given in
Chapter 3, and shear and bending-moment functions and diagrams for
beams and frames are presented In Chapter 4. In Chapter 5, the analysis
of simple cable and arch systems is presented, and In Chapter 6 influence
lines for beams, girders, and trusses are discussed. Finally, in Chapter 7
several common techniques for the approximate analysis of statically
indeterminate structures are considered. ]

In the second part of the book, the analysis of statically indeterminate
structures is covered in six chapters. Geometrical methods for computing
deflections are discussed in Chapter 8. Energy methods for computing
deflections are covered in Chapter 9. Chapter 10 covers the analysis of



statically indeterminate structures using the force method of analysis, in
addition to a discussion of influence lines for beams. Then the displacement
methods consisting of the slope-deflection method in Chapter 11 and
moment distribution in Chapter 12 are discussed. Finally, beams and frames
having nonprismatic members are considered in Chapter 13.

"The third part of the book treats the analysis of structures using the stiffness
method. Trusses are discussed in Chapter 14, beams in Chapter 15, and
frames in Chapter 16. A review of matrix algebra is given in Appendix A,

PREFACE » ix

Supplements

» Instroetor’s Selutions Manual. An instructor’s solutions manual was
prepared and typeset by the author. Like the textbook, it was triple
accuracy checked.

+ Powerpoint Teaching Slides. Instructors can access, download and
customize editable Powerpoint Teaching Slides from Hibbeler’s
companion website. Each chapter contains theoretical concepts
explained with worked examples. Key equations and colorful
artwork enhance the learning experience of students.

s STRAN. The popular STRAN program is provided in an attached
CD-ROM. Students and instructors can use it to selve Structural
Analysis problems.

All the above supplements can be obtained from Hibbeler's Companion
website: httpi/fwww.pearsoned-asia.com/hibbeler.
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The diamond-patterned framework on tiis high-rise building is
used to resist earthguake loadings. (Photo courtesy of
Bethfehem Steel Corporation.)
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This chapter provides a discussion of some of the preliminary aspects of
‘structural analysis. The phases of activity necessary to produce a structure are
presented first, followed by an introduction to the basic types of structures, their
components, and supports. Finally, a brief explanation is given of the various
types of loads that must be considered for an appropriate analysis and design.

1-1

Introduction

A siructure refers to a system of connected parts used to support a load.
Important examples related to civil engineering include buildings, bridges,
and towers; and in other branches of engineering, ship and aircraft frames,
tanks, pressure vessels, mechanical systems, and electrical supporting
structures are important.

When designing a structure to serve a specified function for public use,
the engineer must account for its safety, esthetics, and serviceability, while
taking into consideration economic and environmental constraints. Offen
this requires several independent studies of different solutions before final
judgment can be made as to which structaral form is most appropriate.
This design process Js both creative and technical and requires a
fundamental knowledge of material properties and the laws of mechanics
which govern material response. Once a preliminary design of a structure
is proposed, the structure must then be analyzed to ensure that it has its
required strength and rigidity. To analyze a structure properly, certain
idealizations must be made as to how the members are supported and
connected together. The loadings are determined from codes and local
specifications, and the forces in the members and their displacements are
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found using the theory of structural analysis, which is the subject matter
of this text. The results of this analysis then can be used to redesign the
structure, accounting for a more accurate determination of the weight of
the members and their size. Structural design, therefore, follows a series
of successive approximations in which every cycle requires a structural
analysis. In this book, the structural analysis is applied to civil engineering
structures; however, the method of analysis described can also be used for
structures related to other fields of engineering.

1-2

tie rod

Classification of Structures

@
rod bar

angle channel

typical cross sections

Fig. 1-1

cantilevered beam

coniinuous beam

Fig, 1-2

It is important for a structural engineer to recognize the various types
of clements composing a structure and to be able to classify structures
as to their form and function. We will introduce some of these aspects
now and expand on them at appropriate points throughout the text.

Structural Elements. Some of the more common elements from which
stnictures are composed are as follows.

Tie Rods. Structural members subjected to a fensile force are often
referred to as tie rods or bracing strurs. Due to the nature of this load, these
members are rather slender, and are often chosen from rods, bars, angles,
or channels, Fig. 1-1,

Beams. Beams are usually straight horizontal members used primarily
to carry vertical loads. Quite often they are classified according to the way
they are supported, as indicated in Fig. 1-2. In particular, when the cross
section varies the beam is referred to as tapered or haunched. Beam cross
sections may also be “built up” by adding plates to their top and bottom.
Beams are primarily designed to resist bending moment; however, if
they are short and carry large loads, the internal shear force may become
quite large and this force may govern their design. When the material
used for a beam is a metal such as steel or aluminum, the cross section
is most efficient when it is shaped as shown in Fig. 1-3. Here the forces
developed in the top and bottom flanges of the beam form the necessary
couple used to resist the applied moment M, whereas the web is effective
in resisting the applied shear V. This cross section is commonly referred
to as a “wide flange,” and it is normally formed as a single unit in a rolling
mill in lengths up to 23 m. If shorter lengths are needed, a cross section
having tapered flanges is sometimes selected. When the beam is required
to have a very largé span and the loads applied are rather large, the cross
section may take the form of a plate girder. This member is fabricated
by using a large plate for the web and welding or bolting plates to its
ends for flanges. The girder is often transported to the field in segments,




SEcioN 1-2  Classification of Structures 5

Fig. 1-3

and the segments are designed to be spliced or joined together at points
where the girder carries a small internal moment.

Concrete beams generally have rectangular cross sections, since it is
easy to construct this form directly in the ficld. Because concrete is rather
weak in resisting tension, steel “reinforcing rods” are cast into the beam
within regions of the cross section subjected to tension. Precast concrete
beams or girders are fabricated at a shop or yard in the same manner
and then transported to the job site.

Beams made from timber may be sawn from a solid piece of wood or
laminated. Laminated beams are constructed from solid sections of
wood, which are fastened together using high-strength glues.

Shown are typical splice plate joints used to
connect the steel girders of a highway bridge.

The prestressed concrete girders are simply
supported and are used for this highway bridge.
Also, note the tapered beams used to support
these girders.

The steel reinforcement cage shown on the
right and left is used to resist any tension that
may develop in the concrete beams which will
be formed around it.
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column

] =
X
beam column

Fig. 1-4

Wide-flange members are often used for
golumns. Here s an example of a beam
column.

Colunms. Members that are generally vertical and resist axial compressive
loads are referred to as columns, Fig. 1-4. Tubes and wide-flange cross
sections are often used for metal columns, and circular and square cross
sections with reinforcing rods are used for those made of concrete.
Qccasionally, columns are subjected to both an axial load and a bending
moment as shown in the figure. These members are referred to as beamn
columns,

Types of Structures. The combination of structural elements and the
materials from which they are composed is referred to as a structural
system. Each system is constructed of one or more of four basic types of
structures. Ranked in order of complexity of their force analysis, they are
as follows,

Trasses. When the span of a structure is required to be large and its depth
is not an important criterion for design, a truss may be selected. Trusses consist
of slender elements, usually arranged in triangutar fashion. Planar trusses are
composed of members that e in the same plane and are frequently used for
bridge and roof support, whereas space trusses have members extending in
three dimensions and are suitable for derricks and towers,

Due to the geometric arrangement of its members, loads that cause
the entire truss to bend are converted into tensile or compressive forces
in the members. Because of this, one of the primary advantages of a
truss, compared to a beam, is that it uses less material to support a
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tension

Fig, 1-5

given load, Fig. 1-5. Also, a truss is constructed from Jong and slender
elements, which can be arranged in various ways to support a [oad. Most
often it is economically feasible to use a truss to cover spans ranging
from 9 m to 122 m, although trusses have been used on occasion for
spans of greater lengths.

Cables and Arches, Two other forms of structures used to span long
distances are the cable and the arch. Cables are usually flexible and carry
their loads in tension. Unlike tension ties, however, the external load is not
applied along the axis of the cable, and consequently the cable takes a form
that has a defined sag, Fig. 1-6a. Cables are commonly used to support
bridges and building roofs. When used for these purposes, the cable has an
advantage over the beam and the truss, especially for spans that are greater
than 46 m. Because they are always in tension, cables will not become
unstable and suddenly collapse, as may happen with beams or trusses,
Furthermore, the truss will require added costs for construction and
increased depth as the span increases. Use of cables, on the other hand, is
limited only by their sag, weight, and methods of anchorage.

The arch achieves its strength in compression, since it has a reverse
curvature to that of the cable, Fig. 1-6b. The arch must be rigid, however,
in order to maintain its shape, and this results in secondary loadings
involving shear and moment, which must be considered in its design.
Arches are frequently used in bridge structures, dome roofs, and for
openings in masonry walls,

cables support their loads in tension

@

Fig. 1-6

Loading causes bending of truss,
" which develops compression in top
members, tension in bottom

members

arches support their loads in compression
()

7
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Here is an example of a steel frame that is used
to support a crane rail. The frame can be
assumed fixed connected at its top joints and
pinned at the supports.

frame members are subjected (o
axial, shear, and moment loadings

Fig. 1-7

Frames, Frames are often used in buildings and are composed of beams
and columns that are either pin or fixed connected, Fig. 1-7. Like trusses,
frames extend in two or three dimensions. The loading on a frame causes
bending of its members, and if it has rigid joint connections, this structure
is generally “indeterminate” from a standpoint of analysis. The strength of
such a frame is derivéd from the moment interactions between the beams
and the columns at the rigid joints. As a result, the econormic benefits of
using a frame depend on the efficiency gained in using smaller beam sizes
versus increasing the size of the columns due to the “beam-column” action
caused by bending at the joints.

Surface Structures. A surfuce structure is made from a material having a
very small thickness compared to its other dimensions. Sometimes this
material is very flexible and can take the form of a tent or airinflated structure.
In both cases the material acts as a membrane that is subjected to pure tension.

Surface structures may also be made of rigid material such as reinforced
concrete. As such they may be shaped as folded plates, cylinders, or
hyperbolic paraboloids, and are referred to as thin plates or shells. These
structures act like cables or arches since they support loads primarily in
tension or compression, with very lttle bending. In spite of this, plate or
shell structures are generally very difficult to analyze, due to the three-
dimensional geometry of their surface, Such an analysis is beyond the scope
of this text and is instead covered in texts devoted entirely to this subject.

The roof of the “Georgia Dome” in Atlanta,
Georgia can be considered as a thin membrane,
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1-3 Loads

Once the dimensional requirements for a structure have been defined,
it becomes necessary to determine the loads the structure must support.
Often, it is the anticipation of the various loads that will be imposed on
the structure that provides the basic type of structure that will be chosen
for design. For example, high-rise structures must endure large lateral
loadings caused by wind, and so shear walls and tubular frame systems
are selected, whereas buildings located in areas prone to earthquakes
must be designed having ductile frames and connections,

Once the structural form has been determined, the actual design begins
with those elements that are subjected to the primary loads the structure
is intended to carry, and proceeds in sequence to the various supporting
members until the foundation is reached. Thus, a building floor slab
would be designed first, followed by the supporting beams, columns, and
fast, the foundation footings. In order to design a structure, it is therefore
necessary to first specify the loads that act on it.

'The design loading for a structure is often specified in codes. In general,
the structural engineer works with two types of codes: general building
codes and design codes. (General building codes specify the requirements
of governmental bodies for minimum design loads on structures and

.minimum standards for construction. Design codes provide detailed
technical standards and are used to establish the requirements for the
actual structural design. Table 1-1 lists some of the important codes used
in practice, It should be realized, however, that codes provide only a
general guide for design, The wltimate responsibility for the design lies
with the structural engineer.

General Building Codes

Minimum Design Loads for Buildings and Other Structures,
SEVASCE 7-02, American Society of Civil Engineers
International Building Code-2000 (IBC-2000)

Design Codes

Building Code Requirements for Reinforced Concrete, Am, Conc. Inst. (ACT)

Manual of Steel Construction, American Institute of Steel Construction {AISC)

Standard Specifications for Highway Bridges, American Association of State
Highway and Transportation Officials (AASHTO)

National Design Specification for Wood Construction, American Forest and
Paper Association (AFPA}

Manual for Railway Engineering, American Railway Engineering
Association (AREA}
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Since a structure is generally subjected to several types of loads, a brief
discussion of these loadings will now be presented to illustrate how one
must consider their effects in practice.

Dead Loads. Dead loads consist of the weights of the various structural
members and the weights of any objects that are permanently attached to
the structure. Hence, for a building, the dead loads include the weights of
the columns, beams, and girders, the floor slab, roofing, walls, windows,
plumbing, electrical fixtures, and other miscellaneous attachments.

In some cases, a structural dead load can be estimated satisfactorily
from simple formulas based on the weights and sizes of similar structures.
Through experience one can alse derive a “feeling” for the magnitude
of these Ioadings. For example, the average weight for timber buildings
is 1.9~2.4 kN /m?, for steel framed buildings it is 2.9-3.6 ¥N/m?, and for
reinforced concrete buildings it is 5.3-6.2 kN/m?. Ordinarily, though,
once the materials and sizes of the various components of the structure
are determined, their weights can be found from tables that list their
densities, .

The densities of typical materials used in construction are listed in
Table 1-2, and a portion of a table listing the weights of typical building
components is given in Table 1-3. Although calculation of dead loads

kN/m?
Aluminum 26.7
Concrefe, plain cinder 17.0
Concrete, plain stone 22.6
Concrete, reinforced cinder 174
Concrete, reinforced stone 2236
Clay, dry ;9.9
Clay, damp 173
Sand and gravel, dry, loose 157
Sand and gravel, wet 189
Masonry, lightweight solid concrete 165
Masonty, normal weight 21.2
Plywood 5.7
Steel, cold-drawn 713
" Wood, Douglas Fir 53
Wood, Southern Pine 58
Wood, spruce 4.5

*Reproduced with permission from American Society of Civil
Engineers Minirmum Design Loads for Buildings and Other Structures,
SEIYASCE 7-02. Copies of this standard may be purchased from ASCE
at 345 East 47th Street, New York, NUY. 10017-2398.



Walls . C KIN/m’
100 mm clay brick : o -, 1.87
200 mm clay brick R _ S 378
300 mam clay brick : 3,51
Frame Partitions and Walls

Exterior stud walls with brick veneer . 2,30
Windows, glass, frame and sash 0.38
Wood studs 50 X 100 mm unplastered . 01%
‘Wood studs 50 X 100 mm plastered one side ' 0.57
Wood studs 50 X 100 mm plastered two sides 0.96
Floor Fill

Cinder concrete, per mm 0.017
Lightweight concrete, plain, per mm 0.015
Stone concrete, per mm 0.023
Ceilings

Acoustical fiberboard 0.05
Plaster on tile or concrete 0.24
Suspended metal lath and gypsum plaster 0.48
Asphalt shingles 0.10
Fiberboard, 13 mm 0.04

*Reproduced with permission from American Sociely of Civil Engineers Minimum Design
Loads for Buildings and Other Structures, SEASCE 7-02. Copies of this standacd may be
purchased from ASCE at 345 East 47th Street, New York, N.Y, 10017-2368.

based on the vse of tabulated data is rather straightforward, it should be
realized that in many respects these loads will have to be estimated in
the initial phase of design. These estimates include nonstructural
materials such as prefabricated facade panels, electrical and plumbing
systems, etc. Furthermore, even if the material is specified, the unit
weights of elements reported in codes may vary from those given by
manufactures, and later use of the building may include some changes
in dead loading. As a result, estimates of dead loadings can be in error
by 15% to 20% or more. :

Normally, the dead load is not large compared to the design load for
simple structures such as a beam or a single-story frame; however, for
multistory buildings it is important to have an accurate accounting of all
the dead loads in order to properly design the columns, especially for
the lower floors.

Secrion 1-3 Loads
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The floor bearn in Fig. 1-8 is used to support the 1.83 1 widthi of a

lightweight plain concrete slab having a thickness of 102 mm. The slab

serves as a portion of the ceiling for the floor below, and therefore its

bottom is coated with plaster. Purthermore, an 2.44'm-high, 305-mm-

thick Hghtweight solid concrete block wall is directly over the top

ftange of the beam. Determine the loading on the beam measured per .
- meter of length of the beam. o

Salution _ LT
Using the data in Tables 1-2 and 1-3, we have

Concrete slab: (0.015 kN/m*mm)(102 mm)(1.83 m) = 2.80 kN/m o

Plaster ceiling: (0.24 kN/m?)(1.83 m) = 044 KN/m .
Block wall: (16.5 kN /m’)(2.44 m)(0.305 m) =12.26 kN/m -
Total load _ 15.50 kN/m Ans

Live Loads. Live Loads can vary both in their magnifude and location,
They may be caused by the weights of objects temporarily placed on a
structure, moving vehicles, or natural forces. The minimum live loads
specified in codes are determined from studying the history of their
effects on existing structures. Usually, these loads include additional
protection against excessive deflection or sudden overload. In Chapter
6 we will develop techniques for specifying the proper location of live
loads on the structure so that they cause the greatest stress or deflection .
of the members, Various types of live loads will now be discussed.

Building Loads. The floors of buildings are assumed to be subjected
to uniform live loads, which depend on the purpose for which the building
is designed. These loadings are generally tabulated in local, state, or
national codes. A representative sample of such minimum live loadings,
taken from the ASCE 7-02 Standard, is shown in Table 1-4. The vahies
are determined from a history of loading various buildings. They include
some protection against the possibility of overload due to emergency
situations, construction loads, and serviceability requirements due to
vibration. In addition to uniform loads, some codes specify minimum
concenirated live loads, caused by hand carts, automobiles, etc., which
must also be applied anywhere to the floor system, For example, both
uniform and concentrated five loads must be considered in the design of
an automuobile parking deck.
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Live Load Live Load

Ocernpancy or Use kN/m* . Occupancy or Use . KN/m?
Assembly areas and theaters Residential

Fixed seats 2.87 Dwellings (one- and two-family) 1.92

Movable seats 4.79 Hotels and multifamily houses

Dance halls and ballrooms 4,79 Private rooms and corridors 1.92

Garages (passenger cars only) 240 Public rooms and corridors 4.79
Office buildings Schools

Lobbies 4.79. Classrooms 1.92

Offices . 2.40 Corridors above first floor 383
Storage warehouse

Light . 6.00

Heavy 11.97

*Reproduced with permission from Minimion Design Loads Jor Buildings ond Otlrer Structures, ASCE 1-02.

For some types of buildings having very large floor areas, many codes will
allow a reduction in the uniform live load for a floor, since it is unlikely that
the prescribed live load will occur simultaneously throughout the entire stritc-
ture at any one time. For example, ASCE 7-02 allows a reduction of live load
on a member having an influence area (Kpp A7) of 37.2 m* or more. This
reduced live load is calculated using the following equation:

4.57

ﬁ) (Sf units) (1—1)
LL 41T

L= LD(O.ES +

where

L = reduced design live load per square meter of area supported
by the member.
L, = unreduced design live load per square meter of area
supported by the member (see Table 1-4).
Ky = live load element factor. For interior columns K;; = 4.
Ap = tributary area in square meters.®
The reduced live load defined by Eq. 1-1 is limited to not less than
50% of L, for members supporting one floor, or not less than 40% of L,
for members supporting more than one floor. No reduction is allowed for
loads exceeding 4.79 kN/m?, or for structures used for public assembly,
garages, or 100fs. Example 1-2 illustrates Eq. 1-1’s application.

Shown is a typical example of an interior

building column. The live load office floor

*Specific examples of the determination of tributary areas for beams and columns are loading it supports can be reduced for pur-
given in Sec. 2-1. poses of design and analysis.
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A two-story office building has interior columns that are spaced
6.71m apart in two perpendicular directions. If the (flat) roof loading
0.96 kN /m?, is determine the reduced live load supported by a typlcal
interior column located at ground level.

I ks uT
Ar o

67Lm
I IWL
671 m
L
L—s’n ma|~—6 Tm—]

Fig. 1-9

Solution

As shown in Fig. 1-9, each interior column has a tributary area or-
effective loaded area of Ay = (6.71 m){(6.71 m) = 45.0 m% A ground-
floor column therefore supports a roof live load of

Fg = (0.96 KN/m?)(45.0 m?) = 43.1 kN

This load cannot be reduced, since it is not a floor load. For the second
floor, the live load is taken from Table 1—4 Lo =2 4 kN /m?. Smce
K;; = 4, then 447 = 4(45.0 m?) = 180 m® and 180 m? > 37.2 m?, the

live load can be reduced using Eq. 1-1. Thus, ‘

4.57

V180

The load reduction here is {1.42/2.4)100% = 59.1% > 50%. OK.
Therefore

L= 2.4(0.25 + ) = 142 kN/m?

Fp = (142 kN/m?)(45.0 m?) = 63.9 kN
The total live load supported by the ground-floor columﬁ is thus

F = Fy+ Fp=431kN + 639kN = 1070 kN Auns.
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Highway Bridge Loads. The primary live loads on bridge spans are those
due 1o traffic, and the heaviest vehicle loading encountered is that caused
by a series of trucks. Specifications for fruck loadings on highway bridges
are reported in the LRFD Bridge Design Specifications of the American
Association of State and Highway Transportation Officials (AASHTO).
For two-axle trucks, these loads are designated with an H, followed by the
weight of the truck in tons and another number which gives the year of the
specifications in which the load was reported. For example, an H 15-44 is
a 15-ton truck as reported in the 1944 specifications, H-serles truck weights
vary from 10 to 20 tons. However, bridges Jocated on major highways, which
carry a great deal of traffic, are often designed for two-axle trucks plus a
one-axle semitrailer. These are designated as HS loadings, for example, HS
20-44.1n peneral, a truck loading selected for design depends upon the type
of bridge, its location, and the type of traffic anticipated.

The size of the “standard truck” and the distribution of its weight is
also reported in the specifications. For example, the HS 20-44 loading is
shown in Fig. 1-10. Although trucks are assumed to occupy 3.05-m lanes,
all lanes on the bridge need not be fully loaded with a row of trucks to
obtain the critical load, since such & loading would be highly improbable,
Furthermore, rather than determine the critical load using a series of
concentrated truck-wheel loads, in some cases the specifications allow a
simplification by representing a lane loading as a uniform Ioad plus a
single concentrated force, This is meant to represent a distribution of
medium-weight traffic with a heavy truck placed at a critical location on
the bridge span. The details are discussed in Chapter 6.

Railroad Bridge Loads, The loadings on railroad bridges are specified in
the Specifications for Steel Railway Bridges published by the American
Railroad Engineers Association (AREAY). Normally, E loads, as originally
devised by Theodore Cooper in 1894, are used for design. For example, a
modern train having a 320-kN (72-k) loading on the driving axle of the
engine is designated as an E-72 loading. The entire E-72 loading for design
is distributed as shown in Fig. 1-11. D. B. Steinmann has since updated

Section 1-3 loads - 15

(4.27m — 9.14 m)
select spacing to
cause maximem
stress

HS 2044 foading

Fig. 1-10

The pirders of this railroad bridge were
designed to meet AREA specifications.

320kN  320kN  208kN 208kN 320EN  320kN  208kN 208kN

160kN  320kN . 320kN  208kN 208kN 160kN 320kN  320kN

208kN  Z08kN

ol 105KN/m
T Y B W SV
244m N )L 2mm gghm 1DON N L 2 | pehm N
1.52m 1.52m 1.52m 244m 1.52m 1.52m 1.52m

E-72 loading

Fig. 1-11
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Hurricane winds caused this damage to a
condominium in Miami, Florida.

>

Cooper’s load distribution and has devised a series of M loadings, which
are also acceptable for design, Since train loadings involve a complicated
series of concentrated forces, to simplify hand calculations, tables and
graphs are sometimes used in conjunction with influence lines to obtain
the critical load.

Impact Loads. Moving vehicles may bounce or sidesway as they move
over a bridge, and therefore they impart an impact to the deck. The
percentage increase of the live loads due to impact is called the impact
factor, I. This factor is generally obtained from formulas developed from
experimental evidence. For example, for highway bridges the AASHTO
specifications require that

15.24

e 3

AT TY] but not larger than 0
where L is the length of the span in metres that is subjected to the live
load.

In some cases provisions for impact loading on the structure of a
building must also be taken into account. For example, the ASCE 7-02
standard requires the weight of elevator machinery to be increased by
100%, and the loads on any hangers used to support floors and balconies
to be increased by 33%.

Wind Loads. When structures block the flow of wind, the wind’s kinetic
energy is converted into potential energy of pressure, which canses a wind
loading, The effect of wind on a structure depends upon the density and
velocity of the air, the angle of incidence of the wind, the shape and stiffness
of the structure, and the roughness of its surface. For design purposes, wind
loadings can be treated using either a static or a dynamic approach.

For the static approach, the fluctuating pressure caused by a constantly
blowing wind is approximated by a mean velocity pressure that acts on
the structure. This pressure g is defined by its kinetic energy, g = %pvz,
where p is the density of the air and V is its velocity. According to the
ASCE 7-02 Standard, this equation is meodified to account for the
importance of the structure, its height, and the terrain in which it is
located. It is represented as

g, = 0.613K, K K,;V2I (N/m?) (1-2)

where,

V = the velocity in m/s of a 3-second gust of wind measured 10 m above
the ground during a 50-year recurrence period. Values are obtained
from a wind map, shown in Fg, 1-12.
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.

I = the importance factor that depends upon the nature of the building
occupancy; for example, for buildings with a low hazard to human
life, suchi as agriculeure facilities in a non-hurricane prone region,
I = (.87, but for hospitals, I = 1.15.

K, = the velocity pressure exposure coefficient, which is a function of
height and depends upon the ground terrain, Table 1-5 lists
values for a structure which is located in open terrain with
scattered low-lying obstructions.

K, = afactor that accounts for wind speed increases due to hills and
escarpments, For flat ground X, = 1.

K, = a factor that accounts for the direction of the wind. It is used
only when the structure is subjected to combinations of loads
{see Sec. 1-4). For wind acting alone, K; = 1.

40
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e

Location Voo
Hawai 47
Puerto Rico 56
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Virgin Islands 65
American Samoa 56

Neles: . Values are 3-second gust speeds in m/fs at 1% m above ground for
Exposure C category and are associated with an annual

probability of 0.02,

45 2. Linear interpolation between wind speed contours is permitted.
3. Islands and coastal areas shall use wind speed contour of coastal area.
e 49 4, Mountainous terrain, gorges, ocean promonteries, and special wind
A ! regions shall be examined for unusual wind conditions.

Fig. 1-12
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Design Wind Pressure for Enclosed Buildings. Once the value for g, is
obtained, the design pressure can be determined from a list of relevant
equations listed in the ASCE 7-02 Standard. The choice depends upon
the flexibility and height of the structure, and whether the design is for
the main wind-force resisting system, or for the building’s components
and cladding. For example, for a conservative design wind-pressure on
nonflexible buildings of any height is determined using a two-termed
equation resulting from both external and internal pressures, namely,

p= qGCp - Qh{GCpi) (1_3)

Here

q = g, for the windward wall at height z above the ground (Eq.
1-2), and g = g, for the leeward walls, side walls, and roof,
where z = h, the mean height of the roof. )

G = a wind-gust effect factor, which depends upon the exposure.
For example, for a rigid structure, G = 0.83.

Cp = a wall or roof pressure coefficient determined from a table.
These tabular values for the walls and a roof pitch of 8 = 10°
are given in Fig. 1-13. Note in the elevation view that the pres-
sure will vary with height on the windward side of the building,
whereas on the remaining sides and on the roof the pressure is
assumed to be constant. Negative values indicate pressures act-
ing away from the surface,

(GC,;) = the internal pressure coefficient which depends upon the type
of openings in the building. For fully enclosed buildings
(GCp) = £0.18. Here the signs indicate that either positive or
negative (suction) pressure can occur within the building,



Application of Eq. 1-3 will involve calculations of wind pressures from
cach side of the building, with due considerations for the possibility of
either positivé or negative pressures acting on the- building’s interior.

To allow for normal and oblique wind directions, this resultant force
is assurned to act either through the geometric center of the face of the
sign or from a vertical Jine passing through the geometric center a
distance of 0.2 times the average width of the sign.

For high-rise buildings or those having a shape or location that makes
them wind sensitive, it is recommended that a dynamic approach be used
to determine the wind loadings. The methodology for doing this is also
outlined in the ASCE 7-02 Standard. It requires wind-tunnel tests to be
performed on a scale model of the building and those surrouncling it, in
order to simulate the natural environment. The pressure effects of the
wind on the building can be determined from pressure transducers
attached to the model. Also, if the model has stiffness characteristics that
are in proper scale to the building, then the dynamic deflections of the
building can be determined.

9,GC,

q
wind
_ %OG,

. f GG,

z
= L
9,GC,
elevation

Surface L/B Co | Usewith
Windward Leeward
angleu angle

Windward | All values 0.8 4q; .
wall Wind

direction | #/L 100 8=10°
Leewlflnd 0-1 05
wa, — - —_
S el Nomalto | <023 | 700 | 703
idge | .10 ) -13 | —07

Side walls | All values | —0.7 g

Maximum negative roof pressure

Wall pressure coefficients, C, coefficients, C,, for use with g,

(a) ()

Fig. 1-13

SecTioN 1-3 Loads

19



20 + CHAPTER 1 Types of Structures and Loads

@

Fig. 1-14

The enclosed building shown in Fig. 1-14ais used for agricultural
purposes and is located outside of Chicago, Illinois on flat terrain.
When the wind is directed as shown, determine the design wind
pressure acting on the roof and sides of the building using the
ASCE 7-02 Specifications. :

Solution S
First the velocity pressure will be determined using Eq. 1-2. From ™
Fig, 1-12, the basic wind speed is ¥V = 40 m/s, and since the building
is used for agricultural purposes, the importance factor is I = 0.87.
Also, for flat terrain, K, = 1, Since only wind loading is being
considered, Ky = 1. Therefore,

g, = 0.613 K, K, K VI
= (.613 K,(1)(1)(40)*(0.87)
= 8533 K,

From Fg. 1-14a, k' = 22.86 tan 10° = 4.03 m so that the mean height
of the roof is & = 7.62 + 4.03/2 = 9.63 m. Using the vatues of K, in
Table 1-5, cafculated values of the pressure profile are listed in the table
in Fig, 1-14b. Note the vatue of K, was determined by linear interpolation
for z = h,ie, (1.04 — 098)/(122 — 9.1) = (1.04 — K;,) /(122 — 9.63),
K, = 0990, and s0 g;; = 853.3(0.990) = 845 N/m>.

Tn order to apply Eq. 1-3 the gust factor is G = 0.85, and {GCp;) =
+0.18. Thus,

p= qGCp - Qh(GCpl')
= g(0.85)C, — 845(+0.18) _
= 0.85¢C, ¥ 152 (1)
The pressure loadings are obtained from this equation using the

calculated vaiues for g, listed in Fig. 1-145 in accordance with the
wind-pressure profile in Fig. 1-13.

2 (m) K, g, (N/m?)
0-4.6 0.85 733
6.1 0.90 776
7.6 0.94 814
h=96 0.990 856

®
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Windward Wall. Here the pressure varies with height z since 4,GC,
must be used. For all values of I/B, C, = 0.8, so that from Eg. (1),

Poas = 33 N/m? or 651 N/m?
Dey = 374 N/m® or 680 N/m?
Prg = 400 N/m* or 709 N/m?
Leeward Wall, Here L/B = 2(22.86)/45.72 = 1, so that C, = —0.5,
Also, g = g, and so from Eq. (1), : :
p=-517N/m?* or -211N/m?
Side Walls. For all values of L/B, C, = —0.7, and therefore since
we must use g = gy in Eq. (1), we have
p= —666 N/m? or -356N/m’
Windward Roof. Here A/L = 9.63/22.86 = 0211 < 0.25, so that
Cp = —0.7 and ¢ = ¢;. Thus,
p=—666 N/m* or -356N/m?

Leeward Roof. In this case C, = —0.3; therefore with ¢ = g, we get
p=-356N/m*> or -65N/m?

These two sets of loadings are shown on the elevation of the building,
representing either positive or negative (suction} internal building
pressure, Fig, 1-14¢. The main framing structure of the building must
resist these loadings as well as loadings calculated from wind blowing
on the front or rear of the building.

356 M/m?

211 N/m?

666 N/m* 356 N/m?
400 N/m? 400 N /m?
374 N/m? 374 N/m?
517 N/m®
MANm? ) © 344 N/m?
(c)

Fig. 1-14
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Design Wind Pressure for Signs.  If the structure represents an above-
ground sign*, the wind will produce a resultant force acting on the face
of the sign which is determined from

F = q,GCsA; (-4}

Here

g, = the velocity pressure evaluated at the height z of the centroid of A £
G

Cr = a force coefficient which depends upon the ratio of the large
dimension M of the sign to the small dimension N. Values are listed
in Table 1-6,

Ay = the area of the face of the sign projected into the wind.

il

the wind-gust coefficient factor defined previously.

MIN c
<6 12
10 13
20 15
40 175
60 1.85

Snow Loads. Insome parts of the country, roof loading due to snow can
be quite severe, and therefore protection against possible failure is of
primary concern. Design loadings typically depend on the building’s general
shape and roof geometry, wind exposure, location, its importance, and
whether or not it is heated, Like wind, snow loads in the ASCE 7-02
Standard are generally determined from a zone map reporting 50-year
recurrence intervals of an extreme snow depth. For example, on the
relatively flat elevation throughout the mid-section of Hlinois and Indiana,
the ground snow loading is 0.96 kN /m?. However, for areas of Montana,
specific case studies of ground snow loadings are needed due to the variable
elevations throughout the state, Specifications for snow loads are covered
in the ASCE 7-02 Standard, although no single code can cover alt the
implications of this type of loading,

*To be classified as such, the distance from the ground to the bottom edge must be equal
to or greater than 0.25 times the vertical dimension.



Excessive snow and ice loadings act on this roof.

If a roof is flat, defined as having a slope of less than 5%, then the
pressure loading on the roof can be obtained by modifying the ground
snow loading, p,, by the following empirical formula

py = 07C.CiIp, {(1-5)

Here

C, = an exposure factor which depends upon the terrain. For example,
for a fully exposed roof in an unobstructed area, C, = 0.8, whereas
if the roof is sheltered (from winds) and located in the center of a
large city, then C, = 1.3.

C; = a thermal factor which refers to the average temperature within
the building. For unheated siructures kept below freezing C, = 1.2,
whereas if the roof is supporting a normally heated structure, then
C =10

{ = the importance factor as it relates to occupancy. For example,

I =038 for agriculture and storage facilities, and [ = 1.2 for
hospitals.

If p, = 0.96 kN /m? then use the largest value for Py, either computed
from the above equation or from py = Ip,. If p, > 0.96 kN/m? then
use py = 1(0.96 kN/m?).

SecTioN 1-3  Loads
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The unheated storage facility shown in Flg 1—15 is Iocated on flat OPBH.
terrain near Cario Illinois, where the ground snow ]oad is 0. 72 kN /m?*.
Determine the design snow 1oad on the roof [

Fig. 1-15

Solution
Since the roof is flat, we will use Eq. 1-5. Here, C, = 0.8 due to the
open area, C, = 1.2 and I = 0.8. Thus,
pr = 03C.Clp,
= 0.7(0.8)(1.2)(0.8)(0.72 kN/m?) = 0.39 kN/m?®
Since p, = 0.72 kN/m? < 0.96 kN/m?, then also
. : p; = Ip, = 0.8(0.72 kN/m?) = 0.58 kN /m?
By comparison, choase

py = 0.58 kN /m* - Ans.




Earthquake Loads, Earthquakes produce loadings on a structure through
its interaction with the ground and its response characteristics. These loadings
result from the structure’s distortion caused by the ground’s motion and the
lateral resistance of the structure. Their magnitude depends on the amount
and type of ground accelerations and the mass and stiffness of the structure,
In order to provide some insight as to the nature of earthquake loads, consider
the simple structural mode! shown in Fig. 1-16. This model may represent a
single-story building, where the top block is the “lumped” mass of the roof,
and the middle block is the lumped stiffness of all the building’s columns.
During an earthquake the ground vibrates bath horizontally and vertically.
The horizontal accelerations create shear forces in the column that put the
block in sequential motion with the ground. If the column is s#iff and the block
has a srmall mass, the period of vibration of the block will be short and the
block will accelerate with the same motion as the ground and undergo only
slight relative displacements. For an actual structure which is designed to have
large amounts of bracing and stiff connections this can be beneficial, since less
stress is developed in the members, On the other hand, if the column in Fig 1-16
is very flexible and the block has a large mass, then earthquake-induced motion
will cause small accelerations of the block and large relative displacements.

In practice the effects of a structure’s acceleration, velocity, and dis-
placement can be determined and represented as an earthquake response
spectrum. Once this graph is established, the earthquake loadings can be
calculated using a dynamic analysis based on the theory of structural
dynamics. This type of analysis is gaining popularity, although it is often
quite elaborate and requires the use of a computer. Even so, such an analy-
sis becomes mandatory if the structure is large.

Some codes require that specific atiention be given to earthquake
design, especially in areas of the country where strong earthquakes
predominate. Also, these loads should be seriously considered when
designing high-rise buildings or nuclear power plants. In order to assess
the importance of earthquake design consideration, one can check a
seismic ground-acceleration map published in the ASCE 7-02 Standard.
This map provides the peak ground acceleration caused by an earthquake
measured over a 50-year period. Regions vary from low risk, such as parts
of Texas, to very high risk, such as along the west coast of California.

[umped mass
of roof

fumped mass
of columns

- Fig. 1-16

SecTioN 1-3  Loads
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The design of this retaining wall requires
estimating the soil pressure acting on it. Also,
the gate of the lock will be subjected to
hydrostatic pressure that must be considered for
its design.

For small structures, a static analysis for earthquake design may be
satisfactory. This case approximates the dynamic loads by a set of
externally applied static forces that are applied laterally to the structure.
One such method for doing this is reported in the ASCE 7-02 Standard.
It is based upon finding a seismic response coefficient, C;, determined
from the soil properties, the ground accelerations, and the vibrational
response of the structure. This coefficient is then multiplied by the
structure’s total dead load W to obtain the “base shear” in the structure,
'The value of C; is actually determined from

_ Sog
£ R/I
where

Sps = the spectral response acceleration for short periods of vibration.

R = a response modification factor that depends upon the ductility of
the structure. Steel frame members which are highly ductile can
have a value as high as 8, whereas reinforced masonry, having low
duciility, can have a value as low as 3.

I = the importance factor that depends upon the use of the building.
For example, [ = 1 for agriculture and storage facilities, and
I = 1.5 for hospitals and shelters,

With each new publication of the Standard, values of these coefficients are
updated as more accurate data about earthquake response become available.

Hydrostatic and Soil Pressure. 'When structures are used to retain water,
soil, or granular materials, the pressure developed by these loadings
becomes an important criterion for their design. Examples of such types of
structures include tanks, dams, ships, bulkheads, and retaining walls, Here
the laws of hydrostatics and soil mechanics are applied to define the
intensity of the loadings on the structure,

Other Natural Loads.  Several other types of live loads may also have to
be considered in the design of a structure, depending on its location or use,
"These include the effect of blast, temperature changes, and differential
settlement of the foundation.
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1-4 Structural Design

Whenever a structure is designed, it is important to give consideration
to both material and load uncertainties. Material uncertainties occur due
to variability in material propexties, residual stress in materials, intended
measurements being different from fabricated sizes, accidental loadings
due to vibration or impact, and material corrosion or decay. Allowable-
stress design methods include all these factors into a single factor of
safety to account for their uncertainties. The many types of loads
discussed previously can occur simultaneously on a structure, but it is
very unlikely that the maximum of all these loads will occur at the same
time. Int working-siress design the computed elastic stress in the material
must not exceed the allowable stress along with the following typical
load combinations as specified by the ASCE 7-02 Standard.

+ dead load
¢ 0.6 (dead load) + wind load
*+ 0.6 (dead load) + (17 (earthquake load)

For example, both wind and earthquake loads normally do not act
simultaneously on a structure. Also, when certain loads are assumed to
act in combination, the combined load can be reduced by a load-
combination factor.

Since uncertainty can be considered using probability theory, there has
been an increasing trend to separate material uncertainty from load
uncertainty. This method is called strength design or LRFD (foad and
resistance factor design). In particular, ultimate strength design is based
on designing the ultimate strength of critical sections in reinforced
concrete, and the plastic design method is used for frames and members
made from steel. To account for the uncertainty of loads, this method
uses load factors applied to the loads or combinations of loads. For
example, according to the ASCE 7-02 Standard, some of the load factors
and combinations are

¢ 1.4 (dead load)
¢ 1.2 (deadload) + 1.6 (live load) + 0.5 (snow load)
* 12 {deadload) + 1.5 (earthquake load) + 0.5 (live load)

In all these cases, the combination of loads is thought to provide a
maximum, yet realistic loading on the structure.
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PROBLEMS

1-1L. The floor of a light storage warehouse is made of
150-mm-thick cinder concrete. If the floor is a slab having a
Iength of 3 m and width of 2.4 m, determine the resultant
foree caused by the dead load and that caused by the live
load.

1-2. A building wall consists of 300-mm. clay-brick and
50 mm X 100 mm unplastered woodstuds on both sides. If
the wall is 2.4 m high, determine the load in kN per meter
length of wall that it exerts on the floor.

Prob, 1-2

1-3. The hollow core panel is made from plain stone
concrete. Determine the dead weight of the panel. The
holes each have a diameter of 100 mm.

Prob. 1-3

*1-4. The second floor of a light manufacturing building
is constructed from a 100-mm-thick stone concrete slab
with an added 75-mm cinder concrete fill as shown. If the
suspended ceiling of the first floor consists of metal Jath
and gypsum plaster, determine the dead load for design
in newtons per square meter of floor area.

— 75 mm cinder fill

Prob, 1-4

—- 10§} mm concrete slab



1-8, The floor of a classroom is made of 125-mm thick
lightweight plain concrete. If the floor is a slab having a
length of 8 m and width of 6 m, determine the resultant
force caused by the dead load and the live load.

1-6. The precast floor beam is made from concrete having
a specific weight of 23.6 kN/m®, If it is to be used for a
floor in an office of an office building, calculate its dead
and live loadings per meter length of beam.

1350 mm

ProBLEMs » 29

1-7. The T-beam used in a heavy storage warehouse is
made of concrete having a specific weight of 19.6 kN /m?.
Determine the dead load per meter length of beam, and
the live load on the top of the beam per meter length of
beam. Neglect the weight of the steel reinforcement,

200 mm

250 mm

-

Prob, 1-7

*1-8. The second floor of a light manufacturing building
is constructed from a 125-mm-thick stone concrete slab
with an added 100-mm. cinder concrete fill as shown. If
the suspended ceiling of the first floor consists of metal
Iath and gypsum plaster, determine the dead load for
design in kN per square meter of floor area.

— 100 mem cinder fill

150 mm

Prob. 1-6

= c;ei.ling

Prob. 1-8

— 125 mm ¢oncrete slab
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1-9. The beam supports the roof made from asphalt
shingles and wood sheathing boards. If the boards have 2
thickness of 38 mm and a specific weight of 7.86 kN/m’,
and the roof’s angle of slope is 30°, determine the dead
load of the roofing—per square meter—that is supported
in the x and y directions by the purlins.

shingles

Prob. 1-9

1-10. A two-story school has interior columns that are
spaced 4.5 m apart in two perpendicular directions. If the
loading on the flat roof is estimated to be 1 kN/m?,
determine the reduced live load supported by a typical
interior column at (a) the ground-floor level, and (b) the
second-floor level.

1-11, A three-story hotel has interior columns that are
spaced 6 m apart in two perpendicular directions. If the
loading on the flat roof is estimated to be 1.5 kN/m?,
determine the live load supported by a typical interior
column at (a) the ground-floor level, and (b) the second-
floor level.

*1-12, A fourstory office building has interior columns
spaced 9 m apart in two perpendicular directions. If the
flat-roof loading is estimated to be 1.5 kN /m?, determine
the reduced live load supported by a typical interior
column located at ground level.

1-13. Determine the resultant force acting on the face of
the truss-supported sign if it is located near Los Angeles,
California on open flat terrain, The sign has a width of 6 m
and 2 height of 3 m as indicated. Use an imporiance factor
of I = 0.87.

Prob, 1-13



1-14, Determine the resultant forcé of the wind on the sign.
Use an importance factor of I = 0.87. The sign is located

on flat ground near Chicago, IHinois,

Prob. 1-14

1-15. Wind blows on the side of the fully enclosed
agriculture building located on open flat terrain in
Nevada. Defermine the external pressure acting on the
roof. Also, what is the internal pressure in the building
which acts on the reof? Use linear interpolation to
determine g, and C, in Fig, 1-15.

#1-16. Wind blows on the side of the fully enclosed
agriculture building located on open flat terrain in
Nevada, Determine the external pressure acting over the
windward wall, the leeward wall, and the side walls. Also,
what is the internal pressure in the building which acts on
the walls? Use linear interpolation to determine gy,

PrOBLEMS « 31

Probs. 1-15/1-16

117, The horse stall has a flat roof with a slope of 30 mm/m,
1t is located in an open field where the ground snow load is
1.20 kN/m”. Determine the srow load that is required to
design the roof of the stall.

1-18, Solve Prob, 1-17 if the ground snow load is
0.72 kN/m?®.

Probs, 1-17/1-18

1-19. A hospital located in Chicago, Illinois, has a flat
roof, where the ground snow load is 1.2 kN /m?, Determine
the design snow load on the roof of the hospital.



*Oftentimes the elernents of a structure, like the beams and girders of
this building frame, are connected together in a manner whereby the
analysis is statically determinate,



Analysis of Statically
‘Determinate Structures =~

In this chapter we will direct our attention to the most common form of structure
that the engineer will have to analyze, and that is one that lies in a plane and is
subjected to a force system that lies in the same plane. We begin by discussing
the importance of choosing an appropriate analytical model for a structure so
that the forces in the structure may be determined with reasonable accuracy.
Then the criteria necessary for structural stability are discussed. Finally, the
analysis of statically determinate, planar, pin-connected structures is presented,

2-1

Idealized Structure

In the real sense an exact analysis of a structure can never be carried
out, since estimates always have to be made of the loadings and the
strength of the materials composing the structure. Furthermore, points
of application for the loadings must also be estimated. It is important,
therefore, that the structural engineer develop the ability to model or
idealize a structure so that he or she can perform a practical force analysis
of the members. In this section we will develop the basic techniques
necessary to do this,
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The column is assumed to
be pin connected at its base
and fixed connected to the
beam at its top.

typical “pin-supperted” connection (metal}
(a)

Support Connections.  Structural members are joined together in
various ways depending on the intent of the designer. The three types of
joints most often specified are the pin connection, the roller support, and
the fixed joint. A pin-connected joint and a roller support allow some
freedom for slight rotation, whereas a fixed joint allows no relative rotation
between the connected members and is consequently more expensive to
fabricate. Examples of these joints, fashioned in metal and concrete, are
shown in Figs. 2-1 and 2-2, respectively. For most timber structures, the
members are assumed to be pin connected, since bolting or nailing them
will not sufficiently restrain them from rotating with respect to each other.

Idealized models used in structural analysis that represent pinned and
fixed supports and pin-connected and fixed-connected joints are shown
in Figs. 2-3a and 2-3b. In reality, however, all connections exhibit some
stiffness toward joint rotations, owing to friction and material behavior.
In this case a more appropriate model for a support or joint might be
that shown in Fig. 2-3c. If the torsional spring constant k& = 0, the joint
is a pin, and if k — co, the joint is fixed.

stiffeners

typical “fixed-supported” connection (metal)
a &)

Fig. 2-1

typical “roller-supported” cennection {concrete) typical “fixed-supported” connpection (concrets)

(a) (b}

Fig. 2-2
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pin support pin-connected joint ' fixed support fixed-connected joint
@ i o~k (b
P
torsio_nal spring suppori torsional spring joint
()
Fig. 2-3

When selecting a particular model for each support or joint, the engineer
must be aware of how the assumptions will affect the actual performance
of the member and whether the assumptions are reasonable for the
structural design. For example, consider the beam shown in Fig. 2-4a, which
is used to support a concentrated load P, The angle comnection at
support A is like that in Fig. 2-1a and can therefore be idealized as a typical
pin support. Furthermore, the support at B provides an approximate point
of smooth contact and so it can be idealized as a roller. The bearm’s thickness
can be neglected since it is small in comparison to the beam’s length, and
therefore the idealized model of the beam is as shown in Fig. 2-4b, The
analysis of the loadings in this beam should give results that closely
approximate the loadings in the actual beam. To show that the model is
appropriate, consider a specific case of a beam made of steel with
P =356kN and L = 6.1 m One of the major simplifications made here
was assuming the support at A to be a pin. Design of the beam using
standard code procedures® indicates that a W 11 X 22 would be adequate The two girders ard floor beam are assumed
for supporting the load, Using one of the deflection methods of Chapter 1, pin connected 1o this column,

8, the rotation at the “pin” support can be calculated as 8 = 0.0070 rad =
0.40° From Fig. 2-4c, such a rotation only moves the top or bottom flange
a distance of A = & = (0.0070 rad){127 mm) = 0.889 mm! kNThis small
amount would certainly be accommodated by the connection fabricated as
shown in Fig. 2-1a, and therefore the pin serves as an appropriate model.

- :
R —

actual beam idealized beam

(a) (b)
¥ig. 24

P

L
2

(N

*Using the Manual of Steel Construction, American Institute of Steel Construction, with
steel having a yield point of F, = 250 MPa.
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A typical rocker support used for a bridge
girder.

Rollers and associated bearing pads are
used to support the prestressed concrete
girders of a highway bridge.

Other types of connections most commonly encountered on coplanar
structures are given in Table 2-1. It is important to be able to recognize
the symbols for these connections and the kinds of reactions they exert
on their attached members, This can easily be done by noting how the
connection prevents any degree of freedom or displacement of the
member. In particular, the support will develop a force on the member
if it prevents translation of the member, and it will develop a moment if
it prevents rotation of the member. For example, a member in contact
with a smooth surface (3) is prevented from tramslating only in one
direction, which is perpendicular or normal to the surface. Hence, the
surface exerts only a normal force F on the member in this direction.
The magnitude of this force represents one unknown. Also note that the
member is free to rotate on the surface, so that a moment cannot be
developed by the surface on the member. As another example, the fixed
support (7) prevents both translation and rotation of a member at the
point of connection, Therefore, this type of support exerts two force
components and a moment on the member. The “curl” of the moment
lies in the plane of the page, since rotation is prevented in that plane.
Hence, there are three unknowns at a fixed support.

In reality, all supports actually exert distributed surface loads on their
contacting members. The concentrated forces and moments shown in
Table 2-1 represent the resultants of these load distributions. This
representation is, of course, an idealization; however, it is used here since
the surface area over which the distributed load acts is considerably
smaller than the fotal surface area of the connecting members.

The short link is used to connect the two Typical pin used to support the steel
girders of the highway bridge and allow girder of a railroad bridge.
for thermal expansion of the deck.
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Type of Connection Tdealized Symbaol Number of Unkaowns

ey Might cable -
. One unknown. The reaction is a

force that acts in the direction
of the cable or link.

weightl-éss tink

@

i One unknown. The reaction is a
Tollers . force that acts perpendicular to
= the surface at the point of contact,

One unknown. The reactionis a
force that acts perpendicutar to
the surface at the point of contact.

One unknown. The reaction is a
force that acts perpendicular to
the surface at the point of contact.

()

Two unknowns. The reactions are
two force components.

=

smeoth pin or hinge

(®

Two unknowns. The reactions %
are a force and a moment.

slider

N

Three unknowns. The reactions are
the moment and the two force
components.

fixed support
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actual structure

(a)

o —

T

F

idealized structure
(b)

Fig. 2-5

ldealized Structure. Having stated the various ways in which the
connections on a structure can be idealized, we are now ready to discuss
some of the techniques used to represent various structural systems by
idealized models.

As a first example, consider the jib crane and trofley in Fig. 2-54. For
the structural analysis we can neglect the thickness of the two main
members and will assume that the joint at B is fabricated to be rigid.
Furthermore, the support connection at A can be modeled as a fixed
support and the details of the trolley excluded. Thus, the members of the
idealized structure are represented by two connected lines, and the load
on the hook is represented by a single concentrated force F, Fig. 2-55.
This idealized structure shown here as a line drawing can now be used
for applying the principles of structural analysis, which will eventually
lead to the design of its two main members.

Beams and girders are often used to support building floors. In
particular, a girder is the main load-carrying element of the floor, whereas
the smaller elements having a shorter span and connected to the girders
are catled beams. Often the loads that are applied to a beam or girder
are transmitted to it by the floor that is supported by the beam or girder.
Again, it is important to be able to appropriately idealize the system as
a series of models, which can be used to determine, to a close
approximation, the forces acting in the members. Consider, for example,
the framing used to support a typical floor slab in a building, Fig. 2-6a.
Here the slab is supported by floor joists located at even intervais, and
these in turn are supported by the two side girders AB and CD. For
analysis it is reasonable to assume that the joints are pin and/or roller
connected to the girders and that the girders are pin and/or roller
connected to the columns. The top view of the structural framing plan
for this system is shown in Fig. 2-6b. In this “graphic” scheme, notice
that the “lines” representing the joists do not touch the girders and the
lines for the girders do not touch the columns. This symbolizes pin- and/or
roller-supported connections. On the other hand, if the framing plan is

[}

idealized framing plan

{a) . (b)
Fig. 2-6

[Ad]



intended to represent fixed-connected members, such as those that are
welded instead of simple bolted connections, then the lines for the beams
or girders would touch the columns as in Fig. 2-7. Similarly, a fixed-
connected overhanging beam would be represented in top view as shown
in Fig. 2-8. If reinforced concrete construction is used, the beams and
girders are represented by double lines. These systems are generally all
fixed connected and therefore the members are drawn to the supports.
For example, the structural graphic for the cast-in-place reinforced
concrete system in Fig. 2-9a is shown in top view in Fig. 2-9b. The lines
for the beams are dashed because they are below the slab.

Structural graphics and idealizations for timber structures are similar to
those made of metal. For example, the structural system shown in Fig. 2-10a
represents beam-wall construction, whereby the roof deck is supported by
wood joists, which deliver the load to a masonry wall. The joists can be
assumed to be simply supported on the wall, so that the idealized framing
plan would be like that shown in Fig. 2-10h.

idealized framing plan
(a) (b}

Fig. 2-9

idealized framing plan

(b}

Fig. 2-10

SEcToN 2-1

fixed-connecied beam

Idealized Structure

idealized heam

Fig. 2-7

Y

E]
]

]
£}

idealized beam

Fig.2-8
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Jasdns Sl
Tribuzary Loadings. When flat surfaces such as walls, floors, or roofs
are supported by a structural frame, it is necessary to determine how the
load on these surfaces is transmitted to the various structural elements
used for their support. There are generally two ways in which this can be
done. The choice depends on the geometry of the structural system, the
material from which it is made, and the method of its construction.

One-Way System. A slab or deck that is supported such that it delivers
its load to the supporting members by one-way action, is often referred to
as a one-way slab. To illustrate the method of load transmission, consider
the framing system shown in Fig. 2-11a where the beams AB, CD, and EF
rest on the girders AE and BF.1f a uniform load of 4.8 kN /m?is placed on
"The structural framework of this building con- the slab, then the center beam CD is assumed to support the load acting on
sists of concrete floor joists, which were formed  the fributary area shown dark shaded on the structural framing plan in
on site using metal pans. These joists are simply ~ Fig. 2-11b. Member CD is therefore subjected to a lnear distribution of
supported on the pirders, which in turn are sim-  load of (4.8 kN/m?')(l.S m) = 7.2 kN/m shown on the idealized beam in
ply supported on the colwmns. Fig. 2-11¢. The reactions on this beam (10.8 kN) would then be applied
to the center of the girders AE (and BF), shown idealized in Fig. 2-114.
Using this same concept, do you see how the remaining poriion of the
slab loading is transmitted to the ends of the girder as 5.4 kN?

LAy
.
idealized framing plan
&
54 kN IO'SlkN 54 kN
= A# l N
&
T 3m : —:A;—;: =
108N 108 kN L4 S 15m _J
[
Tyl idealized beam idealized girder
() (@)

Fig. 2-11



An example of one-way stab construction of a steel frame
building having a poured concrete floor on a corrugated metal
deck. The load on the floor is considered to be transmitted to
the bearns, not the girders,

For some floor systems the beams and girders are ¢connected to the
columns at the same elevation, as in Fig. 2-12a. If this is the case, the slab
can in some cases also be considered a “one-way slab.” For example, if
the slab is reinforced concrete with reinforcement in only one direction,
or the concrete is poured on a corrugated metal deck, as in the above
photo, then one-way action of load transmission can be assumed. On the
other hand, if the slab is flat on top and bottom and is reinforced in five
directions, then consideration must be given to the possibility of the load
being transmitted to the supporting members from either one or two
directions. For example, consider the slab and framing plan in Fig, 2-126.
As a general rule, if Ly, = L and if the span ratio {L,/1,) = 2, the slab
will behave as ¢ one-way siah, since as L, becomes smaller, the beams
AB, CD, and Lf provide the greater stiffness to carry the load.

i La

SECTION 2-1

concrete slab is A

reinfarced in
two directions,
poured cn plane I,
forms 2

L |¢

(b)

Fig. 2-12

idealized framing plan
for one-way slab action
requires L,/L; =2

Idealized Structure
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L

VN

(a)

I "y
| 4.5m | B

1
]
1
1
1
3

l-15 erLs er1,5 m—l b
idealized framing plan

{a)

72 kN/m

A'%l,q/l/l/]/l\ﬁ\t‘vJ 2

;1—1.5 m«LLS mJ

L=

€ idealized framing plan idealized beam
{b) {c}
Fig. 2-13

Two-Way System. If the support ratio in Fig. 2-12b is (L,/L{) < 2, the
load is assumed to be delivered to the supporting beams and girders in two
directions. When this is the case the slab is referred to as a two-way slab. To
show one method of treating this case, consider the square reinforced
concrete slab in Fig. 2-134, which is supported by four 3-m-long edge beams,
AB,BD, DC, and CA. Here Ly/L, = 1, Due to two-way slab action, the
assumed tributary areq for beam AR is shown dark shaded in Fig. 2-135.
"This area is determined by constructing diagonal 45° lines as shown. Hence
if a uniform load of 4.8 kN /m?* is applied to the slab, a peak intensity of (4.8
kN/m?)(L5 m) = 7.2 kN/m will be applied to the center of beam AB,
resulting in a friangular load distribution shown in Fig. 2-13¢, For other
geometries that cause two-way action, a similar procedure can be used. For
example, in the case of L,/L, = 1.5 it is necessary to construct 45 lines
that intersect as shown in Fig. 2-144. A 4.8 kN /m? loading placed on the slab
will then produce trapezoidal and triangular distributed loads on members
AB and AC, Fig. 2-14b and 2-14¢, respectively.

72kN/m 7.2kN/m
A { ] I B " c
L1.5 m‘Ll.S m—1.5 m‘l LI.S mll.S m*l
idealized beam idealized beam
(b} {c)

Fig. 2-14
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“The ability to reduce an actual structure to an idealized form, as shown
by these examples, can only be gained by experience. To provide practice
at doing this, the example problems and the problems for solution
throughout this book are presented in somewhat realistic form, and the
associated problem statements aid in explaining how the connections
and supports can be modeled by those listed in Table 2-1. In engineering
practice, if it becomes doubtful as to how to model a structure or transfer
the loads to the members, it is best to consider several idealized structures
and loadings and then design the actual structure so that it can resist the
loadings in all the idealized models.

‘The floor of a classroom is supported by the bar joists shown in Fig 2-15a.
Each joistis 4.5 m long and they are spaced 0.75 m on centers. The floor
itself is made from lightweight coicrete that is 100 mm thick. Neglect the
weight of the joists and the corrugated metal deck, and determine the
load that acts along each joist.

Solution

The dead load on the floor is due to the weight of the concrete slab.
From Table 1-3 for 100 mm of lightweight concrete it is (100)(0.015
kN /m?) = 1.50 kN /m? From Table 1-4, the live load for a classroom
is 1.92 kN /m?, Thus the total floor load is 1.50 kN/m? + 1,92 kN/m?
= 3.42 kN/m®. For the floor system, L; = 0.75 m and L, = 4.5 m.
Since L,/L > 2 the concrete slab is treated as a one-way slab. The
tributary area for each joist is shown in Fig. 2-15b. Therefore the
uniform load along its length is

@

w = 342 kN/m*(0.75 m) = 2.57 kN/m

This loading and the end reactions on each joist are shown in Fg. 2-15c¢.

(b)

Fig, 2-15 -
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The flat roof of the steel-frame building in Fig. 2-16a is intended to
support a total load of 2 kN/m? over its surface. If the span of beams
AD and BCis 5 m and the space between them (AB and DC}is 3 m,
determine the roof load within region ABCD that is transmitted to
beam BC, ' : :

Solution ) : L

In this case L; = 5mand L, = 3 m. Since L,/L; < 2, we have two- ,
way slab action, The tributary loading is shown in Fig, 2-16b, where the
shaded trapezoidal area of loading is transmitted to member BC. The
peak intensity of this loading is (2 kN/m?)(1.5m) = 3kN/m. As a
result, the distribution of load along BC is shown in Fig. 2-16b, This
process of tributary load transmission should afso be calculated for the
two square regions to the right of BC in Fig. 2-16a, and this additional
load should then be placed on BC.

3kN/m
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2-2 Principle of Supefposition

The principle of superposition forms the basis for much of the theory of
structural analysis. It may be stated as follows: The total displacerment or
internal loadings (stress) at a point in a structure subjected to several
external loadings can be defermined by adding together the displacements
or internal loadings (siress) caused by each of the external loads acting
separately. For this statement to be valid it is necessary that a linear

relationship exist among the loads, stresses, and displacements.
Two requirements must be imposed for the principle of superposition

to apply:

1. The material must behave in a linear-clastic manner, so that Hooke’s
" lawis valid, and therefore the load will be proportional to displacement,

2. 'The geometry of the structure must not undergo significant change
when the loads are applied, i.e., small displacement theory applies.
Large displacements will significantly change the position and
orientation of the loads. An example would be a cantilevered thin
rod subjected to a force at its end.

Throughout this text, these two requirements will be satisfied. Here only
linear-elastic material behavior occurs; and the displacements produced
by the loads will not significantly change the directions of applied loadings
nor the dimensions used to compute the moments of forces.

The “shear walls” on the sides of this building are used to strengthen
the structure when it is subjected to large hurricane wind loadings
applied to the front or back of the building.

v
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2-3 Equations of Equilibrium

Tt may be recatled from statics that a structure or one of its members is
in equilibrium when it maintains a balance of force and moment. In
general this requires that the force and moment equations of equilibrium
be satisfied along three independent axes, namely,

iF,=0 ZF,=0 ZF =10 (2-1)
IM,=0 ZM,=0 ZM, =10

The principal load-carrying portions of most structures, however, licin a .

single plane, and since the loads are also coplanar, the above requirements

for equilibrium reduce to

SF. =0
EF, =0 (2-2)
SMp = 0

Here ZF, and ZF, represent, respectively, the algebraic sums of the x
and y components of all the forces acting on the structure or one of its
members, and =M represents the algebraic sum of the moments of
these force components about an axis perpendicular to the x-y plane
(the z axis) and passing through point O,

Whenever these equations are applied, it is first necessary to draw a
free-body diagram of the structure or its members. If a member is selected,
it must be isolated from its supports and surroundings and its outlined
shape drawn. All the forces and couple moments must be shown that act
on the member. In this regard, the types of reactions at the supports can
be determined using Table 2-1. Also, recall that forces common to {wo
members act with equal magnitudes but opposite directions on the
respective free-body diagrams of the members.

If the internal loadings at a specified point in a member are to be
determined, the method of sections must be used. This requires that a
“cut” or section be made perpendicular to the axis of the member at the
point where the internal loading is to be determined. A free-body
diagram of either segment of the “cut” member is isolated and the
internal loads are then determined from the equations of equilibrinm
applied to the segment. In general, the internal loadings acting at the cut
section of the member will consist of a normat force N, shear force V,
and bending moment M, as shown in Fig. 2-17. :

We will cover the principles of statics that are used to determine the
external reactions on structures in Sec. 2-5. Internal loadings in structurat
members wilt be discussed in Chapter 4.
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internal loadings

Fig. 2-17
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2-4 Determinacy and Stability

Before starting the force analysis of a struclure, it is necessary to establish
the determinacy and stability of the structure.

Determinacy. The equilibrium equations provide both the necessary
and sufficient conditions for equilibrium. When all the forces in a structure
can be determined strictly from these equations, the structure is referred
to as statically determinate. Structures having more unknown forces than
available equilibrium equations are called statically indeterminate. As a
general rule, a structure can be identified as being either statically
determinate or statically indeterminate by drawing free-body diagrams
of all #ts members, or selective parts of its members, and then comparing
the total number of unknown reactive force and moment components
with the total number of available equilibrium equations.* For a coplanar
structure there are at most three equilibrium equations for each part, so
“that if there is a total of n parts and r force and moment reaction
components, we have o

¥ = 3p, statically determinate

(2-3)

r > 3n, statically indeterminate

In particular, if a structure is statically indeterminate, the additional
equations needed to solve for the unknown reactions are obtained by
relating the applied loads and reactions to the displacement or slope at
different points on the structure. These equations, which are referred to
as compatibility equations, must be equal in number to the degree of
indeterminacy of the structure. Compatibility equations involve the
geometric and physical properties of the structure and will be discussed
further in Chapter 10.

We will now consider some examples to show how to classify the
determinacy of a structure. The first example considers beams; the second
example, pin-connected structures; and in the third we will discuss frame
structures. Classification of trusses will be considered in Chapter 3.

*Drawing the free-body diagrams is not strictly necessary, since a “mentat count” of the num-
ber of unknowns can also be made and compared with the number of equiibrium equations,
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b

r=5n=1,5>31)

r=10,r = 3,10 > 3(3)

P : B + S

Classify each of the beams shown in Fig. 2-18a throﬁgh 2-18d as statically
determinate or statically indeterminate, If statically indeterminate, report
the number of degrees of indeterminacy. The beams are subjected to
external loadings that are assumed to be known and can act anywhere
on the beams.

Solution

Compound beams, i.., those in Fig. 2-18¢ and 2-184, which are
composed of pin-connected members must be disassembled. Note that -
in these cases, the unknown reactive forces acting between each
member must be shown in equal but opposite pairs. The free-body -
diagrams of each member are shown. Applying r = 3n or r > 3n, the
resulting classifications are indicated. :

1

Statically determinate ' " A

A

Statically indeterminate to the second degree Ans.

-4——»-

Statically determinate Ans.
e e }*

Statically indeterminate to the first degrée | Ans.

Fig. 2-18
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Classify each of the pin-connected structures shown in Fig, 2-194
through 2-194 as statically determinate or statically indeterminate. If
statically indeterminate, report the number of degrees of indeterminacy.
The structures are subjected to arbitrary external loadings that are
assumed to be known and can act anywhere on the structures.

Solution

Classification of pin-connected structures is similar to that of beams.
The free-body diagrams of the members are shown, Applying r = 3n
or r > 3n, the resulting classifications are indicated.

S

r=7,n=217>6 {
Statically indeterminate to the
(a}) first degree Ans.

N
1

r=9n=739=9
(b} Statically determinate Ans, l

F=10,n = 2,10 > 6,

Statically indeterminate to the
fourth degree Aus.

r=9%9n=39=9 I 1

Statically determinate Ans.

L=

Fig. 2-19
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(a)

{b)

(This frame has no closed loops.)

Classify each of the frames shown in Fig. 2-20a, and 2-20b as statically
determinate or statically indeterminate, If statically indeterminate, report
the number of degrees of indeterminacy. The frames are subjected to exter-
nal loadings that are assumed to be known and can act anywhere on the
frames, .

Selution S :
Unlike the beams and pin-connected structures of the previous éxamples, °
frame structures consist of members that are connected together by rigid
joints. Sometimes the members form internal loops as in Fig. 2-20a. Here
ABCD forms a closed Ioop. In order to classify these structures, it is
necessary to use the method of sections and “cut” the loop apart. The
free-body diagrams of the sectioned parts are drawn and the frame can
then be classified. Notice that only one section through the loop is
required, since once the unknowns at the section are determined, the
internal forces at any point in the members can then be found using the
method of sections and the equations of equilibrium. The frame in
Fig. 2-20b has no closed loops and so it does not need to be sectioned
between the supports when finding its determinancy. The resulting
classifications are indicated in Fig, 2-20a and 2-20b.

r=9%n=2292>8,

Statically indeterminate to

the third degree Ans,

r=%9n=1,9>13,

Statically indeterminate to l ‘ -
the sixth degree Ans. 7 NV

Fig. 2-20
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Stability. To ensure the equilibrium of a structure or its merbers, it is
not only necessary to satisfy the equations of equilibrium, but the members
must also be properly held or constrained by their supports. Two situations

may occur where the conditions for proper constraint have not been met,

Partial Constraints, In some cases a structure or one of its members may
have fewer reactive forces than equations of equilibrium that must be
satisfied. The structure then becomes only partially constrained. For
example, consider the member shown in Fig. 2-21 with its corresponding
free-body diagram. Here the equation 2 F, = 0 will not be satisfied for the
loading conditions and therefore the member will be unstable.

Improper Constraints. In some cases there may be as many unknown
forces as there are equations of eguilibrium; however, instability or
movement of a structure or its members can develop because of improper
constraining by the supports. This can occur if all the support reactions are
concurrent at a point. An example of this is shown in Hg. 2-22. From the free-
body diagram of the beam it is seen that the summation of moments about
point O will not be equal to zero (Pd # 0); thus rotation about point O
will take place,

Another way in which improper constraining leads to instability occurs
when the reactive forees are all parallel, An example of this case is shown
in Fig. 2-23. Here when an inclined force P is applied, the summation of
forces in the horizontal direction will not equal zero.

F,
8] partial constraints
S
A RN Fig. 2-21
< 1 ~
< R
’ ! “
p ] N
s ' \
4 ~
r [ ~
“ 3 ~
“ N
4 I N
o,l\
o Fe _
d ) . LT
chable  shavost oA
P Ep v ! |
e POFO“JC'“ DLy QUL
concurrent reactions !
Fig. 2-22 2 Waes tlar ¢ Iu-_sfwnej(cc.v’i

P \4: 2 In olawl

e

f f

¥y Ey F,

\j 9!!,), a k,(.f‘\\“JC-\ Lle

o L-l '

L .~ B

parallel reactions T

Fig. 2-23
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‘The K-bracing on this frame provides
stability, that is lateral support from
wind and vertical support of the floor
girders. Notice the use of concrete
grout, which is applied fo insulate the
steel to keep it from losing its strength
in the event of a fire.

In general, then, a structure will be geometrically unstable—that is, it
will move slightly or collapse—if there are fewer reactive forces than
equations of equilibrium; or if there are enough reactions, instability will
occur if the lines of action of the reactive forces intersect at a common
point or are parallel to one another, Tf the structure consists of several
members or components, local ins—tabi[ity of one or several of these
members can generally be determined by inspection. If the members
form a collapsible mechanism, the siructure will be unstable. We will now
formulize these statements for a coplanar struciure having n members
or components with r unknown reactions. Since three equilibrium equations
are available for each member or component, we have

¥ < 3n  unstable _ ] : :

r = 3n unstable if member reactions are . R (2-4)
concurrent or parallel or some of the -
components form a collapsible mechanism

If the structure is unstable, it does not matrer if it is statically
determinate or indeterminate. In all cases such types of structures must
be avoided in practice.

‘The following examples illustrate how structures or their members can
be classified as stable or unstable. Structures in the form of a truss will
be discussed in Chapter 3,

Classify each of the structures in Fig, 2-24a through 2-24e as stable
or unstable. The structures are subjected to arbitrary external loads
that are assumed to be known,

Solution
The structures are classified as indicated.

Fig. 2-24 _
The member is stable since the reactions are nonconcurrent and non-
parallel, It is also statically determinate, Ans.
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The compound beam is stable. It is also indeterminate to the second
degree. Ans.

The member is unstable since the three reactions are concurrent at B,
Ans.

()

Ans.

The structure is unstable since r = 7, n = 3, so that, by Eq. 2-4,
r << 3n,7 < 9. Also, this can be seen by inspection, since A B can move
horizontally without restraint. Ans.,
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2-5 Application of the Equations of Equilibrium

Occasionally, the members of a structure are connected together in such
a way that the joints can be assumed as pins. Building frames and trusses
are typical examples that are often constructed in this manner. Provided
a pin-connected coplanar structure is properly constrained and contains
no more supports or members than are necessary to prevent collapse,
the forces acting at the joints and supports can be determined by applying
the three equations of equilibrium (3 F, = 0, ZF,=0,2Mp = 0) to
each member. Understandably, once the forces at the joints are obtained,
the size of the members, connections, and supports can then be -
determined on the basis of design code specifications.

To illustrate the methed of force analysis, consider the three-member
frame shown in Fig. 2-25a, which is subjected to loads P, and Ps. The
free-body diagrams of each member are shown in Fig. 2-25b. In total
there are nine unknowns; however, nine equations of equilibrium can be
written, three for each member, so the problem is statically determinate.
For the actual solution it is also possible, and somstimes convenient, to
consider a portion of the frame or ifs entirety when applying some of
these nine equations. For example, a free-body diagram of the entire
frame is shown in Fig. 2-25¢. One could determine the three reactions
A, Ay, and C, on this “rigid” pin-connected system, then analyze any
two of its members, Fig. 2-25h, to obtain the other six unknowns.
Furthermore, the answers can be checked in part by applying the three
equations of equilibrivm to the remaining “third” member. To summarize,

Fig. 2-25
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this problem can be solved by writing a¢ mosr Hine equilibrium equations
using free-body diagrams of any members and/or combinations of connected
members, Any more than nine equations written would nof be unique from
the original nine and would only serve to check the results.

Consider now the two-member frame shown in Fig, 2-26a. Here the
free-body dxagrams of the members reveal six “unknowns, Fig, 2-26b;
however, six equilibrium equations, three far each member, can be
written, 50 again the problem is statically determinate. As in the previous
case, a free-body diagram of the entire frame can also be used for part
of the analysis, Fig. 2-26¢. Although, as shown, the frame has a tendency

to collapse without its supports, by rotating about the pin at B, this will

" not happen since the force system acting on it must still hold it in

eq_unl;bny_;g Hence, jf 5o desired, all six unknowns can be determined by by
“applying the three equilibrium equations to the entire frame, Fig. 2-26¢,
and also to either one of its members,

The above two examples illusirate that if a structure is properly
supported and contains no more supports or members than are necessary
to prevent collapse, the frame becomes statically determinate, and so the
unknown forces at the supports and connections can be determined from
the equations of equilibrium applied to each member. Also, if the
structure remains rigid (noncollapsible) when the supports are removed
(¥ig. 2-25¢), all three support reactions can be determined by applying
the three equilibrium equations to the entire structure, However, if the
structure appeass to be nonrigid (collapsible) after removing the
supports (Fig. 2-26c), it must be dismembered and equilibrium of the
individual members must be considered in order to obtain enough
equations to determine aff the support reactions,

(e} Fig. 2-26

- DI ,Pz. {

-1 3
4

.
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_-'ﬁ"The followmg procedurel prowdes a'met
- ]omt reactions for structures composed of

i _'_'body dlagrams of the membe'

o All two-force mbmbers "hould ‘be ‘identified.' These
. regardless ‘of -their shape; have no external Hoads - on’
‘therefore their free-body’ dlagrams are represented with ‘equa
3 _-'but opposne collmear forces actmg on their énd

e In’ many cases it ds p0531ble 0’ teﬂ by mspectmn.the Toper -

. arrowhead sense of direction of ‘an wunknown force_or couple::
.-, moment; however, }f thls scems dlfﬁcult ‘the irectio lsensec
i be assumed :

. qumtions of Equﬂibnum ;
» Count the total fmber of unknowns to 'make _sufe’ that n -
_'eqmvafent muimber of eguilibrium equatlons can be written” for
solution. Except for two-force members, récall that“in general -
three ethbnum equatzons can be wntten for each member

e Many tunes, the solution for the unknowns will bc strmghtforward
if the moment equation XM, == 0 is applied about a point (0) -
that Hes at the ‘intersection of the 1mes of actxon of as many' ;
unknown forces as possxble B ' '

* When applymg the force equatlons EF = 0 and EF =0 'o-ri.en't'"" :
the x-and y ‘axes along lines that wﬁl provide : the' samplest
reducnon of the forces into their ¥ and y components i

o If the soluuon of the equﬁtbnum equatlonS' 1dsa negatwe “
magnitude for an unknown force or couple’ momcnt it indicates
that its arrowhead sense of dlrectmn is oppos:te to that which was
assumed on the free body dlagram -
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Determine the reactions on the beam shown in Fig. 2-274.
30 sin 60° kN
0.3

A 4 | m vLEcos 60° kN 6.8 kN-m
i i |

I 3m ! 12 m—T

Ay B,

()
Fig. 2-27

Solution

Free-Body Diagram. Asshown in Fig. 2-27b,the 30-kN force is resolved
into x and y components. Furthenmore, the 2.1-m dimension line is not
needed sinee a couple moment is a free vector and can therefore act any-
where on the beam for the purpose of computing the external reactions.
Equations of Equilibriuvm, Applying Eqs. 2-2 in a sequence, using
previously caleulated results, we have

LSRR =0, A, -20cos60°=0 A, =135kN Aus,

VEEMy = 0; =270 sin 60°(3) + 270 cos 60°(0.3) + B,(42) ~ 68 =0
+13F, =0, ~270sin60° + 159+ A, =0 A, =748kN Ans.

B, = 139kN  Ans.

Determine the reactions on the beam in Fig. 2-28a.

Sclution

Free-Body Diagram. Asshown in Fig. 2-28b, the trapezoidal distributed
loading is segmented into a triangular and uniform load. The areas under
the triangle and rectangle represent the resulfant forces. These forces act
through the centroid of their.corresponding areas,

Equations )of Eqm: librinm

BSF =0, A, =0 : Ans.
+12F, =0, A, —60—-60=0 A, = 120kN Ans.
HEM,=0; —60(4) — 60(6) + My =0 M,y =600kN m Auns,

15 kN/m

L(10kN)(F2m) = 60 KN

. (5kN/m)(12m) =
E}lﬂm\?fu'{ =~ BOKN
A,A” - "'—__Ek?q?_mq;
M
F—6m—oy .
)

Fig. 2-28
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Determine the reactions on the beam in Fig. 2-29a. Assume"A isa
pin and the support at B is a roller (smooth surface). '

Solution s
Free-Body Diagram. As shown in Fig. 2-29b, the support {“roller™)
at B exerts a normal force on the beam at its point of contact. The
line of action of this force is defined by the 3—4-5 triangle.

1533kN  12m

Ay —ahy
A Losmf 195 m |
AY
(b)
- Equations of Equilibrium, Resolving Ng into x and y components

and summing moments about A yields a direct solution for Ny, Why?
Using this result, we can then obtain A, and A,

LFEMy=0;  1533(L05) +{5)Np(12) + 3)Ns(3) =0  Ans.
Np =583 kN

Bzm—0 4, -458)=0 A, =467KN * Ans,

+1ZF, =0, A, ~153343(583)=0 A,=11.83kN Ans
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The compound beam in Fig. 2-30« is fixed at A. Determine the
reactions at A, B, and C. Assume that the connection at B is a pin
and C is a roller,

6 kN/m

(@)
Fig. 2-30

Lt 5ﬁm O/

Solution

Free-Body Diagrams. The free-body diagram of each segment is
shown in Fig. 2-30b. Why is this problem statically determinate?

36 KN
M 1 ﬁﬁﬁﬁﬁﬁﬁ N B, B, 8 kN-m
A, - o e o {C
A R—
A sm— 3w —] P ism—t
By By kh_/ CJ"

(b)

Egquations of Equilibrium. There are six unknowns. Applying the six
equations of equilibrium, using previously calculated results, we have

Segment BC:
FEM-=0; -8+ B,(45=0 B,=178kN Ans.
+12F, =0 =178+ G, =0 ,=178kN Ans,
L3r-0  B.=0 Ans.
Segment AB:
VFEM =0, My —36(3) + 1.78(6) = 0 )

My =973 kN-m Apns.
+1EF, =0, A, -36+178=0 A,=342kN Ans,

KEF, =0 A, -0=0 Ay =0 Ans.
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The side girder shown in the photo supports the hoat and deck. An
idealized model of this girder is shown in Fig. 2-31a, where it can be -
assumed A is a roller and B is a pin. Using a local code the anticipated
deck loading transmitted to the girder is 6 kN/m. Wind exerts a
resuftant horizontal force of 4 kN as shown, and the mass of the boat
that is supported by the girder is 23 Mg, The boat s 1ass center is
at G. Determine the reactions at the supports. . :

6{3.80) = 228kN

3.40m l—l%mI

A
23 (981 kN = 2256 kN Y

®)
Fig, 2-31

Solution . :
Free-Body Diagram. Here we will consider the boat and girder as a
single system, Fig. 2-315. As shown, the distributed loading has been
replaced by its resultant.

Equations of Equilibrivmn,  Applying Eqgs. 2-2 in sequence using
prevmus]y calculated results, we have

Lsp =0, 4-B,=0

B, = 4kN ' Ans,
(+ZMy =0, 22.8(1.90) — A,(2) + 225.6(5.40) — 4(0.30) = 0
A, = 6302kN = 630kN Ans.
+3F, =0, 6302 - B, 228 -2256=0 '
’ B, = 382kN Ans.

Note: ¥f the girder alone had been considered for this analysis then the
normal forces at the shoes C and D would have to first be calculated
using a free-body diagram of the boat. (These forces exist if the cable
pulls the boat snug against them.) Equal but opposite normat forces along
with the cable foree at &£ would then act on the girder when its free-body
diagram is considered, The same results would have been obtained,
however, by considering the boat-girder system, these normal forces and
the cable force become internal and do not have fo be considered.
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15

l ()

=
=
O

Fig. 2-32
Solution

shown in Fig, 2-325.

unknowns.

Member BC:

+EMe=0; —By(2) +6(1) =0 B, =3kN
Member AB:

(+EMy = 0; —8(2) — 3(2) + B,(L.5) =0 B, =147kN
L3P =0, A, +Y8) ~147=0 A, = 987kN
+1EF, =0, A,—38)-3=0 Ay = 9.40kN
Member BC:

L3R, =0, 147-C,=0 C, = 147kN

HISE =0 3-6+C, =0 C, = 3kN

Determine the horizontal and vertical components of reaction at the
pins A, B, and C of the two-member frame shown in Fig. 2-32a,

Free-Body Diagrams. The free-body diagram of each member is

Equations of Equilibrium. Applying the six equations of equilibrinm .
in the following sequence allows a direct solution for each of the six

Ans.

Ans.

Ans,
Ans,

Ans,
Ans,
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The side of the building in Fig. 2-33a is subjected to a wind loading that

creates a uniform normal pressure of 15 kPa on the windward side and -
a suction pressure of 5 kPa on the Jeeward side. Determine the horizontal

and vertical components of reaction at the pin congections A4, B,and C

of the supporting gable arch.

<4,,

T
wind

@

Fig. 2.33

Solution -
Since the loading is evenly distributed, the central gable arch supports a
loading acting on the walls and roof of the dark-shaded tributary area. This
represents a uniform distributed load of {15 kN/m?)(4 m) = 60 kN/m
on the windward side and (5 kN/m?)(4 m) = 20 kN/m on the suction
side, Fig. 2-33h.
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Free-Body Diagrams. Simplifying the distributed loadings, the free-
body diagrams of the entire frame and each of its parts are shown in
Fig. 2-33c.

SI6IN g 249 kN 2546 KN 212 3

60 kN 180 kN

| »
Ax‘?‘gl__s ntfC G Sy
A Sm Sm h.S m 15m
¥

© '

Equations of Equilibrium. Simultaneous solution of equations is
avoided by applying the equilibrium equations in the following
sequence using previously computed results*

Entire Frame:
(FEM,y = 0; —(180 + 60)(1.5) — (254.6 + 84.9) cos 45°(4.5)
— (254.6 5in 45°)(1.5) + (84.9 sin 45°)(4.5) + C,(6) = 0

Cy, = 240.0kN Ans.

+1ZF, =0; —A,— 254.6sin45° + 84.9sin 45° + 240.0 = 0
y = 1200 kN Ans.

Member AB:
FEMg = 0; —AL(6) + 120.0(3) + 180(4.5) + 254.6(2.12) = 0

A, = 2850kN Ans,
B SF =0, 2850 + 180 + 254.6 cos 45° — B, = 0

B, =750kN Ans,
+1EF, =0 —120.0 — 254.05in45° + B, = 0

B, = 3000 kN Amns,
Member CB:
% SE =0; ~C,+ 60+ 849¢c0s45° + 750 =10

C.= 195.0kN - Ans.

+The problem can also be solved by applying the six equations of equilibrium only
to the two members. If this is done, it is best to first sum moments about point A on
member AB, then point C on member CB. By doing this one obtains two equations to
be solved simultaneously for B, and B,
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PROBLEMS

2-1. The roof deck of the single story building is subjected
to a dead plus live load of 4.5 kN /m™. If the purlins are spaced
1.5 m and the bents are spaced 6 m apart, determine the dis-
tributed foading that acts along the purlin DI, and the load-
ings that act on the bentat A, B, C, D, E, F, G,and H.

Proh. 2-1

2-2. Theroof deck consists of precast light-weight reinforced
concrete that is 75 mm thick and rests on the flanges of T-
bars that are spaced 0.75 m apart on centers. The subpurling
are clipped to the top of the main purlins that are spaced 1.8
m apart. Determine the distributed loading that the deck
exerts on the subpurlin A B and the concentrated loading on
the main purlin CD located along the edge of the deck,
Assume the subpurlins are simaply-supported on the ends of
each main purlin. Hinf: See Table 1-3.

Prob, 2-2

2-3. ‘The frame is used to support the wood deck in a resi-
dential dwelling. Sketch the loading that acts along members
BG and ABCD. Set b = 3 m,a = 1.5 m. Hint: See Table 1-4.

*2-4, Solve Prob.2-3ifb=24m,a=24m.
2-5, Solve Prob.2-3ifb=4.5m,a=24m.

Probs, 2-3/2-4/2-5

2-6. 'Thesteel framework is used to support the 100-mm.
reinforced lightweight concrete slab that carries a uniform
live loading of 24 kN /m. Sketch the [oading that acts along
members BE and FD., Set b = 3 m, a = 1.8 m. Hint: See
Table 1-3.

2-7. Solve Prob.2-6,withb =36m,a=12m.

Probs, 2-6/2-7
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%2-8. Classify each of the structures as statically determi- 2-9. Classify each of the structures as statically determinate,
nate, statically indeterminate, or unstable. If indeterminate, statically indeterminate, or unstable. It indeterminate, speci-
specify the degree of indeterminacy. fy the degree of indeterminacy.

(d) (d)

Prob. 2-8 Prob. 2-9
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2-10. Classify each of the structures as statically determi- 2-11. Classify each of the structures as statically determi-
nate, statically indeterminate, or unstable, If indeterminate, nate, statically indeterminate, or unstable, If indeterminate,
specify the degree of indeterminacy. The supports or con- specify the degree of indeterminacy. The supports or con-
nections are to be assumed as stated. nections are to be assumed as stated.

(B

(b)

_rockers

{c) @

Prob, 2-10 Prob. 2-11



*2-12, Classify each of the structures as statically determi-
nate, statically indeterminate, or unstable. If indeterminate,
specify the degree of indeterminacy.

G

Prob, 2-12

PROBLEMS « 67

2-13, Classify each of the structures as statically determi-
nate, statically indeterminate, or unstable. If indeterminate,
specify the degree of indeterminacy. The supports or con-
nections are to be assumed as stated.
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2-14, Classify each of the frames as statically determinate,
statically indeterminate, or unstable. If indeterminate, speci-
fy the degree of indeterminacy. All internal joints are fixed-
conmnected.

{e)

(®)

() ®

Prob. 2-14



2-15. Classify each of the structures as statically determi-
nate, statically indeterminate, or unstable. If indeterminate,
specify the degree of indeterminacy. The supports or con-
nections are to be assumed as stated.

roller

©

Prob, 2-15

PROBLEMS + (9

*2-16.  Classify each of the frames as statically determinate,
statically indeterminate, or unstable. ¥ indeterminate, speci-
fy the degree of indeterminacy. All internal joints are fixed-
connected.

(©)

Frob. 2-16
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2-17. Determine the reactions on the beam. #2-20, Determine the support reactions on the beam.

. a5 kN
WEN 1spy 20N 1sEn fm

A
ib o]

B . - 80°
810 kN'm . | (
3 m-——3 m-—+—3 m- F——lﬁm i 36m 1
Prob, 2-20
Prob. 2-17
2-18. Determine the reactions on the beam. The support 2-21. Determine the reactions at the supports.

at B can be assumed as a roller.

1.5 kMN/m

Prob. 2--18 Prob. 2-21

2-19. Determine the reactions on the beam. The support 2-22. Determine the reactions at the supports.
at B can be assumed to be a roller.

S00N 800 N-m

30 kN/m

! &m 4 m—

Frob, 2-19 Prob. 2-22



2-23, Determine the vertical reactions at the sﬁpports A
and B. Assume A is a roller and B is a pin.

09kN 09kN

0.75 kN/m 12 kN/m

E

0.9 m|
l

1.5m T 6m 1

Prob. 2-23

#2-24, Determine the reactions on the beam.

30 kN/m

-

fm

Prob, 2-24

2-25, The pad footing is used to support the load of
50 kN. Determine the intensities wy and w, of the dis-
tributed loading acting on the base of the footing for the
equilibrium.

SOkN

875 mm |

|
Prob. 2-25 f
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2-26. The beam is subjected to the two concentrated loads
as shown. Assuming that the foundation exerts a linearly vary-
ing load distribution on its bottom, determine the load inten-
sities w; and w; for equilibrium {a} in terms of the parame-
ters shown; (b) set P= 2kN,L =3 m.

L, L L
3

e~

Proh, 2-26

2-27. ‘'The cantilever footing is used to support a wall near
its edge A so that it causes a uniform soil pressure under
the footing. Determine the uniform distribution loads, w4
and wg, measured in kN/m at pads A and B, necessary to
support the wall forces of 40 kN and 100 kN.

100 kN

ﬂl l» 0.075 m KN

24m | 09m
Prob. 2-27

*2-28, Determine the reactions at the smooth support A
and pin support B. The connection at Cis fixed.

3 2kN/m

Prob. 2-28
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229, The bulkhead A7 is subjected to both water and soil-
backfill pressures. Assuming AD is “pinned” to the ground
at A, determine the horizontal and vertical reactions there
and also the required tension in the ground anchor BC nee-
essary for equilibrium. The bulkhead has a mass of 860 kg,

D

SRHEN/
Proly. 2-20

2-30. ‘Thejibcrane is pin-connected at A and supported by
asmooth coliar at B. Determine the roller placement x of the
22.5-kN load so that it gives the maximurn and minimum reac-
tiens at the supports, Calculate these reactions in each case,
Neglect the weight of the crane. Require 12 m=x=3m.

Prob. 2-30

2-31. Determine the reactions at the supports A and B of
the frame. Assume that the support at A is a raller.

25 I}{N 35 kN 50 ;cN 10 kN

Prob. 2-31

%#2-32, Determine the reactions at the truss supports A
and B, The distributed loading is caused by wind pressure.

L 144m 144m |

Prob, 2-32



2-33, Determine the reactions at the supports A and A of
the compound beam. Assume A is a roller, Cis a pin, and B
is fixed.

Prob. 2-33

2-34. Determine the reactions at A, B, and E. Assume A
and B are roller supported.

10 kN 8 kN/m

S c g
|——2 erZm—i—Z mLZSm—T— Sm 4{

Proh, 2-34

2-35. Determine the reactions at the supports A, C,and E.
Assume A and C are rollers, E is fixed, and B and I are pins.

Prob, 2-35

PrRoBLEMS + 73

*2-36. The compound beam is fixed supported at A and
supported by rockers at B and C.If there are hinges (pins)
at D and E, determine the reactions at the supports 4, B,
and C,

Prob. 2-36

2-37. ‘The construction features of a cantilever truss bridge
are shown in the figure. Here it can be seen that the center truss
CDis suspended by the cantilever arms ABC and DEF. C and
D are pins Determine the vertical reactions at the supports A,
B, E,and Fif a 60-kN load is applied to the center truss.

priv pr prew pra
A}_ B{ T ‘i'GOkN ll) E, F
&0 m 30m (30m " G0 m + 45m41—45m-l
Prob. 2-37

2-38, Determine the reactions at the supports A, C,and
D. B is pinned.
67.5 kN

30 KN /m

12m—t—15m———18m

Preob. 2-38
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2-39. Determine the reactions at the supports A and C.
Assume the support at A is a roller, B is a fixedconnected
joint, and C'is a pin.

20 kN/m

4m i

Prob. 2-39

*2-40. The mass of 700 kg is suspended from a trotley which
moves along the crane rail fromd = 1.7mtod = 3.5m.
Determine the force along the pin-connected knee strut BC
(short link) and the magnitude of force at pin A as a function
of position 4. Plot these results of Fg and F4 (ordinate) ver-
sus « {abscissa).

Prob. 2-40

241, Determine the horizontal and vertical components of
reaction acting at the pins A and C.

Prob. 241

2-42. The bridge frame consists of three segments which
can be considered pinned at A, D, and E, rocker supported
at C and F, and roller supported at B. Determine the hori-
zontal and vertical components of reaction at all these sup-
ports due to the loading shown.

Prob, 2-42



243, Determine the horizontal and vertical compbnents of
force that the pins.A and B exert on the two-member frame,
SetF =0.

Proh. 2-43

*2-44, Determine the horizontal and vertical components
of force that pins A and B exert on the two-member frame.
Set F = 500 N.

Prob. 2-44
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245, Determine the horizontal and vertical components of
force at the connections A4, B, and C. Assume each of these
conrections is a pin.

18 kN 13.5 kN

’»1.2111 18m 09 m—]

Prob, 2-45

2-46. Determine the reactions at the supports A and D.
Assume A is fixed and B and € and D are pins.

L

| |
I LSL |

Prols 2-46
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2-47. Determine the horizontal and vertical reactions the 2-49. Determine the reaction at the support A and D.
connections A and C of the gable frame. Assume that A, B, Assume A is fixed and B,C, and I are pins.

and € are pin connections. The purlin loads such as D and E

are applied perpendicular to the center line of each girder.

18kN LEXN
2.7

27kN

1.8 kN/m

F18m ' 18m | 18m | 18m |
Prob. 247 Prob, 2-49

*2-48, Determine the reactions at the supports A and B. 2-50. Determine the horizontal and vertical components of
reaction at the supports A, B, and C. Assurne the frame is pin-
connected at A, B, D, E, and F, and there is a fixed connect-
edjoint at C.

20kN

Prob, 248 Prob. 2-50
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PROJECT PROBLEM

2-IP. 'The railroad trestle bridge shown in the photo is supported by reinforced
concrete bents. Assume the two simply supported side girders, track bed, and
two rails have a weight of 7.5 kN /m and the load imposed by a train is 100 kN/m
(see Fig. 1-11), Each girder is 6 m long. Apply the load over the entire bridge
and determine the compressive force in the columns of each bent. For the analysis
assume all joints are pin connected and neglect the weight of the bent. Are these
realistic assumptions?

Project Prob, 2-17



The forces in the members of these railroad bridges can be readily
analyzed using either the methad of joints or the method of sections.
(Photo courtesy Bethlehemn Steel.)



Analysis of Statiéaliy_
‘Determinate Trusses

In this chapter we will develop the procedures for analyzing statically determinate
trusses using the method of joints and the method of sections. First, however, the
determinacy and stability of a truss will be discussed. Then the analysis of three forms
of planar trusses will be considered: simple, compound, and complex. Finally, at the
end of the chapter we will consider the analysis of a space truss.

3-1 Common Types of Trusses

The gusset plate is used to
connect eight members of a
truss supporting structure
for a water tank.

A truss is a structure composed of slender members joined together at
their end points. The members commonly used in construction consist
of wooden struts, metal bars, angles, or channels. The joint connections
are usually formed by bolting or welding the ends of the members to a
common plate, called a gusset plate, as shown in Fig. 3-1, or by simply
passing a large bolt or pin through each of the members, Planar trusses
lie in a single plane and are often used to support roofs and bridges.

gusset plate

Fig. 31
79
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Here is an example of a Pratt roof truss Try
to identify the various members defined in
Fig. 3-2.

Fig. 3-2

Roof Trusses. Roof trusses are often used as part of an industrial
building frame, such as the one shown in Fig. 3-2. Here, the roof load is
transmitted to the truss at the joints by means of a series of purlins. The
roof truss along with its supporting columns is termed a bent, Ordinarily,
roof trusses are supported either by columns of woad, steel, or reinforced
concrete, or by masonry walls. To keep the bent rigid, and thereby capable
of resisting horizontal wind forces, knee braces are sometimes used at the
supporting columns. The space between adjacent bents is called a bay.
Bays are economically spaced at about 4.6 m for spans around 18 m and
about 6.1 m for spans of 30 m. Bays are often tied together using diagenal
bracing in order to maintain rigidity of the building’s structure.

Trusses used to support roofs are selected on the basis of the span, the
slope, and the roof material. Some of the more common types of trusses
used are shown in Fig. 3-3. In particular, the scissors truss, Fig. 3-3a, can
be used for short spans that require overhead clearance. The Howe and
Pratt trusses, Fig. 3-3b and 3-3c, are used for roofs of moderate span,
about 18 m to 30 m. If larger spans are required to support the roof, the
fan truss or Fink truss may be used, Fig. 3-34 and 3-3e. These trusses
may be built with a cambered bottom cord such as that shown in Fig.
3-37 1f a flat roof or nearly flat roof is to be selected, the Warren truss,
Fig. 3-3g, is often used. Also, the Howe and Pratt trusses may be modified
for flat roofs. Sawicoth trusses, Fig, 3-3%, are often used where column
spacing is not objectionable and uniform lighting is important. A textile
mill would be an example. The bowstring truss, Fig. 3-3i, is sometimes
selected for garages and small airplane hangars; and the arched truss,
Fig, 3-3f, although relatively expensive, can be used for high rises and
long spans such as field houses, gymnasiums, and so on.
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Fok three-hinged arch
(e) ()]
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Parker trusses are nsed to form this bridge,

top
lateral
bracing

?f floor beam

Fig. 3-4

Bridge Trusses. The main structural elements of a typical bridge truss
are shown in Fig. 3-4. Here it is seen that a load on the deck is first
transmitted to stringers, then to floor beams, and finally to the joints of
the two supporling side trusses. The top and bottom cords of these side
trusses are connected by top and bottom lateral bracing, which serves to
resist the lateral forces caused by wind and the sidesway caused by moving
vehicles on the bridge. Additional stability is provided by the portal and
sway bracing. As in the case of many long-span trusses, a roller is provided
at one end of a bridge truss to allow for thermal expansion.

A few of the typical forms of bridge trusses currently used for single
spans are shown in Fig. 3-5. In particular, the Pratt, Howe, and Warren
trusses are normally used for spans up to 60 m in length. The most
common form is the Warren truss with verticals, Fig. 3-5¢. For larger
spans, a truss with a polygonal upper cord, such as the Parker truss,
Fig. 3-5d, is used for some savings in material. The Warren truss with
verticals can also be fabricated in this manner for spans up to 90 m.
The greatest economy of material is obtained if the diagonals have a
slope between 45" and 60" with the horizontal. If this rule is maintained,
then for spans greater than 50 m, the depth of the truss must increase
and consequently the panels will get longer. This results in a heavy deck
systermn and, to keep the weight of the deck within tolerable limits,
subdivided trusses have been developed. Typical examples include the
Baltimore and subdivided Warren trusses, Figs. 3-5¢ and 3-5f. Finally,
the K-truss shown in Fig. 3-5g can also be used in place of a subdivided
truss, since it accomplishes the same purpose.
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(&}

Fig. 3-5

P e |
K-truss
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Assumptions for Desigh. To design both the members and the
connections of a truss, it is first necessary to determine the force developed
in each member when the truss is subjected to a given loading, In this regard,
two important assumptions witl be made in order to idealize the truss,

1. The members are joined together by smooth pins. In cases where
bolted or welded joint connections are used, this assumption is
generally satisfactory provided the center lines of the joining
members are concurrent at a point, as in Fig. 3-1. It should be
realized, however, that the actual connections do give some rigidify
to the joint and this in turn introduces bending of the connected
members when the truss is subjected to a load. The bending stress
developed in the members is called secondary stress, whereas the
stress in the members of the idealized truss, having pin-connected
joints, is called primary stress, A secondary stress analysis of a truss
is seldom performed, although for some types of truss geometries
these stresses may be large.*

2. All loadings are applied at the joints. In most situations, such as for
bridge and roof trusses, this assumption is true. Frequently in the
force analysis, the weight of the members is neglected, since the
force supported by the members is large in comparison with their
weight. If the weight is to be included in the analysis, it is generally
satisfactory to apply it as a vertical force, half of its magnitude
applied at each end of the member,

Because of these two assumptions, each fruss member acts as an
axial force member, and therefore the forces acting at the ends of the
member must be directed along the axis of the member, If the force

tends to elongate the member, it is a tensile force (T), Fig. 3-6a;

whereas if the force tends to shorfen the member, it is a compressive
force (C), Fig. 3-6b. In the actual design of a truss it is important to
state whether the force is tensile or compressive. Most often, compression
members must be made thicker than tension members, because of the
buckling or sudden instability that may occur in compression members.

T - R S R > T
{a)
(e e C
(%)
Fig. 3-6

*See Timoshenko, S., and Young, D.H., Theory of Structures. McGraw-Hill Company,
Inc,, New York, 1965.
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3-2 Classification of Coplanar Trusses

Before beginning the force analysis of a truss, it is important to classify
the truss as simple, compound, or complex, and then to be able to specify
its determinacy and stability.

simple Truss. To prevent collapse, the framework of a truss must be
rigid. Obviously, the four-bar frame ABCD in Fig. 3-7 will collapse unless
a diagonal, such as AC, is added for support. The simplest framework that
is rigid or stable is a triangle. Consequently, a simple truss is constructed
by starting with a basic triangular element, such as ABC in Fig, 3-8, and
connecting two members (AD and BD) to form an additional element.
Thus it is seen that as each additional element of fwo members is placed
on the truss, the number of joints is increased by one. o

Fig. 3-8

An example of a simple truss is shown in Fig. 3-8, where the basic
“stable” triangular element is ABC, from which the remainder of the
joints, D, E, and F, are established in alphabetical sequence. For this
method of construction, however, it is important to realize that simple
tmsse@ave to consist entircly of triangles. An example is shown
in Fig. 3511, where starting with triangle ABC, bars CD and AD are added
to form joint D. Finally, bars BE and DE are added to form joint E,

simple truss

Fig. 3-9

simple trass )

Fig 310
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Compound Truss. A compound fruss is formed by connecting two or
more simple trusses together. Quite often this type of truss is used to
support loads acting over a large span, since it is cheaper {o construct a
somewhat lighter compound truss than to use a heavier single simple truss.

There are three ways in which simple trusses are joined together to
form a compound truss,

Type 1. The trusses may be connected by a common joint and bar, An
example is given in Fig. 3-11a, where the shaded truss ABC is connected
to the shaded truss CDE in this manner.

Type 2. The trusses may be joined by three bars, as in the case of the
shaded truss ABC connected to the larger truss DEF, Fig, 3-115.

Type3. The trusses may be joined where bars of a large simple truss, called
the main truss, have been substifuted by simple trusses, called secondary
trusses. An example is shown in Fig, 3-11c, where dashed members of the
main fruss ABCDE have been replaced by the secondary shaded trusses, If
this truss carried roof loads, the use of the secondary trusses might be more
economical, since the dashed members may be subjected to excessive
bending, whereas the secondary trusses can better transfer the load.

C F

simple
trusses

compound truss

{a)

)

compeound truss
(c}

Fig. 3-11
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Complex Truss. A complex truss is one that cannot be classified as
being either simple or compound. The truss in Fig. 3-12 is an example.

Determinacy. For any problem in truss analysis, it should be realized
that the total number of unknowns includes the forces in b number of bars

of the truss and the total number of external support reactions r. Since
the truss members are all straight axial force members lying in the same
plane, the force system acting at each joint is coplanar and concurrent,
Consequently, rotational or moment equilibrium is auntomatically satisfied

at the joint {or pin), and it is only nccessary to satisfy 2F, = 0 and
ZF, = 0 to ensure translational or force equilibrium. Therefore, only two
equations of equilibrium can be written for each joint, and if there are §
number of joints, the total number of equations available for solution is 2j, complex truss
"By simply comparing the total number of unknowns (b + r) with the total
number of available equilibrium equations, it is therefore possible to
specify the determinacy for either a simple, compound, or complex truss.
We have -

Fig. 3-12

b+r=12j statically determinate
. ) 3-1
b+r>2j  statically indeterminate G-1)

In particular, the degree of indeterminacy is specified by the difference
in the numbers (b + r) — 2.

Stability. Ifb + r < 2, a truss will be unstable, that is, it will collapse,
since there will be an insufficient number of bars or reactions o constrain
all the joints. Also, a truss can be unstable if it is statically determinate or

statically indeterminate. In this case the stability will have to be determined
either by inspection or by a force analysis.

External Stability, As stated in Sec. 24, a structure (or truss) is externally
unstable if all of its reactions are concurrent or paraflel, For example, the two
trusses in Fig. 3-13 are externaily unstable since the support reactions have
lines of action that are either concurrent or parallel.

f unstable concurrent reactions unstable parailel reactions
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Internal Stability. The internal stability of a truss can often be checked by
careful inspection of the arrangement of its members, If it can be
determined that each joint is held fixed so that it cannot move in a “rigid
body” sense with respect to the other joints, then the truss will be stable.
Notice that a simple truss will always be internally stable, since by the nature
of its construction it requires starting from a basic triangular element and
adding successive “rigid elements,” each containing two additional members
and a joint. The truss in Fig. 3-14 exemplifies this construction, where,
starting with the shaded triangle element ABC, the successive }omts D E,
E G, H have been added.

H a truss is constructed so that it does not hold its joints in a fixed
position, it will be unstable or have a “critical form.” An obvious example
of this is shown in Fig. 3-15, where it can be seen that no restraint or
fixity is provided between joints C and F or B and E, and so the truss
will collapse under load.

Fig. 3-15

To determine the internal stability of a compound truss, it is necessary
to identify the way in which the simple trusses are connected together For -
example, the compound truss in Fig. 3-16 is unstable since the inner simple
truss ABC is connected to the outer simple truss DEF using three bars,
AD, BE, and CF, which are concurrent at point O. Thus an external load
can be applied to joint A, B, or € and cause the truss ABC to rotate slightly.
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If a truss is identified as complex, it may not be possible to tell by
inspection if it is stable. For example, it can be shown by the analysis
discussed in Sec. 3-7 that the complex trass in Fig. 3-17 is unstable or
has a “critical form” only if the dimension d = d'. If d # &' it is stable.

The Instability of any form of truss, be it simple, compound, or complex,
may also be noticed by using a computer to solve the 2j simultaneous
equations written for all the joints of the truss. If inconsistent results are
obtained, the truss will be unstable or have a critical form.

If a computer analysis is not performed, the methods discussed
previously can be used to check the stability of the truss. To summarize,
if the truss has b bars, r external reactions, and j joints, then if

b+ r<2j  unstable
b+r=72f unstable if truss support reactions
are concurrent or parallel or if (3-2)
. some of the components of the
truss form a collapsible mechanism

Bear in mind, however, that if a truss fs unstable, it does not matter whether
it s statically determinate or mdet‘ermmaz‘e Obviously, the use of an
“unstable truss is to be avoided in practlce

39
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Classify each of the trusses in Fig. 3-18 as stable, unstable, statically ’
determinate, or statically indeterminate. The trusses are subjected to
arbitrary external loadings that are assumed to be known and can’act
anywhere on the trusses. -~ S S R '

Solution L _ Co .

Fig. 3-18a. - Externally stable, since the reactions are not concurrent
or parallel Since b =19, r =3, j = 11, then b + r = 2f or 22 = 22. -
Therefore, the truss is statically determinate. By inspection the truss is
infernally stable.

Fig. 3-18

Fig. 3-18b. Externally stable. Since b =15, r =4, j =9, then
b + r > 2jor 19 > 18. The truss is statically indeterminate to the first
depree. By inspection the truss is internally stable.
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Fig. 3-18c. Externally stable. Siuce b=9, r =3, j=26, then
b+ r = 2j or 12 = 12.The truss is statically deferminate. By inspection
the truss is interrially stable,

Fig. 3-18d. Externally stable. Since b =12, r =3, j =8, then
b+ r < 2jor 15 < 16. The truss is internally gggs_‘t{z_/ble.
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3-3 The Method of Joinis

If a truss is in equilibrivm, then each of its joints must also be in
equilibrium. Hence, the method of joints consists of satisfying the
equilibrium conditions ZF, = 0 and ZF, = 0 for the forces exerted on
the pin at each joint of the truss.

When using the method of joints, it is necessary to draw each joint’s
free-body diagram before applying the equilibrium equations. Recall that
the line of action of each member force acting on the joint is specified
from the geomeiry of the truss, since the force in a member passes along
the axis of the member. As an example, consider joint B of the truss in
Fig. 3-19a. From the free-body diagram, Fig. 3-19b, the only unknowns
are the magnitudes of the forces in members BA and BC, As shown, Fgu
is “pulling” on the pin, which indicates that member BA is in tension,
whereas Fye is “pushing” on the pin, and consequently member BC is
in compression. These effects are clearly demonstrated by using the
method of sections and isolating the joint with smalfl segments of the
member connected to the pin, Fig. 3-19¢. Notice that pushing or pulling
on these small segments indicates the effect of the member being either
in compression or tension.

In all cases, the joint analysis should start at a joint having at least one
known force and at most two unknown forces, as in Fig. 3-195. In this
way, application of ZF, = 0 and 2 F, = 0 yields two algebraic equations
that can be solved for the two unknowns. When applying these equations,
the correct sense of an unknown member force can be determined using
one of two possible methods.

B
[ S00N

45° Fg (compression)
Fg,4 (tension)

(k)

B

i\ 500N

45°

Fye (compression)
FB A (tension)

Fig. 3-19 ()
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1. Abvays assume the unknown member forces acting on the joint’s free-
body diagram to be in tension, i.e, “pulling” on the pin. ¥ this is done,
then numerical solution of the equilibrium equations will yield positive
scalars for members in tension and negative scalars for members in
compression. Once an unknown member force is found, use its correct
magnitude and sensc (T or C) on subsequent joint free-body diagrams.

2. The correct sense of direction of an unknown member force can, in
many cases, be determined “by inspection.” For example, Fpc in
Fig. 3-19b must push on the pin (compression) since its horizontal
component, Fge sin 45, must balance the 500-N force (Z2F, = 0).
Likewise, Fp4 is a tensile force since it balances the vertical
component, Fgo cos 45 (% F, = 0). In more complicated cases, the
sense of an unknown member force can be assumed; then, after
applying the equilibrium equations, the assumed sense can be
verified from the numerical results. A positive answer indicates that
the sense is correct, whereas a negative answer indicates that the
sense shown on the free-body diagram must be reversed. This is the
method we will use in the example problems which follow.

PRO c:E'b’UeEff* _'63’.@;(L\f.s‘:s: |

o

L components Apply the two force equlhbnum equatmns EF ' b
.and ‘ZF,’= .0, solve for the two unknowa member forces and
Cverify thelr correct duecuonal sense. T £

.w_-._-"Contmue t0 analyze each of the other joints, where agam_lt jsiz

. mecessary to choose a jOlH having '

.- least one. known force

_ _'_j°_"70nce the forceina member is found'from the analysm of a joint "
: '_'-*-at one of jts ends ‘the result can be used to. aualyze the forces

*

93
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Fig. 3-20

¥
| Fac
A—ﬁ x
‘r Fun
4 kN
(b}
3 kN
30”@
(FGF
G
8 kN
> ¥y
260kN| Fer
6.93 kN —x
Fge
()

Determine the force in each member of the roof truss sho{vil it Fig.:
3-20a. State whether the members are in tens;on or compressmn “The -
reachons at the supports are gwen S : ; .

(@) o - ._.-'Dy=.¢.$kN o

Solution :
Only the forces in half the members have to he determmed since the
truss is symmetric with respect to both loading and geometry.

Joint A, Fig. 3—20b We can start the analysis al ]omt A Why‘?
The free-body diagram is shown in Fig. 3-20b.

F1ZF, = 04— Fugsind® =0 Fyg= SKN(C) 'A'ns
lL>2F = g~ 8cos30° =0 FAB— 693kN(T) Ans.

Joint G, Fig. 3-20¢, In this case note how the orientation of the '
x, y axes avoids simultaneous solation of equations. .

+NEF, =0; Fgp—3cos30°=0 FGB = 2.60 kN (C) Ans
+ALF, =0; 8—3sin30° - Fgp=0  Fgr= 6.SOkN(C) Ans.
Joint B, Fig. 3-20d T
+13F, = 0; Fppsmn60° —2.60sin60°=0 - - .
Fop = 260KN(T) ~ - . . Ans.

Lsr =0 FBC+260(:0560°-{-26000560“'—693-0 -
Fpo=4BN(T) - Ans
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Determine the force in each member of the scissors truss shown in
Fig. 3-21a. State whether the members are in tension or compres-
sion. The reactions at the supports are given.

Solution .
The truss will be analyzed in the following sequence:

Joint E, Fig. 3-21b. Note that simultanecous solution of equations
is avoided by the x, y axes orientation.

+AZE, =6 764 cos 30° — Fepsinl5® =0

Fip = 2557 N (C) Ans.
+NEF, =0 2557 cos 15° — Frp — 764 sin 30° = 0

Frp = 2088 N (T) Ans,
Joint D, Fig. 3-21c¢
+3F, = 6; —Fppsin7s® =0  Fpp=0 Ans.
+NZF, = 0; ~Fpe + 2557 =0 Fpg = 2557 N(C) Ans.
Joint C, Fig. 3-21d
L3k =0 Fpp 5in 45° — 2557 sin 45° = 0

Fep = 2557 N (C) Ans.
+1ZF, = 0 —Fep — 700 + 2. (2557) cos 45° = 0

Fep = 2916 N (T) Ans.
Joint B, Fig, 3-21¢
+NIF, = 0; Fyrpsin75° — 800 = 0

Fpr = 828N (O) Ans.
+EF, =0 2557 + 828 cos 75° — Fgy =0

Fga= 2711 N Ans.
Joint A, Fig. 3-21f
tsr =0 Fapcos30° — 2771 cos 45° — 566 =0

Fur = 2916 N (T) Aus.
T2, =0 502 — 2771 sin 45° + 2916sin30° = 0 check

A further check of the calculations can be made by analyzing joint F.

Fep y\ Foe
Fer

E 958 % D

AN o 255N
X
3Ga764 N
(®) ©
L
700N N N
c + 800N .
ch45 2557 N BT

g 45° Egr

Fgy

Fer x/ .
(d} (=)
¥
271N
A
566N s
502N
o

Fig. 3-21
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3-4 Zero-Force Members

x C

FER= (i Fep=0
HEF, = 0 Fop =1
(b}

Fag

A x

Fag
+t ZF,=0; Fpsing =0
Fuz=0 (sincesind # 0)
K2 =0, -F g +0=0
Fae=0

()

Fig. 3-22

Truss analysis using the method of joints is greatly simplified if one is
able to first determine those members that support ro loading. These
zero-force members may be necessary for the stability of the truss during
construction and to provide support if the applied loading is changed.
The zero-force members of a truss can penerally be determined by
inspection of the joints, and they occur in two cases.

Case 1. Consider the truss in Fig, 3-222. The two members at joint C are
connected together at a right angle and there is no external load on the
joint. The free-body diagram of joint C,Fg. 3-22b, indicates that the force
in each member must be zero in order to maintain equilibriam.
Furthermore, as in the case of joint A, Fig. 3-22¢, this must be true
regardless of the angle, say 8, between the members,

Case 2. Zero-force members also occur at joints having a geometry as
joint D in Fig. 3-23a. Here no external load acts on the joint, so that a force
summation in the y direction, Fig. 3-23b, which is perpendicular to the two
collinear members, requires that Fpr = 0. Using this result, FC is also a
zero-force member, as indicated by the force analysis of joint F, Fig. 3-23¢.

In summary, then, if only two non-collinear members form a truss
joint and no external load or support reaction is applied to the joint,
the members must be zero-force members, Case 1. Also, if three
members form a truss joint for which two of the members are collinear,
the third member is a zero-force member, provided no external force
or support reaction is applied to the joint, Case 2, Particular attention
should be directed to these conditions of joint geometry and loading,
since the analysis of a truss can be considerably simplified by ﬁrst
spotting the zero-force members.

Fpe ¥

E.
p N For=0
For Epg «

/ \ Fro F ¥

y g ©
® +4 3F, = 0 Fopsin0+ 0 =0
HeEF,=0; Fpr=10 Ferp= 0 (since sin & # 0)

Fig. 3-23



Using the method of joints, indicate all the members of the truss shown

in Fig. 3-24a that have zero force.

@

Fig. 324

Solution

Looking for joints similar to those discussed in Figs. 3-22 and 3-23,
we have

Joint D, Fig. 3-24b

+IEF, =0 Fpesing = 0 Fpe=10 Ans.
A 2E =10 Fppg+0 =10 Fpg =10 Ans,

Joint E, Fig. 3-24c

Esr =0 Fpr =0 Auns.
(Note that Frr = P and an analysis of joint C would yield a force in
member CF.) :

Joint H, Fig. 3-24d

+AZE, =0 Fag =10 Ans,
Joint G, Fig. 3-24e. 'The rocker support at G can 6nly exert an x
component of force on the joint, i.e., G,. Hence,

+1ZF, =0 Fou=0 Ans,

Frra /

FHB

Fyr \

@

Foa
G, —)»L(—

(e}
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CHAPTER 3 Analysis of Statically Determinate Trusses

3-5 The Method of Sections

If the forces in only a few members of a truss are to be found, the method
of sections generally provides the most direct means of obtaining these
forces. The method of sections consists of passing an imaginary section
through the truss, thus cutting it into two parts. Provided the entire truss
is in equilibrium, each of the two parts must also be in équilibrium; and
as a result, the three equations of equilibrium may be applied to either
one of these two parts to determine the member forces at the “cut secfion.”
When the method of sections is used to determine the force in a
particular member, a decision must be made as to how to “cut” or section
the truss. Since only three independent equilibrium equations (£F, = 0,
2F, = 0, ZMy = () can be applied to the isolated portion of the truss,
try to select a section that, in general, passes through not more than three
members in which the forces are unknown. For example, consider the
truss in Fig. 3-25a. If the force in member GCis to be determined, section
aa will be appropriate. The free-body diagrams of the two parts are shown
in Fig. 3-25b and 3-25¢. In particular, note that the line of action of each
force in a sectioned member is specified from the geometry of the truss,
since the force in a member passes along the axis of the member. Also,
the member forces acting on one part of the truss are equal but opposite
to those acting on the other part—Newton’s third law. As shown,
members assumed to be in tension (BC and GC) are subjected to a“pull,”
whereas the member in compression (GF) is subjected to a “push.”
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The three unknown member forces Fge, Fgp, and Fgp can be obtained
by applying the three equilibrium equations to the free-body diagram in
Fig. 3-25b.1f, however, the free-body diagram in Fig, 3-25¢ is considered,
the three support reactions D, Dy, and E, will have to be determined
first. Why? (This, of course, is done in the usual manner by considering
a free-body diagram of the entire truss.) When applying the equilibrium
equations, consider ways of writing the equations so as to yield a direct
solution for each of the unknowns, rather than having to solve
simultaneous equations. For example, summing moments about € in
Fig. 3-25b would yield a direct solution for Fp since Fpe and ¥ create
zero moment about C. Likewise, Fg- can be obtained directly by
summing morgents about G. Finatly, Fye- can be found directly from a
force summation in the vertical direction, since Fgr and Fpe have no
vertical components.

As in the method of joints, there are two ways in which one can
determine the correct sense of an unknown member force.

1. Always assume that the unknown member forces at the cut section
are in tension, ie, “pulling” on the member, By doing this, the
numerical solution of the equilibrium equations will yield positive
sealars for members in tension and negative scalars for members in
COMPression.

2. The correct sense of an unknown member force can in many cases
be determined “by inspection.” For example, Fp- is a tensile force
as represented in Fig. 3-25b, since moment equilibrium about G
requires that Fpe create a moment opposite to that of the 1000-N
force. Also, Fg is tensile since its vertical component must balance
the 1000-N force. In more complicated cases, the sense of an
unknown member force may be assumed. If the solution yields a
negative scalar, it indicates that the force’s sense is opposite to that
shown on the free-body diagram. This is the method we wilf use in
the exampie problems which foliow.

Lake Shasta in northern California,

A {russ bridge being constructed over

99
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An example of a Warren truss (with verticals).
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Determine the force in members CF and GC of the roof truss shown in
Fig. 3-26a. State whether the members are in tension or compress1on

The reactions at the supports have been calculaied.

250kN

Solution
Member CF

‘Free-Body Diagram. The force in member CF can be obtained by
considering the section ag in Fig. 3-264. The free-body diagram of the
right part of this section is shown in Fig. 3-265.

Equations of Equilibrium. A direct solution for Fer can be
obtained by applying ZMz = 0. Why? For simplicity, stide Fqr to
point C (principle of transmissibility), Fig. 3-26b. Thus,
(HEMe = 0; —Fepsin30° (4) + 1.50(2.31) = 0

Fep = 113 KN (C) Ans.

Member GC

Free-Body Dingram, The force in GC can be obtained by using
section bb in Fig. 3-26a. This section cuts four members; however, the
force in CF has been calcnlated. The free-body diagram of the left
portion of the section is shown in Fig. 3-26c.

Equations of Equilibrinm. Moments will be summed about point
A in order to eliminate the unknowns ¥y and Fp. Again sliding Fogp
(1.73 kN) to point C, we have .

FEMy =0,  —150(231) + Fg(d) — 173 sin 30°(4) = 0
Fge = LT3KN (T) Ans.

0.75kN 231m

4 p ™~
g \
%r Qf 30

F,
/ \t e 1.73 kN

320kN
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Determine the force in members GF and GD of the triiss shown in
Fig. 3-27a. State whether the members are in tension or compressmn
The reactions at the supports have been calculated. S

Fig. 327

Solution . SRS .
Free-Body Diagram. Section aa in Fig, 3-27a will be considered. Why?
The free-body diagram to the right of this section is shown in Hg, 3-27b.
The distance EQ can be determined by proportional triangles or realizing
that member GF drops vertically 4.5 — 3 = 1.5 m in 3 m, Fig. 3-27a.
Hence to drop 4.5 m from G the distance from C to O must be 9 m. Also,
the angles that Fgp and Fgr make with the horizontal are
tan*(4.5/3) = 56.3° and tan"1(4.5/9) = 26.6°, respeciively.

Equations of Equilibrivm: The force in GF can be determined
directly by applying ZMp = (. Why? For the calculation use the
principle of transmissibility and slide ¥z to point O. Thus,
(+EMp, = 0; ~Fgrsin 26.6°(6) + 1(3) = 0

Fgr = 1.83kN (C)  Ans,

The force in GD is determined directly by applying My = 0. For

simplicity use the principle of transmissibility and slide FGD to D.

Hence,

\+IMp=0;  —7(3) + 2(6) + Fzpsin56.3°(6) = 0 _
Fep = 1.80kN {C) Ans.
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Determine the force in members BC and MC of the X-truss shown in
Fig. 3-284. State whether the members are in tension or compression.
The reactions at the supports have been calculated.

a o E ]
5mtdsmydsmdysm 4,5;.-4»

Ay=1a5kN 6EN 75KN gly

) @
Solution

Free-Body Diagram.  Although section an shown in Fig. 3-28¢ cuts
through four members, it is possible to solve for the force in member
BC using this section. The free-body diagram of the left portion of
the truss is shown in Fig. 3-285b.

Equations of Equifibrium.  Summing moments about point L eliminates
three of the unknowns, so that
FEM =0 ~14.5(4.5) + Fye(6) = 0

Fype =109 kN (T) Ans.
Free-Body Diagrams. The force in MC can be obtained indirectly
by first obtaining the force in ME from vertical force equilibrium of
joint B, Fig. 3-28¢, i.e., Fyp = 6 kN (T). Then from the free-body
diagram in Fig. 3-28b.
+13F, =0; M5—-6+6—Fy; =0

E'HL = 145 kN (T)

Using these resufts, the free-body diagram of joint M is shown in Fig. 3-284.

Eguations of Equilibrium

+ 3 3
= IF, =0 ( —-—)E - ( —)E =0
X 2 13 MC 213 MK

2 2
+12Fy = 145 -6 - (-Z‘—i—g)FMc — (?E)FMK = [

Fug =766 kKN (C)  Fyc = 7.66 kN (T) Ans.

Sometimes, as in this example, application of both the méthod of sections
and the method of joints leads to the most direct solution to the problem.

1t is also possible to solve for the force in MC by using the result
for Fpe. In this case, pass a vertical section through LK, MK, MC, and
BC, Fig. 3-284a. Isolate the left section and apply ZMy = 0.

45N 6kN

{b)

T
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3-6 Compound Trusses

In Sec. 3-2 it was stated that compound trusses are formed by connecting
two or more simple trusses together either by bars or by joints.
Occasionally this type of truss is best analyzed by applying both the
method of joints and the method of sections. It is often convenient to
first recognize the type of construction as listed in Sec. 3-2 and then
perform the analysis using the following procedure.

s:--jﬁpROCEDURE FQR ANALYS!SM'

-i}rpe 1 szple trusses com:ected together by ( :
@ bar Deterrmne the external reactions on the; truss, and then usmg
K the method of sections, cut the truss through the bar connecimg the =
two simple trusses so that this bar force may be obtained when one
of the sectioned parts is isolated as @ free body Once this force 3
“obtained, proceed to analyze the sunple trusses using the method of i
: ]omts (See Example 3—8) : : S

: Tjrpe 2 szple trusses - comrecfed together it :

-‘Determine the external reactions ‘on’ the ‘fruss’ Use ‘the method of :

_sections and cut each of the three bars that connect the two sunple_ :
trusses together. From a free-body diagram of one of the sectioned .
parts, determine each of the three bar forces. Proceed to analyze each
s;mpfe truss usmg the method of ]omts (See Example %9) -

Type3. Large trusses composed of secondary rmsses pm cormecred
to form a main fruss. Although many of these types of trusses can
be analyzed using the method of sections combined with the method .
of joints, we will instead use a more ‘géneral method. Remove the -
secondary trusses and replace them by dashed members 80, as to -
‘construct the main truss. The loads that the secondary trusses exert
on the main truss are also placed on the main truss at the joints wheré
‘the secondary trusses are connected to the main truss:Determine the
~forces in the dashed members of the main truss using the method of
-joints or the method of sections. Thesé forces are then apphed to the
joints of the secondary trusses and then; using the method of joints, -
the bar forces in the secondary m}sses “can be obtamed (See
Example 3;10) S : S ’
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Indicate how to analyze the compouncl truss shown in Flg 3-29a. ’Ihe
reactions at the supports have been calculated.

Solution

The truss may be classified as a type 1 compound truss since the simple

trusses ACH and CEG are connected by the pin at C and the bar HG.
Section ae in Fig. 3-29¢ cuts through bar HG and two other

members having unknown forces. A free-body diagram for the left

part is shown in Fig. 3-29b. The force in HG is determined as follows:

(+EMe = 0; —5(4) + 42) + Fyg(4sin 60°) = 0

‘We can now proceed to determine the force in each member of the
simple trusses using the method of joints. For example, the free-body
diagram of ACH is shown in Fig. 3-29c¢. The joints of this truss can be
analyzed in the following sequence;

Joint A: Determine the force in AB and AT
Joint H: Determine the force in HI and HJ.
Joint I Determine the force in IJ and 7B.
Joint B: Determine the force in BC and 8J.
Joint J: Determine the force in JC.

2 ] Fug
i
’
SN, 4sin60°m
) 1 4 Fre
i
'y : 'r’iv’;c“c
—— 2 m—f— 2m—J
5N 4 kN
(v
H
5 346 kN
I [=> & j
: Fex
At g i A
A B C Fep
Y b
5N 4EN 2kN
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Indicate how to analyze the compound truss shown in Flg 3*30a The
reactions at the supports have been caleulated.

Ay =10EN jpuN

10 kN F,=10%N

@
Fig. 3-30

Solution
The truss may be classified as a type 2 compound truss since the simple
trusses ABCD and FEFG are connected by three nonparallel or
nonconeurrent bars, namely, CE, BH, and DG.

Using section aa in Fig. 3-30a we can determine the force in each
connecting bar, The free-body diagram of the left part of this section
is shown in Fig. 3-30b. Hence,

LEEMg = 0; —10(2} — Fpg(2 sin 45°) + Feg cos 45°(4)

+ Fegpsin45°(2) =0 ¢}
+15F, =0; 10 — 10— Fysind5° + Fopsinds® = 0 @
‘j; EFJ: =0 —'FBH cos45° + Fpg — FCE cos 45° =0 (3)
From Eq. (2), Fpy = Feg; then solving Eqs. (1) and (3) simultaneously
yields

Fpy = Fop = 89KN (C)  Fpg = 126 kN (T)

Analysis of each connected simple truss can now be perfomied
using the method of joints, For example, from Fig. 3-30c, this can be
done in the following sequence.

Joint A: Determine the force in AB and AD.
10kN  10kN Joint D: Determine the force in DC and DB.
'3) Joint C: Determine the force in CB.




SecTioN 3-6 Compound Trusses

107

Indicate how to analyze the symmetrical compound truss shown in
Fig. 3-31a. The reactions at the supports have been calculated.

C, =462KkN

Fie 15KN
Fig. 3-31
Solution
The truss can be classified as a type 3 compound truss, where the
secondary trusses are AGEF and CHED and the main truss is ABCE.
By removing each secondary truss, Fig. 3-315b, one of the two
reactions, specifically 1.5 kN, at each pin connection A and E and E
and C can be determined by symmetry or by applying the equations
of equilibrium to each truss. The main truss with the 1.5-kN loadings
applied is shown in Fig. 3-31c. The force in each member can be found
from the method of joints. For example, for joint A the free-body
diagram is shown in Fig. 3-31d. We have

4.62 — 1.5sin45° — Fupsind5® = 0 1.5kN

+1EF, =10

()

LSEN 1.5kN

1.5 cos 45° ~ 5.03 cos 45° + Fyp = 0
Fun = 2.50kN (T)

Having found Fyg = 5.03 kN (C), we can now apply this load
numerically to the secondary truss AGEF in Fig. 3-31b and then
proceed to analyze the forces in the members of this truss by the
method of joints.

Note that the truss in Fig. 3-31a can also be analyzed directly by
using the method of sections. For example, pass a vertical section
through FE, EG, and AB, then determine the force in each of these
members. Proceed to determine the force in each of the other
members using the method of joints.

LSKN
45°

Far

45°
Fig

462 kN
(d)
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3-7 Complex Trusses

The member forces in a complex truss can be determined using the
method of joints; however, the solution will require writing the two
equilibrium equations for each of the j joints of the fruss and then solving
the complete set of 2f equations simultaneously.* This approach may be
impractical for hand calculations, especially in the case of large trusses.
Therefore, a more direct method for analyzing a complex truss, referred
10 as the method of substitute members, will be presented here.

':_:'_-:?Wlth 'reference to he rus!

S/ forces 5; forces

(b) {©

Fig. 3-32

*This can be readily accomplished using a compurter as will be shown in Chapter 14.
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have three unknown member forces actmg on 1t Hence we wﬂl_;}'
remove member AD and- repiace it with the i mmaginary ‘meriber’”
EC, Fig. 3-32b. This truss can now be analyzed b ‘the method of e
Jomts for the” two types of loadmg hat follow '

Ertemal Loadmg on. Srmple T)'uss.' Load the sunple truss with the .
actual loading P, then defermine the force Stin each membér i, ‘In Fig.
3-32b, provided the reactions have: been determmed one could start. at';-_
joint A to deterrming the forces in AB and AF, then joint Fto determine .-
the forces in FE and FC, then joint D to determing the forces in DE
and DC (both of which are zero) then’ ]omt Eto determme EB and :
EC, and finally joint B 1o determme the force in BC o S

Remove External Loadmg fmm SJ.‘mpIe Tmss. . Conmder th.e s;.mpie
{russ without the external load P. Place equal but opposite collinear B
unit loads on the truss at the two joints from which the member was
removed. If these forces develop a force s; in the ith truss member,
then by proportion an unknown force x in the removed member
would exert a force xs;in the ith member. .- - :

From Fig. 3-32¢ the equal but opposzte unit Ioads will create no
reactions at A and C when the equations of equilibrium ‘are applied
to the entire truss. The s forces can be determined by analyzing the
joints in the same sequence as before namely ]omt A, then gomts k.
D,E,and finally B. .~ .

Superposition. If the effects of the above two ioadings 'axje '
combined, the force in the ith member of the truss will be.

5 =S +‘cs, (1)

In particular, for the substituted member EC‘ in Fig, 3-32b the
force Sgc = Skc T xsgc. Since member EC does not actually exist
on the original truss, we will choose x to have a magmtude such that
it yields zero force in EC. Hence, ' S :

or x = —S%e/sge. Once the value of x has been detenhined the

force in the other members § of the complex truss can be determmed
from Eq. (1). .
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Determine the force in each member of the complex truss shown in
Fig. 3-33a. Assume joints B, F, and D are on the same horizontal
line. State whether the members are in tension or compression.

{a)
Fig. 3-33

Solution ‘
Reduction to Stable Simple Truss, By inspection, each joint has three
unknown member forces. A joint analysis can be performed by hand if,
for example, member CF is removed and member DB substituted,
Tig. 3-33b. The resulting truss is stable and will not collapse,

175%N 17.5kN B
(6}
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External Loading on Simple Truss. As shown in Fig. 3-33b, the
support reactions on the truss have been determined. Using the
method of joints, we can first analyze joint C to find the forces in
members CB and CD; then joint F, where it is seen that FA and FE
are zero-force members; then joint £ to determine the forces in
members EB and ED; then joint D to determine the forces in DA and
DB; and {inally joint B to determine the force in BA. Considering
tension as positive and compression as negative, these S} forces are
recorded in column 2 of Table 1.

Remove External Loading from Simple Truss. The unit load acting
on the truss is shown in Fig. 3-33¢. These equal but opposite forces
create no external reactions on the truss. The joint analysis follows
the same sequence as discussed previously, namely, joints C, F, E, D,
and B. The results of the s; force analysis are recorded in column 3 of
Table 1.

Superposiffon. We require
SDB = S})B + Xfpg = 0

Substituting the data for Spz and spg, where Sy is negative since the
force is compressive, we have

~10.0+ x(1167) =0  x = 8569

The values of xs; are recorded in column 4 of Table 1, and the actual
member forces S; = S} + xs; are listed in column 3.

Member h 5 x8; S;

CB 14.1 —0707 —6.06 8.08 (T)
cD —14,1 -0.707 —~6.06 20.2 {C)
FA o 0.833 714 714 (T)
FE 0 0.833 7.14 7.14 (T)
EB 1] —-0.712 —6.10 6.10 (C)
ED -17.5 -0.250 -2.14 19.6 (C)
DA 21.4 —0.712 —6.10 153 (T)
DB —10.0 1.167 10.0 0

BA 10.0 -0.250 -214 7.86 (T)

©
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3-8 Space Trusses

The roof of this pavilion is supported
using a system of space trusses.

A space truss consists of members joined together at their ends to form a
stable three-dimensional structure. In Sec. 3-2 it was shown that the simplest
form of a stable two-dimensional truss consists of the members arranged
in the form of a triangle. We then built up the simple plane truss from this
basic triangular element by adding two members at a time to form further
elements, In a similar manner, the simplest element of a stable space truss
is a tefrahedron, formed by connecting six members together with four joints
as shown in Fig, 3-34. Any additional members added to this basic element
would be redundant in supporting the force P. A simple space truss can be
buiit from this basic tetrahedral element by adding three additional
members and another joint forming multiconnected tetrahedrons.

Determinacy and Stability. Realizing that in three dimensions there
are three equations of equilibrium available for each joint (2F, = 0,
SF, =0, 2F, = 0}, then for a space truss with j number of joints, 3/
equatlons are avaﬂable If the truss has b number of bars and » number of
reactions, then like the case of a planar truss (Egs. 3-1 and 3-2) we can write

b+ r<3j unstable truss
b+r=23j statically determinate —check stablhty (3-3)
b+r>3j statically indeterminate—check stability

The external stability of the space truss requires that the support
reactions keep the truss in force and moment equilibrium about any and
all axes. This can sometimes be checked by inspection, although if the truss
is unstable a solution of the equilibrium equations will give inconsistent
results. Internal stability can sometimes be checked by careful inspection
of the member arrangement. Provided each joint is held fixed by its
supports or connecting members, so that it cannot move with respect to
the other joints, the truss can be classified as internally stable. Also, if we
do a force analysis of the truss and obtain inconsistent results, then the
truss configuration will be unstable or have a “critical form.”

Assuraptions for Design. The members of a space truss may be
treated as axial-force members provided the external loading is applied at
the joints and the joints consist of ball-and-socket connections. This
assumption is justified provided the joined members at a connection
intersect at a common point and the weight of the members can. be
neglected. In cases where the weight of a member is to be included in the
analysis, it is generally satisfactory to apply it as a vertical force, half of its
magnitude applied to each end of the member.

For the force analysis the supports of a space truss arc generally modeled
as a short link, plane roller joint, slotted roller joint, or a ball-and-socket

joint. Each of these supports and their reactive force components are
shown in Table 3-1.
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short link
@
z Z
y / y
x
F{
roller
(3
4 z
¥y
Fx
X / A
slotted roller constrained
in a cylinder
1C))
Z z

ball-and-socket
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Fig. 3-35

X, ¥, z, Force Components. Since the analysis of a space truss is three-
dimensional, it will often be necessary to resolve the force ¥ in a member
into components acting along the x, y, z axes. For example, in Fig. 3-35
member AB has a length ! and known projections x, y, z along the
coordinate axes. These projections can be related to the member’s length
by the equation

[=2x+y+7 (3-4)

Since the force F acts along the axis of the member, then the
components of F can be determined by proportion as follows:

F, = FG) F, = F(-’}i) F, = F(?) (3-5)

Notice that this requires
F=2F+FL+F? (3-6)

Use of these equations will be illustrated in Example 3-12.

Zero-Force Members. Insome cases the joint analysis of a truss can be
simplified if one is able to spot the zero-force members by recognizing
two commaon cases of joint geometry.

Case 1. 1f all but one of the members connected to a joint lie in the same
plane, and provided no external load acts on the joint, then the member not
lying in the plane of the other members must be subjected to zero force, The
proof of this statement is shown in Fig. 3-36, where members A4, B, Clie in the
x—y plane. Since the z component of Fp must be zero to satisfy 2F, = 0,
member D must be a zero-force member. By the same reasoning, member I
will carry a load that can be determined from £ F, = (0if an external force acts
on the joint and has a component acting along the z axis.

Fig, 3-36
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Case 2. Tf it has been determined that all but two of several members
connected at a joint support zero foree, then the two remaining members
must also support zero force, provided they do not ke along the same line.
"This situation is illustrated in Fig. 3-37, where it is known that-4 and C are
zero-force members. Since Fy, is collinear with the ¥ axis, then application
of 3F, = 0 or 2F, = 0 requires the x or z component of Fg to be zero.
Conscquently, Fy = 0, This being the case, F, = 0 since SF, =0

Fig. 3-37

Particular attention should be directed to the foregoing two cases of
joint geometry and loading, since the analysis of a space iruss can be
considerably simplified by first spotting the zero-force members,

PROCEDURE FOR ANALYSIS

Either the method of sections or the method of joints can be nsed to
determine the forces developed in the members of a space truss.

Method of Sections. If only a few member forces are to be determined,
the method of sections may be used. When an imaginary section is passed
through a truss and the truss is separated info two parts, the force system
acting on either one of the parts must satisfy the six scalar equilibrium
equations: 2 F, = 0, 2F, =0,ZF = 0,3M, = (, ZM,=0,2ZM, = 0.
By proper choice of the section and axes for summing forces and moments,
many of the unknown member forces in a $pace truss can be computed
directly, using a single equilibrium equation, In this regard, recall that the
woment of a force about an axis is zerp provided the force is parailel to the
axis or its line of action passes through a point on the axis. '

Method of Joints. Generally, if the forces in all the members of the
truss must be determined, the method of joints is most suitable for the
analysis. When using the method of joints, it is necessary to solve the
three scalar equilibrium equations ZF, = 0, ZF, =0,2ZF, = Dateach
joint. Since it is relatively easy to draw the free-body diagrams and
apply the equations of equilibrium, the method of joints is very
consistent in its application.
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Determine the force in each membet of the space truss shown in
Fig. 3-38a. The truss is supported by a bail-and-secket joint at A, &
slotted roller joint at B, and a cable at C. : :

()

Solution

The truss is statically determinate since

b+r=3jor9+6=3(5),
Fig. 3-38b. - ;




SECTION 3-8 Space Trusses + 147

Support Reactions. We can obtain the support reactions from the
free-body diagram of the entire truss, Fig. 3-385, as follows:

M, = 0; —42)+ B,(H=0 B, =2kN
SM, =0 C,=0

M, =0, B4 - 44 =0 B,=4kN
S =G 2-A,=0 A, =2kN
2F, =0 Ay—4=0 A, =4kN
IF =0 A, —4=0 A, =4KkN

Joint B, 'We can begin the method of joints at B since there are three
unknown member forces at this joint, Fig. 3-38¢. The components of
Fpr can be determined by proportion to the length of member BE,
as indicated by Egs. 3-5. We have

ZF, =0 -4 + FBE(%) =0  Fzg=6kN(T) Ans.
SF, =0 2-Fpe—6(2) =0  Fpe=0 Ans,
SF, =0 Fpa—6(3) =0  Fga=6KkN(C) Ans.

Joint A, Using the result for Fp, = 4 kN (C), the free-body diagram
of joint 4 is shown in Fig. 3-384. We have

BF, =0 4 —4 + Fyrsindd® =0
Fae =10 Ans.
3F, =0 ~Fap(&) + 4 =0
Fag = 447 kN (O Ans,
IF, =0 ~2 F Fap+ 447(35) =0
Fap=10 : Ans.

Joint D. By inspection the members at joint D, Fig. 3-38a, support
zero force, since the arrangement of the members is similar to either
of the two cases discussed in reference to Figs. 3-36 and 3-37. Also,
from Fig. 3-38e,
ZF, =
ZE =1

Fpe=10 ) Ans.
Fpe=10 Anps.

Joint C. By observation of the free-body diagram, Fig. 3-38f,
FC'E =0 Ans.
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®)

Determine the zero-force members of the truss shown in Fig, 3-3%.
The supports exert components of reaction on the truss as shown.

Fig. 3-39

Solution

The free-body diagram, Fig. 339, indicates there are eight unknown
reactions for which only six equations of equilibrium are available for
solution. Although this is the case, the reactions can be determined,
since b + r = 3j or 16 + 8 = 3(8).

To spot the zero-force members, we must compare the conditions
of joint geometry and loading to those of Figs. 3-36 and 3-37. Consider
joint F, Fig. 3-39b. Since members FC, FD, FE lie in the x-y plane
and FG is not in this plane, FG is a zero-force member. (2 F, = 0 must
be satisfied.) In the same manner, from joint E, Fig. 3-3%, FE is a
zero-force member, since it does not e in the y-z plane. (2F, = 0
must be satisfied.) Returning to joint F, Fig. 3-39b, it can be seen that
Fep = Fre = 0, since Fpg = Fpg = 0, and there are no external
forces acting on the joint.

The numerical force analysis of the joints can now proceed by
analyzing joint G (Fgr = 0) to determine the forces in GH, G5,
?C. Then analyze joint H to determine the forces in HE, HB, HA;
joint E to determine the forces in EA, ED; joint A to determine
the forces in AB, AD, and A,; joint B to determine the force in BC
and B,, B;; joint D to determine the force in 22C and D,, Dz; and
finally, joint C to determine C,, C,, C. :
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"PROBLEMS

3-1. Classify each of the following trusses as statically
determinate, statically indeterminate, or unstable.

(d)

®)
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32, Classify each of the following trusses as statically 3-3. Classify each of the following trusses as statically
determinate, statically indeterminate, or unstable. determinate, statically indeterminate, or unstable.

@ ()

Prob, 3-2 Prob. 33



*3-4, A gign is subjected to a wind loading-that exerts
horizontal forces of 1.5 kN on joints B and C of one of
the side supporting trusses. Determine the force in each
member of the truss and state if the members are in
tension or compression.

Prob. 34

3-8, Determine the force in each member of the truss,
State whether the members are in tension or compression.
Set P = 8kN,

3-6. If the maximum force that any member can support
is 8kN in tension and 6 kN in compression, determine the
maximum force P that can be supported at joint D.

Probs, 3-5/3-6

PROBLEMS « 429

3-7. Determine the force in each member of the truss,
Al interfor angles are 60°. State if the members are in
tension or compression. Assume all members are pin
connected.

15kN 3kN 2ZkN

*3-8. Determine the force in each member of the reof
truss. State if the members are in tension or compression.
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3-9. Determine the force in each member of the truss. 3-11. Determine the force in each member of the truss.
State if the members are in tension or compression, Indicate if the members are in tension or compression,
Assume all members are pin connected. Assume all members are pin connected,

Prob. 3-9 ' Prob, 3-11

*3-12. The Howe trussis subjected to the loading shown,
Determine the force in members GE CD, and GC, and
state if the members are in tension or compression,

3-10. Determine the force in each member of the truss 3-13. The Howe truss is subjected to the loading shown.
and state if the members are in tension or compression. Determine the force in members GH, BC, and BG of the
truss and state if the members are in tension or compression.

Prob, 3-10 Probs. 3-12/3-13



3-14. Determine the force in each member of the truss,
State if the members are in tension or compression.

Prob. 3-14

3-15. Determine the force in members KL JC and CD,
State if the members are in tension or compression,
Assume the truss is pin connected at F and rolier
supported at C and the members are pin connected,

2kN

Prob, 3-15

PROBLEMS « 123

*3-16. Determine the force in each member of the roof
truss. State if the members 2re in tension or compression,

. 3-17. Solve Prob.3-16 assuming there is no external load

on joints J, H, and G and only the vertical load of 15 kN
exists on joint .

Probs, 3-16/3-17

3-18, ‘The truss shown is used to support the floor deck.
The uniforrn load on the deck is 40 kN /m. This load is
transferred from the deck to the floor beams, which rest on
the top joints of the truss. Determine the force in each
member of the truss, and state if the members are in tension
or compression. Assume all members are pin connected.

L—‘é@S.Sm:HmK-,

Prob. 3-18
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3-19, Determine the force in each member of the truss
in terms of the load P, and indicate whether the members
are in tension or compression.

#3-20. Tf the maximum force that any member can
support is 4 kN in tension and 3 kN in compression,
determine the maximum force P that can be supported at
peint B, Take d = 1 m.

Probs. 3-19/3-20

3-21. Determine the force in each member of the truss
in terms of the load P and state if the members are in
tension or compression.

3-22, Members AB and BC can each support a

maximum compressive force of 4 kN, and members AD,”

DC, and BD can support a maximum tensile force of
7.5 KN If a = 3 m, determine the greatest load P the truss
can support.

3-23. Members AB arid BC can each support a maximum
compressive force of 4 kN, and members AD, DC, and BD
carl support a maximum tensite force of 10kN. If 2 = 1.8 m,
determine the greatest load P the truss can support.

Probs. 3-21/3-22/3-23

%324, The two-member truss is subjected to the force
of 1.5 kN, Determine the range of & for application of the
foad so that the force in either member does not exceed
2 kN (T) or 1 kN (C).

Prob, 3-24
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3-25, Determine the force in members GE FB, _and BC 3-27. Determine the force in members FC, BC, and FE,
of the Fink truss and state if the members are in tension State if the members are in tension or compression. Assume
or compression, ) all members are pin connected.

F—24m 24 m 24 m—

Prob. 3-27

3-26, Determine the force in members GE CF, and CD #3-28. Specify the type of compound truss and determine

of the roof truss and indicate if the members are in tension the force in members JH, JH, and CD. State if the members

or compression. are in tension or compression. Assume all members are
pin connected.

Prob. 3-26 Prob, 3-28
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3-29. Specify the type of compound truss and determine the 3-31, Determine the force in each member. State if the
foree in members JH, BJ,and BI. State if the members are in members are in tension or compression. Assume the
tension ar comyrassion. The internal angle between any two supports are at 5 and Fand the members are pin connected.
members is 60°. The truss is pin supported at A and roller

supported at F. Assume all members are pin connected.

2kN 2kN

Prob. 3-31

15kN 10 kN 7.5kN
Prob. 3-29

3-30. Specify the type of compound truss. Trusses ACE %332, S$pecify the type of compound truss and deter-

and BDF are connected by three bars CE ED, and CD. mine the force in each member. State if the members are
Determtire the force in each member and state if the in tension or compression, Assume the members are pin
members are in tension or compression. connected.

6 kN 6N

l——l m 1m 1m 1m 1 m«F ! dm ! dm ! 4m |

Prof, 3-30 Prob, 3-32
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hl

3-33. Determine the force in each member. State if the 3-35. Show by anatysis that the complex truss is unstable,
members are in tension or compression. Hint: Substitute member 8 with one placed between D
. and B,
10kKN 10kN
——2m Im ! 2m

L . -

Prob. 3-33

Prob. 3-35

*3-36. Determine the force in members CB, Bl and JJ of

the truss used to support an outdoor sign. The design wind

pressure acting on the face of the sign creates the loading
3-34.  Specify the type of compound truss and deter- shown on the joints. Indicate whether the members are in
mine the force in each member. State if the members are tension or compression. Assume all members are pin
in tension or compression. Assume the members are pin connected.
connected.

*[—~900N

1800 N

1860 N

B5m5@3m
1800 N

FProb. 3-34 Preh. 3-36
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3-37. Determine the force in members JI, DI, and DE #3.40, The Howe truss is subjected to the loading shown.
of the Prait truss. State if the members are in tension or Determine the forces in members GE CD, and GC, State
compression. Assume all members are pin connected. if the members are in tension or compression. Assume all

members are pin connected.

Prob, 3-37

338, Determine the force in members CD and CM of
the Baltimore bridge truss and state if the members are in
tension or compression. Also, indicate all zero-force
members.

Prob. 3-40

3-39. Determine the force in members EF, EP, and LK 3-41. ‘The Warren truss is used to support the roof of an

of the Baltimore bridge truss and state if the members are industrial building. The truss is simply supported on
in tension or compression. Also, indicate all zero-force masonry walls at A and G so that only vertical reactions
members. occur at these supports. Determine the force in members

LD, CD, and KD, State if the members are in tension or
compression. Assume all members are pin connected.

16m,3@2m b 6@3m =18 m———————

Probs. 3-38/3-39 Prob. 3-41



3-42. Determine the force in members BG, HG, and BC
of the truss and state if the members are in tension or
compression..

6 kN TkN 4kN
2m4®@3m

Prob. 342

3-43. Determine the force in members GE GR, and B¢
of the truss. State if the members are in tension or
compression. Assume the truss is pin connected at A and
roller supported at D and the members are pin connected.

SkN

*3-44. Determine the force in members KJ, NJ, ND,and .

CD of the K truss. Indicate if the members are in tension
or compression,

6kN 73kN 9kN

4m+4m+4m+4mi Lml

Prob. 3-44

PrROBLEMS « {29

3-45. Determine the force in members J7 ang DEofthe K
truss. Indicate if the members are in tension or compression,

TR

g %ééé%

6kN 75kN 9kN
4m—-|~—4m«|—4m4l—-4m 4m-4m
Prob. 3-45

346, Determine the forces in all the members of the
complex truss. State if the members are in tension or
compression. Hint: Substitute member AD with one
placed between F and C.
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3-47. Determine the forces in all the members of the 349, Determine the reactions and the force in each
lattice {(complex) truss. State if the members are in tension member of the space truss. Indicate if the members are in
or compression. Hint: Substifute member JE by one placed tension or compression.

between K and F.

Prob, 3-49
Prob. 3-47
#3-48, Determine the forces in all the members of the 3-50. Determine the force in each member of the space
complex truss. State if the members are in tension or truss. Indicate if the members are in fension or compression.

compression. Hint: Substitute member A B with one placed
between C and E.

Froh. 3—13 Prob, 3-50



3-51. Determine the force in each membert of the space
truss. Indicate if the members are in tension or compression.

z

c
N 7 0947
—2.5k} kN
¥
{4k} kN
Prob. 3-51

*3-52. Determine the force in members AB, AD, and A¢C
of the space truss. Indicate if the members are in tension or
compression,

Py =6kN

Prob, 3-52

PROBLEMS 131

3-53. Determine the reactions and the force in each
member of the space truss, Indicate if the members are in
tension or compression, The crate has a weight of 5 kN,

Prob. 3-53

3-54. Determine the force in cach member of the space
truss and state if the members are in tension or compression.

Hint: The support reaction at F acts along member EB,
Why?

Prob, 3-54
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3.85, Determine the force in members £ and ED of the
space truss and state if the members are in tepsion or
compression. The truss js supported by a ball-and-socket
joint at C and short links at A and B.

z
{—5k}kN
oY fzipn
_-hF Gm
De P
A el
' c
6m

2 e | 4

Prob, 3-55 -

¥

#3_56. Determine the force in members GD, GE, and
FD of the space truss and state if the members are in
tension or compression.

Z

{—SK} kN
AR
N 5 F 6m
b -
<3
. i
C
B
A== p 6”

3-57. Determine the force in members BE, DF, and BC
of the space truss and state if the members are in tension
or compression.

{2k} kN

Prob. 3-57

3-58. Determine the force in members AB, CD, ED, and
CF of the space truss and state if the members are in
tension or compression,

{—7K}KN

Prob. 3-58
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'3-59. ‘Determine the force in each member of the space
truss and state if the members are in tension or
compression. The truss is supported by a ball-and-socket
joint at A and short links at B and C.

F= {-3K}kN

Prob. 3-59

PROJECT PROBLEM

3-1P. The Pratt roof trusses are uniformly spaced l

every 5 m. The deck, roofing material, and the purlins G# 1.8m
have an average weight of 0.28 kKN/m? The building is _

located in New York where the anticipated snow load ¢ —%
is 1.0 kN/m” and the anticipated ice load is 0.4 kN/m% Z _ B 18m
These loadings occur over the horizontal projected area : : _ J
of the roof, Determine the force in each member due AL e R S

to dead load, snow, and ice loads. Neglect the weight of i 5 s D s E
the truss members and assume A is pinned and E is a '.:Li—2.4 mJ—ZA mLumﬂﬁ—um T
roller. b ’

Project Prob. 3P



The simply supported bearns and girders of this building frame were designad to
resist the internal shear and moment acting throughout their lengths.



| _.;; CH AP TER ¢ Internal Loadings Developed in
% | Structural Members

Before a structural member can be proportioned, it is necessary to determine
the force and moment that act within it. In this chapter we will develop the
methods for finding these loadings at specified points along a member’s axis and
for showing the variation graphically using the shear and moment diagrams.
Applications are given for both beams and frames.

4-1 Internal Loadings at a Specified Point

As discussed in Sec.2-3, the internal load at a specified point in a member
can be determined by using the method of sections. In general, this
loading for a coplanar structure will consist of a normal force N, shear
force V, and bending moment M.* Tt should be realized, however, that
these loadings actually represent the resultants of the stress distribution
acting over the membet’s cross-sectional area at the cut section. Once
the resultant internal loadings are known, the magnitude of the stress
can be determined provided an assumed distribution of stress over the
cross-sectional area is specified.

* Three-dimensional frameworks can also be subjected to a forsional noment, which
tends to twist the member about its axis.

135
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Sign Convention. Before presenting a method for finding the internal
normal force, shear force, and bending moment, we will need to establish
a sign convention to define their “positive” and “negative” values.®
Although the choice is arbitrary, the sign convention to be adopted here
has been widely accepted in structural engineering practice, and is
illustrated in Fig. 4-1a. On the left-hand face of the cut member the normal
force N acts to the right, the internal shear force V acts downward, and the
moment M acts counterclockwise. In accordance with Newton’s third law,
an equal but opposite normal force, shear force, and bending moment
must act on the right-hand face of the member at the section. Perhaps an
¢asy way to remember this sign convention is to isolate a small segment
of the member and note that positive normal foree tends to elongate the
segment, Fig. 4-1b; positive shear tends to rotate the segment clockwise,
Fig. 4-1c; and positive bending moment tends to bend the segment concave
upward, 50 as to “hold water,” Fig, 4-1d.

(®

Fig. 41

*This will be convenient later in Secs. 4-2 and 4-3 where we will express V and A as
functions of x and then plof these functions. Having a sign convention is similar to assigning
coordinate directions x positive to the right and y positive upward when plotting a function

¥ = flx)
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)

'.PROCEDURE FOR ANALYSIS n

_'Ihe followmg procedurc promdes a means for appl 5
of sectlons to detemnne thc mtemai normal force shear force and

a

equatmns are. used only to solve for the mtemal 1o dmgs when _ _':
the member i is sectloned e

o If the member is. part of & pm connected 'structure the :pin
reacttons can be determmed usmg the methods of Sec 2-5, :

Free-Body Dmgmm SR : : : .

e Keep all distributed andmgs couple moments and forces actmg _
on the member in their exqct location, then pass an imaginary -
section through the membey, perpendicular to its axis at the pomt
where the internal loading is to be determined. il s

o After the section is made, draw a free- body dlagram of the
segment that has the least number of loads on it, At the section’:
indicate the unknown resultanis N, VY, and M actmg in theu‘..'.
positive directions (F ig. 4-1a). . L

Equations of Equilibrium R ‘

¢ Moments should be summed at the Sectlon about axes t_hat pass
through the centroid of the member’s cross-sectional ‘area, in
order to eliminate the unknowns N and V and thereby obtam a
direct solution for M. .

o If the solution of the equilibrium equations yields a quantity

having a negative magnitude, the assumed directional sense of
the quantity is opposite to that shown on the free-body diagram.

a
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Determine the internal shear and moment acting in the cantilever
beam shown in Fig. 42 at sections passing through points C and D.

SkN 5kN

S5kN SN SKN

_dm

(@)

Fig. 4-2
Solution

Free-Body Diagram. 1f we consider free-body diagrams of segments

to the right of the sections, the support reactions at A do not have to
SIN  SKN  SEN be calculated. These diagrams for segments CB and DB are shown

in Figs. 4-2b and 4-2c. Note that the internal loadings act in their
Mo lm l 1m i 1m ‘L positive directions.

4@ E ) 20kN-m
Ne &T”/”—AB Equations of Equilibrim

Ve °C
(&) ,
Segment CB, Fig. 4-2b:
+12F, = 0; Ve—5-5-5=0
Ve = 15kN Ans.
(+ZMe = 0; ~M¢ —5(1) — 5(2) = 5(3) — 20 = 0
Me=~50kN m Ans.,
Segment DB, Fig, 4-2¢:
+13F, = 0; Vo—5-5-5-5=0
SKN  SKN  SKN SKN Vp = 20 kN Ans.
l IMp = 0 ~Mp—5(1) —5(2) —5(3) — 20 = 0
Mpy Im_y Im y im y Mp = —50kN+m Ans.
il ) 20 kN-m
Np B

This example illustrates that the shear force is different on either side
© of the concentrated force while the moment remains the same. Tt is
ambiguous to determine the shear directly under a concentrated force.
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Determine the internal shear and moment acting at a section passing
through point C in the beam shown in Fig. 43a.

45 kN/m

45 kN

Fig. 4-3

Solution

Support Reactions. Replacing the distributed load by its resultant
force and computing the reactions yields the results shown in Fig, 4-3b.

Free-Body Diagram. Segment AC will be considered since it yields
the simplest solution, Fig. 4-3c. The distributed load intensity at C is
computed by proportion, that is,

we = (2 m/6 m){45 kN/m) = 15 kN/m

Equations of Equilibrium
+1ZF, =0
VEEM- = 0; —45(2) + 15(0.667) + My =0 M = 80 kN'm Ans.

45 -15 - V=0 Ve =30kN Ans.

This problem illustrates the importance of keeping the distributed
loading on the beam until after the beam js sectioned. If the beam in
Fig. 4-3b were sectioned at C, the effect of the distributed load on
segment AC would not be recognized, and the result Vi = 45 kN and
Me = 90 kN-m would be wrong. '

&

15kN 15 kN/m

T 1 Mg

[j Ne
Ve
2 m-———0.667 m

©

45 kN
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The 45-kN force in Fig. 4-4a is sipported by the floor panel DE, which
in turn is simply supported at its ends by floor beams. These beams
transmit their loads to the simply supported girder AB. Determine
the internal shear and moment acting at point ¢ in the girder.

45 kN
0.5m
[ mA-’
\
30EN ISkN
30 kN 15 kN

3m

1875 kN

o]

6

w2 N 1875kN
(b) . I

Solution

Support Reactions. Equilibrium of the floor-panel, floor beams, and
girder is shown in Fig. 4-4b. It is advisable to check these results.

Free-Body Diagram. The free-body diagram of segment AC of the
girder will be used since it leads to the simplest solution, Fig, 4-4c.
Note that there are no loads on the floor beams supported by AC.

Equations of Equilibrium

HZF, =0; © 1875-30-Vc=0 Ve=1125kN"  Ans.

FEMe=0;  —1875(3.75) + 30(0.75) + Mo = 0 '
Mc=478kN-m Ans
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4-2 Shear and Moment Functions

The design of a beam requires a detailed knowledge of the variations of
the internal shear force ¥ and moment M acting at each point along the
axis of the beam. The internal norma) force is generally not considered
for two reasons: {1) in most cases the loads applied to a beam act
perpendicular to the beam’s axis and hence produce only an internal
shear force and bending moment, and (2) for design purposes the beam’s
resistance to shear, and particularly to bending, is more important than
its ability to resist normal force. An important exception to this oceurs,
however, when beams are subjected to compressive axial forces, since
the buckling or instability that may occur has to be investigated.

The variations of V and M as a function of the position x of an arbitrary
point along the beam’s axis can be obtained by using the method of
sections discussed in Sec. 4-1. Here, however, it is necessay to locate the
imaginary section or cut at an arbitrary distance x from one end of the
beam rather than at a specific point.

In general, the internal shear and moment functions will be
discontinuous, or their slope will be discontinuous, at points where the
type or magnitude of the distributed load changes or where concentrated
forces or couple moments are applied. Because of this, shear and moment
functions must be determined for each region of the beam located
between any two discontinuities of loading. For example, coordinates xy,
¥, and x5 will have to be used to describe the variation of ¥V and M
throughout the length of the beam in Fig. 4-5a. These coordinates will
be valid only within regions from A to B for xq, from B to C for x,, and
from C to D for x;. Although each of these coordinates has the same
origin, as noted here, this does not have to be the case. Indeed, it may
be casier to develop the shear and moment functions using coordinates
X1, Xp, X3 having origins at A, B, and D as shown in Fig. 4-5b. Here x;
and x, are positive to the right and x3 s positive to the left.

Additional reinforcernent, provided by
vertical plates called stiffeners, is used
over the pin and rocker supports of
these bridge girders. Here the reactions
will cause large internal shear in the
girders and the stiffeners will prevent
localized buckling of the girder flanges
or weh. Also, note the tipping of the
rocker support caused by the thermal
expansion of the bridge deck.

Fig. 4-5

(b)



142

CHAPTER 4 Internal Loadings Developed in Structural Members

_PROCEDURE FOR ANALYSIS

_ The followmg procedure p ov1des a method for determmmg_'x the :
g vanation of shear and moment.in a beam asa funchon of p =

Support Reacnons

° Determme the support reactlonson the'beam and resolve aIl the-__‘
- external forcesi into components actmg perpendicular and parailei a
to the beam 5 ax15 o

: Shear and Momeut Funcnons

o 'Spec:fy separate coordiniates ¥ and associated origins, e ndmg into™”
' regions of the beam between concentrated forces and/or couple.
- moments, or whére there is a d:scontmmty of dlsmbuted loadm

‘o Section the beam’ perpendlcula_r to its axis af each dlstance X aﬂd
from the free- -body diagram of one of the scgments determine the .
unknowns V and M at the cut section as functions of x. On the free- '
body dxagram V and M should be shown actmg in their pos:twe'-;
directions, in accordance with the sign convennon gweu m Fg 41,

o V is obtained from 2F, =0 and M is obtained by. summmg'j
moments about the pomt § located at the cut séction; ZM; =0,

° The results can be checked by noting that: dM/dx =V. and
dV/dr =w, These reiatlonshlps are- developed in Sec 4—3 S

The herizontal members on this power line
support frame were designed once the
shear and moment within the members
were established.
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Determine the shear and moment in the beam shown in Fig. 4-6a as
a Tunction of x. ’

30 kN fmi

Fig. 4-6
Sojution

Support Reactions. For the purpose of computing the support
reactions, the distributed load is replaced by its resultant force of 30 k,
Fig, 4-6b. It is important to remember, however, that this resultant is
ntot the actval lead on the beam.

[ -

810 kN-ml

6m !

®

Shear and Moment Functions. A free-body diagram of the beam
segment of length x is shown in Fig. 4-6c. Note that the intensity
“of the triangular load at the section is found by propertion; that is,
w/x =103 or w = 10x /3. With the load intensity known, the resultant
of the distributed loading is found in the usual manner as shown in
the figure. Thus,

10:
+12F, = 0; 135—3(7")@:4/:0
V =135 — L6672 Ans.
110\ [=x QT]’ T
+EMg=0; 810 - 135x + [— (—Hf +M=0 N
s 203733 SlOk.N-ml 45 «} v
!

M = 810 + 135x — 0.5562° Ans. | x

X .
= w, which serves as a ©)

Note that dM/dx = V and dV/dx =
check of the results.
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a function of x.

300kN

R
3,5@%?‘4 150 kNvm
™ .

{a)
Fig, 4-7

50 kN/m

180 KN 300 KN

qfs)m.;,;

()

Solution

Support Reactions. The reactions at the fixed support are
V = 480 kN and M = 2274 kN-m, Fig. 4-75.

Shear and Moment Functions. Since there is a discontinuity of
distributed load at x = 3.6 m, two regions of x must be considered in
order to describe the shear and moment functions for the entire beam.
Here x; is appropriate for the left 3.6 m and ¥; can be used for the

% remaining segment.
F 4 0 = x; = 3.6 m. Notice that V and M are shown in the positive
(@ directions, Fig. 4-7¢.

VFEMs = 0; 2274 —~ 480x, + 50x, (%) +M=0

dM/dx =V and dV/dx = w.

Determine the shear and moritent in the beam shown in Fig. 4-7a as -

+1EZF, =0; 480 - 505 - V=0, V=48 - 50y Ans,

M = —2274 + 480%, — 252 Ans.
’ 3.6 m=x,=6m, Fig 4-7d. _ '
150y +1E2F,=0; 480 - 180 — Vv =0, V =300 Ans.
L R A ; p WHEMs =0, 2274 - 480%, + 180(x, — 1.8) + M = 0
UE T M = 300x, — 1950 . Ans.
2274 kN-mel'gkrrl 7 18—y These results ‘can be partially checked by noting that"_‘when
(d) Xz = 6 m then V = 300 kN and M = —150 kNem. Also, note that
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Determine the shear and moment in the beam shown in Fig. 487 as

a function of x. 30 kN/m

10 kN/m

(a)
Fig. 4-8

Solution
Support Reactions. 'To determine the support veactions, the distributed
load is divided into a triangular and rectangular loading, and these load-
ings are then replaced by their resultant forces. These reactions have been
computed and are shown on the beam’s free-body diagram, Fig. 4-8b.

S0 kN 90 kN

L 4sm—
H6m —
9m
TS kN 105 kN
(®)

Shear and Moment Fimctions. A free-body diagram of the cut section
is shown in Fig, 4-8c. As above, the trapezoidal loading is replaced by rec-
tangular and triangular distributions. Note that the intensity of the trian-
gular load at the cut js found by proportion. The resultant force of each dis-
tributed Ioading and its location are indicated. Applying the equilibrium
equations, we have '

+13F,=0; 75— 10x — [%(20)(%)4 V=0
vV =75 — 10x — L11x? ' Ans.
x 1 X X -
=1 =75 A = Zoood Sl 1=+ M =
+EMg =0, —T5x + (10.x)(2) + {2( 0)(9)7:}3 +M=0
M = T5x — 5% — 03707 Ans,

10 5 O x

o /20%) kMN/m
-—|l /10 kN/l’El

l jm
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4-3 Shear and Moment Diagrams for a Beam

Tke mary concentrated loadings acting
on this reinforced concrete beam create a
variation of the internal loading in the
beam. For this reason, the shear and
morment diagrams must be drawn in order
to properly design the beam,

If the variations of V and M as functions of x obtained in Sec.4-2 are plotted,
the graphs are termed the shear diagram and moment diagram, respectively.
In cases where a beam is subjected to several concentrated forces, couples,
and distributed loads, plotting V and M versus x can become quite tedious
since several functions must be plotted. In this section a simpler method for
constructing these diagrams is discussed—a method based on differential
relations that exist between the load, shear, and moment.

To derive these relations, consider the beam AD in Fig. 4-9q, which is
subjected to an arbitrary distributed loading w = w(x) and a series of
concentrated forces and couples. In the following discussion, the distributed
load will be considered positive when the Ioading acts upward as shown. We
will consider the free-bady diagram for a smalt segment of the beam having
alength Ax, Fig. 4-9b. Since this segment has been chosen at a point x along
the beam that is notf subjected to a concentrated force or couple, any results
obtained will not apply at points of concentrated loading. The internal shear
force and bending moment shown on the free-body diagram are assumed
to act in the positive direction according to the established sign convention,
Fig. 4-1. Note that both the shear force and moment acting on the right face
must be increased by a small, finite amount in order to keep the segment
in equilibrium. The distributed loading has been replaced by a concentrated
force w(x)Ax that acts at 2 fractional distance €(Ax) from the right end,
where 0 < e < 1. (For example, if w(x) is uniform or constant, then
w(x) Ax will act at %A.‘c, S0€ = %.) Applying the equations of equilibrium,
we have

+12F, =0 V+wx)Ax— (V+AV) =0
AV = w(x) Ax
FEMy = 0 “VAx — M — w(x) Ax e(Ax) + (M + AM) =0
AM = VAx + w(x) e(Ax)? '
w{x)Ax
wiay £ i ."[
1 I
I |
1 9 | 1
w F w = w(x) | :
i

i 1

— e(an)
I 1
3 £ v ]

e ¥ M‘CT l §M+ AM
M, : |
¥V + AV

Ax ‘—A.r4!
(a) Fig. 4-9 (b)
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Dividing by Ax and taking the limit as Ax — 0, these equations become

e :
.. Slope of} . { Intensity of @
Shear Diagram J . | Distributed Load
L dx
Stopeof) o (“-2)
“ Slopeof} o -
Moment Diagram} {Sheaf

As noted, Fq. 4-1 states that the slope of the shear diagrant at a point
(dV7dx) is equal to the intensity of the distributed load w(x) at the point.
Likewise, Eq. 4-2 states that the slope of the moment diagram (dM/dx)
is equal to the intensity of the shear at the point.

Equations 4-1 and 4-2 can be “integrated” from one point to another
between concentrated forces or couples (such as from B to C in Fig. 4-9a),
in which case

AV = Jw(.rj:dx . B

Chanse in Area under {4-3)
’ ge } = ¢ Distributed Loading
Shear s RS
Diagram

and

CAM = JV(x) dx

oy L (4-4)

Change m} 4 { Area under-
Moment | Shear Diagram

As noted, Eq. 4-3 states that the change in the shear between any two
points on a beam equals the area under the distributed loading diagram
between the points, Likewise, Eq. 4-4 states that the change in the moment
between the two points equals the area under the shear diagram between
the points. If the areas under the load and shear diagrams are easy to
compute, Eqs. 43 and 44 provide a method for determining the
numerical values of the shear and moment at various points along a beam.

147
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l)M +aM M(T M+ AM
vi-dr-l V+AV vhaAxt V+AY
(2) ()
Fig. 4-10

From the derivation it should be noted that Egs. 4-1 and 4-3 cannot
be used at points where a concentrated force acts, since these equations
do not account for the sudden change in shear at these points. Similarly,
because of a discontinuity of moment, Egs. 4-2 and 44 cannot be used
at points where a couple moment is applied. In order to account for these
two cases, we must consider the free-body diagrams of differential
elements of the beam in Fig. 4-9a which are located at concentrated force
and couple moments. Examples of these elements are shown in Fig, 4-10a
and 4-10b, respectively. From Fig. 4-10a it is seen that force equilibrium
requires the change in shear to be

+1ZE, = 0; AV = -F (4-5)

Thus, when F acts downward on the beam, AV is negative so that the
shear diagram shows a “jump” downward. Likewise, if F acts upward,
the jump (AV) is upward. From Fig. 4-10b, letting Ax > (0, moment
equilibrium requires the change in moment to be

+EMy =0 AM = M’ (4-6)

In this case, if an external couple moment M’ is applied clockiwise, AM
is positive, so that the moment diagram jumps upward, and when M acts
counterclockwise, the jump (AM) must be downward.

Table 4-1 illustrates application of Egs. 4-1, 42, 4-5, and 4-6 to some
common loading cases assuming ¥ and M retain positive values, The
slope at various points on each curve is indicated, None of these results
should be memorized; rather, each should be studied carefully so that
on¢ becomes fully aware of how the shear and moment diagrams can be
constructed on the basis of knowing the variation of the slope from the
load and shear’ diagrams, respectively. It would be well worth the time
and effort to self-test your understanding of these concepts by covering
over the shear and moment diagram columns in the table and then trying
to reconstruct these diagrams on the basis of knowing the loading.
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. Aav
Shear Diagram, 5~ = w

M
Moment Diagram, %{; =V

zero siope

slope = Vg

0

zero slope

zero slope

constant slope

positive decreasing slope

slope = —wp

slope = —w;

negative increasing slope

stope = Vg

positive decreasing stope

slope = —w,

slope = —wy

siope =V,

slope = Vg

My

negative decreasing sicpe

positive decreasing stope
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s A meth d for-cons ructmg the ~

shear and moment dIagrams for a beam usmg Eqs 4—1 through 4—6 L

Suppart Reactmns

L]

Shear Dmgrmn .

<

-two ends of the beam.” R e :
Since dV/dx = w,’the sl0pe of the shear dzagram at any pomt is -

Determine the support react:ons and resoive the forces actmg on n'
“the beam into components wh:ch are'perpendicular and parallel
to the beams axis. . o

Establish the V.and x axes and plot the values of the shea_r at the:" .:.{

equal to the intensity of the distribured .’oadmg at the pomt {Note s

- that w is positive whern'it acts upward)
If a numerical value of the shear is to be determmed at the pomt v

one can find this value either by using the method of sections as
discussed in Sec. 4-1 of by using Eq. 4-3, which statés that the
change in the shear force i is equal to the area zmder rize dtstnbured

loading diagram. - : : SRITPENs :

‘Since w(x) is integrated to obtam V if w(x) isa curve of degree n, .
then V(x) will be a curve of degree n + 1. For example if w(x) is .

umform V(x) will be hnear G

Moment Dmgmm

L

Establish the 3 aiid v X axes a.ud plot the vaiues of the moment at
the ends of the beam.. S
Since dM/dx = V, the slope of the moment d’mgmm at any pomt '
is equal to the intensity of the shear at the point, _
At the point where the shear is zero, dM, fdx =10, and therefore :
this may be a point of maximum or minimum moment,’ '
If the numerical value of the moment is to be determined at &
point, one can find this value either. by using the method of
sections as discussed in Sec. 41 or by using Eq. 4-4, which states .

. that the ckange in the momenr is equal to the area under rhe shear _
- diagram. O . : : o

Since V(x) is mtegmted to obtam M 1f V(r) is 8 curve of degree n
then M{x) will be a curve of degree i+ For example if V(.w,) is -
linear, M(r) wﬂl be’ parabohc T
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Draw the shear and moment diagrams for the beam in Fig. 4-11a.

20 KN/m
1§ T

30KN 60kN
)

Fig. 4-11

Solution

Support Reactions. The reactions have been calculated and are v (k)
shown on the free-body diagram of the beam, Fig. 4-115. @

Shear Diagram. The end points x = 0,V = +30kN and x = 9m,

30
' S
—T—x{m)
v = —60 &N are first plotted. Since the load w is negative and linearly l——vS.ZD m \j
20269

increasing, the slope of the shear diagram is linearly increasing in a
negative fashion (dV/dx = w).
The point of zero shear can be found by using the method of

sections from a beam segment of length x, Fig. 4-11e. We rcquire )
Vv = {0, so that
1 b
+1EF, =0 30 — 5[20(“;:)]x =0 x=520m M (KN-m) @ 1
g

HMomens Diagram. From the shear diagram, Fig. 4-1lc, for
0 < x < 5.20m the value of shear is positive but decreasing and so
the slope of the moment diagram is also positive and decreasing {d)
(dM/dx = V). At x = 520 m, dM/dx = 0. Likewise for 5.20m < x
< 9m, the shear and so the slope of the moment diagram are
negatively increasing. g

The maximum value of moment is at x = 520m since %[20 (%)}t
dM/dx = V = 0 at this point, Fig. 4-11d. From the free-body diagram 206)
in Fig. 4-11e we have

(+EMs = 0; —30(5.20) + %{20(%)}(5.20) (5—;9) +M=0

M= 104kN-m {e)

I x (m}

0N 1-%* v
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Draw the shear and moment diagrams for each of the beams in Fig, 412, .

Support Reactions. The reactions are calculated and shown on a
free-body diagram of each beam. :

Shear Diagram. From the established sign convention, Fig. 41, the
shear at the ends of each beam is plotted first. Since dV/jdx = w, the
trend of the slope of the shear diagram between these end points can
be determined and ¥ versus x can be sketched.

Moment Diagram. Again, from the established sign convention,
Fig.4-1, the moments at the ends of each beam are plotted first. Since
dM/dx = V, the trend of the slope of the moment diagram between
these points can then be determined and M versus x can be sketched,

s slope =0

-~ Slope =¥,

Ay

(b)

{) CY

Fig. 4-12
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. - - 3kN
Draw the shear and moment diagrams for the beam shown in Fig. 4-13a. ’

6 kN‘m

Sofution

Suppert Reactions. 'The reactions are calculated and indicated on
the free-body diagram.

Shear Diagram. The values of the shear at the end points A S

(V4 = +0.5 kN) mand B (Vg = —2.5 kN) are plotted. At an intermedi- o AR

ate point between A and C the stope of the shear diagram is zero since ' l S1ifm

dV/dx = w = 0. Hence the shear retains its value of +0.5 within this e e e
region. At C the shear is discontinuous since there is a concentrated force | # j
of 3 KN there. The value of the shear just to the right of C can be found by 3m ——f-15m}-15m
sectioning the beam at this point. This yields the free-body diagramshown 83K ) 25kN
in equilibrium in Fig, 4-13e. This point (V = —2.5 kN) is plotted on the  , &N

shear diagram. As before, w = 0 from C to B, 50 the slope dVjdx = 0.
The diagram closes to the value of 2.5 kN at B as shown. Nofice that no
jump or discontinuity in shear occurs at D, the point where the 6-kN-m
couple moment is applied, Fig. 4-13b.

It may also be noted that the shear diagram can be constructed quickly
by “following the load” on the free-body diagram, Fig. 4-13b. Beginning
at A the 0.5-kN force acts upward, so V4 = +0.3 kN, No load acts
between A and C, so the shear remains constant. At C the 3-kN force is
down, so the shear jumps down 3 kN, from 0.5 kN to —2.5 kN. Again
the shear is constant (no load) and ends at —2.5 kN, point B, which closes
the diagram back to zero since the 2.5-kIN force at B acts upward.

Momtent Diagram. The moment at each end of the beam is zero,
Fig. 4-13d. The slope of the moment diagram from A to C is constant
since dM /dx = V = +0.5 kN. The value of the moment at C can be
determined by the method of sections, Fig. 4-13e, or by finding the
area under the shear diagram between A and C. Since My = 0,

AM e = M — 0 = (0.5 kN)(0.3 m)
Mo = 1.5 kN'm

From C to D the slope is dM /dx = V = —2.5 kN, Fig, 4-13c. Since
M = 1.5 kN-m, the moment at D is
AMcp = Mp — 1.5 kN'm = {(~2.5 kN-m)(1.5 m)
Mp =225 kNm '

3. 75 kN'-m

i
R

I

-

—2.5kN

A jump occurs at point D due to the couple moment of 6 kN-m.
The method of sections, Fig. 4-13f, gives a value of +3.75 kN-m just ©
to the right of D. From this point, the stope of dM /dx = ~2.5 kN. is
maintained until the diagram closes to zero at B, Fig. 4-134. Fig. 4-13
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10kN/m

Iy

1 AB
'—1—0.75 m

1531 kN

V (k)

)

The bearn shown in the photoisused to support a portion of the overhang
for the entrance way of the building. The idealized model for the beam
with the load acting on it is shown in Hg. 4-14a. Draw the shear and
moment diagrams for the beam. '

Solution

Support Reactions. The reactions are calcufated in'the_.usuai
manner. The results are shown in Fig, 4-14b.

Shear Diagram. The shear at the ends of the beam is plotted first,
ie, V4 =0and ¥, = —219kN, Fig. 4-14c. The slope of the shear
diagram is constant negative over the entire Iength of the beam,
dVfdx = w = ~10kN. To find the shear to the left of B use the
method of sections for segment AB, or calculate the area under the
distributed loading diagram, ie, AV = Ve- — 0 = ~10(0.75),
Vg = ~7.50 kN. The support reaction causes the shear to jump up
—7.50 + 15.31 = 7.81 kN, Thereafter the diagram slopes downward
to —2.19kN. The point of zero shear can be determined from the
slope —10 kN/m, or by proportional triangles, 7.81/x = 2.19/(1 — x),
x = 0781 m.

Moment Diagram. 'The moment at the end points is plotted first,
My = Me = 0, Fig. 4-14d. Inspection of the shear diagram indicates a
Iinear increase in negative slope for the moment diagram, then at B a
sudden change from large negative slope (—7.50) to large positive
slope (7.81) occurs. The slope then decreases to zero, Fig. 4-14dc,
and becomes negative until it reaches a value of —2.19. The vahies
of ~2.81 and 0.239 on the moment diagram can be calculated by
the method of sections, or by finding the areas under the shear
diagram. For example, AM = My — 0 = 2(~7.50)(0.75) = —2.81,
My = —2.81 kNm. Like-wise, show that the maximum positive
moment is 0,239 kN - m.

M (kN-m)

(d)

Fig. 414
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Draw the shear and moment diagrams for the compound beam shown
in Fig. 4-15a. Assume the supports at A and C are rollers and B and E
are pin connections.
20kN/m 25kN 30 kN /m
150 kN-m(
25kN 30 kN/m
(2)
150 kNvm( S A 2 e
V(kiN) T f‘“—
225 kN 30 kN
M (kN-m)lﬁo
150p77 00
20 5 g
A t t x {m) .
=80 105 (<)
d
i Fig, 4-15 (d)
Solution

Support Reacrions.  Once the beam is disconnected from the pin at B,
the support reactions can be calculated as shown in Fg. 4156,

Shear Diagram. As usual, we start by plotting the end shear at
A and E, Fig. 4-15¢c. Using the equation dV/dx = w, the curves
are indicated, Note the constant negative slope from A to B of
dV/de = —20 kN/m, zero slope from B to C, increasingly negative
slope from C to D (0 to 30 kN/m), and finally decreasingly negative
slope from D to E (30 kN/m to 0). Try to establish the values of shear
using the appropriate arcas under the load diagram (w curve) to find
the change in shear, The zero value for shear at x = 1 m can either
be found by proportional triangles, or by using statics, as was done in
Fig. 4-11e of Example 4-7.

Moment Diagram. 'The end moments M, = 150 kNem and My = 0
are plotted first, Fig. 4-154. Study the diagram and note how the various
curves are established using dM/dx = V. Verify the numerical values
for the peaks using statics or by computing the appropriate areas under
the shear diagram to find the change in moment.
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Draw the shear and moment diagrams for each of the ‘beams shown
in Fig. 4-16. o o '

M(ENm)

- (m)

(®)

Fig. 416

Soluticn

In each case the support reactions have been calculated and are shown
in the top figures. Following the techniques outlined in the previous
examples, the shear and moment diagrams are shown under each
beam. Carefully notice how they were established, based on the slope
and moment, where dV/dx = w and dM/dx = V. Calculated values
are found using the method of sections or finding the {ar_eas of
symmetry under the load or shear diagrams, ‘

x (m)
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4-4 Shear and Moment Diagrams for a Frame

Recall that a frame is composed of several connected members that are
either fixed or pin connected at their ends. The design of these structures
often requires drawing the shear and moment diagrams for each of the
members. To analyze any problem, we can use the procedure for analysis
outlined in Sec. 4-3. This requires first determining the reactions at the
frame supports. Then, using the method of sections, we find the axial
force, shear force, and moment acting at the ends of each member.
Provided all loadings are resolved inte components acting parallel and
perpendicular to the member’s axis, the shear and moment diagrams for
each member can then be drawn as described previously.

When drawing the moment diagram, one of two sign conventions is
used in practice. In particular, if the frame is made of reinforced concrete,
designers often draw the moment diagram positive on the tension side
of the frame. In other words, if the moment produces tension on the
outer surface of the frame, the moment diagram is drawn positive on
this side. Since concrete has a low tensile strength, it will then be possible
to tell at a glance on which side of the frame the reinforcement steel
must be placed. In this text, however, we will use the opposite sign
convention and ahvays draw the moment diagram positive on the
compression side of the member. This convention foliows that used for
beams discussed in Sec. 4-1.

The following examples illustrate this procedure numerically.

The simply supported girder of this concrete building frame was
designed by first drawing its shear and moment diagrams.
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M {kN-m)

—22.5

Draw the moment diagram for the tapered frame shown in Fig. 4-17a.

Assume the support at B is a pin.

Fig. 4-17

25kN 5kN

C 15 kN
S kN

1
22.5 kN-m

22.5kN'm

30kN

Solution

22.5 kN'm f—— £5m
T T F e

25 kN

Bm

—
1

SKN

SEN

Support Reactions. The support reactions are shown on the free-
body diagram of the entire frame, Fig. 4-17b. Using these results, the
frame is then sectioned into two members, and the internal reactions
at the joint ends of the members are determined, Fig, 4-17¢. Note that

the external 25-kN load is shown only
the joint at C.

Moment Diagram,

on the free-body diagram of

In accordance with our positive sign convention,

and using the techniques discussed in Sec. 4-3, the moment diagrams
for the frame members are shown in Fig. 4-174.
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Draw the shear and moment diagrams for the frame shown in Fig, 4-18a.
Assume A is a pin, C is a roller, and B is a fixed joint,

SO0 kN

(@)

C,=825kN
f—2m
A, =25%N ®)
Fig. 4-18
Solution
Support Reactions. The free-body diagram of the entire frame is »

shown in Fig. 4-18b. Here the distributed load, which represents wind
loading, has been replaced by its resultant, and the reactions have
been computed. The frame is then sectioned at joint B and the internal
loadings at B are determined, Fig. 4-18¢c. As a check, equilibrium is
satisfied at joint B, which is also shown in the figure.

Shear and Moment Diagrams. ‘The components of the distributed
load, (72kN)/(Sm) = 144 kN/m and (96 kN)/(5m) = 192 kN/m,
are shown on member AB, Fig. 4-184. The associated shear and
moment diagrams are drawn for each member as shown in Figs. 4-184
and 4-18e,
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170 kN-m( 12.5 kN T

B0 KN

170 kN-m

170 kN-m (l [T
B

235kN
82.5kN
x {m) v a9y
2

—2.5 m__L_____I ()

170 —
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Draw the shear and moment diagrams for the frame shown in Fig. 4-194.
Assume A is a pin, C is a roller, and B is a fixed joint. Neglect the
thickness of the members.

solution

The reactions on the entire frame are calculated and shown on its free-
pody diagram, Fig. 4-19b. From this diagram the free-body diagrams of
each member are drawn, Fig. 4-19. The vertical distributed loading on
BC has resultant force components along BC and perpendicular to its
axgs of (9kN) cos 45° = (9kN) sin 45° = 6.364 kN. Thus the distributed
Joading components along BC are 6.364 kN /4243 m = 1.5 kN/m. as
shown. Using these results, the shear and moment diagrams are also
shown in Fig. 4-19¢.

1.5kN/m
\

Fig. 4-13

7.96 k\I

4TTEN 6.75 kN-m
225KN
775 kN-m

9kN
IEN —

E
/_{75 KN-m 5

2.25 ISJJ

x (m)

675

m (kNm)

(&)

S kN {©
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4-5 Moment Diagrams Construcied by the Method of Superposition

Since beams are used primarily to resist bending stress, it is important
that the moment diagram accompany the solution for their design. In
Sec. 4-3 the moment diagram was constructed by first drawing the shear
diagram. If we use the principle of superposition, however, each of the
loads on the beam can be treated separately and the moment diagram
can then be constructed in a series of parts rather than a single and
sometimes complicated shape. It will be shown later in the text that this
can be particularly advantageous when applying geometric deflection
methods to determine both the deflection of a beam and the reactions
on statically indeterminate beams.

Most loadings on beams in structural analysis will be a combination
of the Ioadings shown in Fig. 4-20. Construction of the associated
moment diagrams has been discussed in Example 4-8. To understand
how to use the method of superposition to construct the moment diagram

M

(b}

parabolic curve

(@) @

Fig. 4-20
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M (KN-m)
625
[
~ x(m}
-125
resultant moment diagram
. |
200 kil 1 A0 kN/m M (kN-m)
- x(m)
b i ey | /"-'—
4 s mH —500
500 kM-m
_ + M (kN-m) +
| 750 kN-m
T e e - ] x(m)
P E— ~750f—me—mr]
750 KN'm
+ M (kN-) +
1250kt i - 1250 \\
o - e = 41 ()
10m
B i
125N 125 kN
superposition of cantilevered beams superposition of associated moment diagrams
(@) (&)
Fig. 4-21

consider the simply supported beam at the top of Fig. 4-21a. Here the
reactions have been calculated and so the force system on the beam
produces a zero force and moment resultant. The moment diagram for
this case is shown at the top of Fig. 4-215. Note that this same moment
diagram is produced for the cantilevered beam when it is subjected to
the same statically equivalent system of loads as the simply supported
beam. Rather than considering all the loads on this beam simultaneously
when drawing the moment diagram, we can instead superimpose the
results of the loads acting separately on the three cantilevered beams
shown in Fig, 4-21a. Thus, if the moment diagram for each cantilevered
beam is drawn, Fig. 4-215, the superposition of these diagrams yields the
resultant moment diagram for the simply supported bedm. For example,
from each of the separate moment diagrams, the moment at end A is
My = —500 — 750 + 1250 = 0, as verified by the top moment diagram
in Fig. 4-21D.In some cases it is often easier to construct and use a separate
series of statically equivalent moment diagrams for a beam, rather than
construct the beam’s more complicated “resultant”™ moment diagram,
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In a similar manner, we can also simplify construction of the “resultant”
moment diagram for a beam by using a superposition of “simply
supported” beams. For example, the loading on the beam shown at the
top of Fig. 4-22a is equivalent to the beam loadings shown below it.
Consequently, the separate moment diagrams for each of these three
beams can be used rather than drawing the resultant moment diagram

shown in Fig. 4-22b,

20 KN-m SKN/m 40KNm
(it LY
| 12m |
]
SEN/m é‘
{ 12m Jl
+
20kN-m
| 12m |
+ 40KkN-m

|

| f2m

superposition of simply supported beams

(2

Fig. 4-22

M (kN-m)

60.3

—340 resultant moment diagTaN

1 —40
M (kN-m)
90
x {m}
+
M {&kN-m)
= x (m)
-20 }—
...|..
M (kN-m)
x (m}

—40

superposition of associated moment diagrams

(b}
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Draw the moment diagrams for the beam shown at the top of Fig. 4-23a
using the method of superposition. Consider the beam to be cantilevered

from the support at B.

solution

1f the beam were supported as a cantilever from B, it would be
subjected to the statically equivalent loadings shown in Fig. 4-23a.The
superimposed ihree cantilevered beams are shown below it together
with their associated moment diagrams in Fig. 4-23b. (As an aid to
their construction, refer to Fig. 4-20.) Although not needed here, the
qum of these diagrams will yield the resultant moment diagram for
the beam. For practice, try drawing this diagram and check the results,

M (kN-m)
I x (m)
—200
+
M (kN-m) 4531
’///I i (m)

+

| x {m)

superposition of associated moment diagrams

b

200 kN-m
A
LI.S m [ 45m
100.7 kN 68.1kN
75 kN/m

20050 m m
A. = ~

C

T B
|—1.5 a1~ 45m
100.7 kN 68.1 kN
]
200 kiN-m
f
+
{
45m
100.7 kN
T5kN/m

I

! 45m

superposition of cantilevered beams

(2)

Fig. 4-23
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Draw the moment diagrams for the beam shown at the tdp of Fig. 4-24a

using the method of superposition. Consider the beam to be cantilevered
from the pin at A.

Solution

The superimposed cantilevered beams are shown in Fig, 4-24 together
with their associated moment diagrams, Fig, 4-24b. (As an aid to their
construction, refer to Fig. 4-12.) Notice that the reaction at the pin
(100.7 kN) is not considered since it produces no moment diagram.
As an exercise, use the method in Sec. 4-3, and verify that the resultant
moment diagram is given at the top of Fig, 4-12b.

75kN/m

1.5m
100.7 kN 68.1 kN
il
2G0kN-m
C §\] —
1.5 mﬂi AJZOO EN-m
+
75kN/m
1,
[ |\.~; N B 1B
506 kN-m' |45 m%"——4
+
306 kN-m
—{H fJ
68.1 kN
superposition of cantilevered from A beams
(@)

M (XN-m)

334

J

=200
l— 4.98 m
Il
M (kN-m)
o]
+
A (kN-m)
—506
+
M (kN-m)

Fig. 4-24

superposition of associated moment diagrams
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x (1)

x (m)
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PROBLEMS

4-1. Determine the internal shear, axial load, and
bending moment in the beam at points C and . Assume
the support at B is a roller. Point C is focated just to the
right of the 40-kiN foad.

4-2. Draw the shear and moment diagrams for the beam
in Prob. 4-1.

Probs. 4-1/4-2

4-3. Determine the shear force and moment at points C
and D

*4-4. Draw the shear and moment diagrams for the
beam in Prob 4-3.

SkN

AF =
=
3m 2 m—y 2m—-i-—3m io

Probs. 4-3/4-4

4-5. Determine the imternal normal force, shear force,
and mement in the beam at points C and D. Point D is
just {o the right of the 20-XN load.

6kN/m l
..l;Zm 2 2m F

4-6. Determine the internal normal force, shear force,
and moment acting at point C and at point D, which is
located just to the right of the roller support at B.

6 kN /m

4¥XN/m

4 kiN/m

Prob. 46

4-7. Determine the internal normat force, shear force,
and moment at point D of the beam.

500 N /m

05m;035m 1.5m
]

Prob. 4-7
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#4-8, Determine the internal shear, axial load, and
bending moment at point £,

4-9. Draw the shear and moment diagrams for the beam
in Prob. 4-8.

8 kN/m

Probs, 4-8/4-9

4-10. Determine the internal shear, axial load, and
bending moment in the beam at points D and E. Point E
is just to the right of the 20-kN load. Assume A is a roller
support, the splice at B is a pin, and Cis a fized support.

4-11. Draw the shear and moment diagrams for the
beam in Prob. 4-10.

5kN/m

Probs, 4-10/4-11

*4-12. Determine the internal shear, axial load, and
bending moment at point C. Assume the support at A is
a pin and B is a roller,

4-13.  Draw the shear and moment diagrams of the beam
in Prob. 4-12.

12 KN/m

2m—-

F—2m—+ 4m 4m I

Probs, 4-12/4-13

10 kN

4-14. Determine the internal shear, axial load, and bending
momert at (a) point C, which is just to the right of the roller
at A, and (b) point D, which is just to the left of the
12-kN concentrated force. Assume the support at B is a pin.

4-15. Draw the shear and moment diagrams for the
beam in Prob. 4-14,

12kN

0.6 KN/m

FProbs. 4-14/4-15

*4-16. Determine the internal normal force, shear force,
and moment at points £ and D of the compound beam,

Prob, 4-16
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4-17. Thestrongback or lifting beam is u.sed for materfals 020, ‘ Determine the shear and moment in the beam as
handling. If the suspended load has a weight of 2 kN and a function of x. Assume the support at B is a roller,

& center of gravity of G, determine the placernent d of the
padeyes on the top of the beam so that there is no moment
developed within the length A8 of the beam. The lifting
pridle has two legs that are positioned at 45° as shown.

4-21. Draw the shear and moment diagrams for the
beam in Prob. 4-20.
6 kN/m

1kN-m
k.
A % (SRR Rk

5m

Probs. 4-20/4-21

0.2 m[
02mj B 4-22. Determine the shear and moment in the function
of x, where 2m < x < 4m.

4-23, Draw the shear and moment diagrams for Prob.
422, TEN

Prob. 4-17 5 .
- ¥
4-18. Determine the internal normal force, shear force, |
and moment at point C of the beam. r—
0

400 N/m 2m i 2m dm i

200 N/m

Probs. 4-22/4-23

*4-24, TDetermine the shear and moment in the beam as

c a function of x, where 5 m < v < 15 m. Assume the
| 4 supports at A is a roller and B is a pin. )
3 Im .
r " ' 4-25. Draw the shear and moment diagrams for the
Prob, 4-18 beam in Prob. 4-24,
100 kN . 100 kN
4-19, Determine the distance a between the supports in - 60 kN/m

terms of the beam’s length L so that the bending moment
in the symumetric shaft is zero at the center, The intensity
of the distributed load at the center is wy.

Wwg

Prob. 419 Probs, 4-24/4-25
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4-26, Determine the shear and moment in the beam as
a function of x,

12kN/m

Prob. 4-26

4-27,
beam.

Draw the shear and moment diagrams for the

W

' ] N

Prob. 4-27

*4-28. Draw the shear and moment diagrams for the
wood beam, and determine the shear and moment
throughout the beam as functions of x.

1.2 kN/m

Prob, 4-28

CHAPTER 4 Internal Loadings Developed in Structural Members

4-29. Draw the shear and moment diagrams for the
beam, and determing the shear and moment throughout
the beam as functions of x.

S0 kN
20 kN/m

¥

!—x“‘l m 2m

Prob. 4-29

4-30. Draw the shear and moment diagrams for the
beam, and determine the shear and moment throughout
the beam as functions of x.

6 kN

!

EERTTE

1

Prob. 4-30

4-31. Draw the shear and moment diagrams for the
tapered cantilever beam.

Prob. 4-31




*4-32, Determine the shear and moment in the floor
girder as a function of x, where 1 m < x < 2 m. Assume
the support'at A is a roller and B is a pin. The floor boards
are simply supported on the joists at G, D, E, F, and G,

4-33. Draw the shear and moment diagrams for the floor
girder in Prob. 4-32.

F—1lm I im ! 1lm I
Prohs. 4-32/4-33

4-34. Determine the shear and moment in the beam as
a function of x.

4-35, Draw the shear and moment diagrams for the
beam in Prob. 4-34.

10m |

kN Probs. 4-34/4-35

#*4-36. Determine the shear and moment in the tapered
beam as a function of x.

4-37. Draw the shear and moment diagrams for the
beam in Prob. 4-36.

Probs. 4-36/4-37
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4-38. Draw the shear and moment diagrams for the
beam, and determine the shear and moment in the beam
as functions of x.

Prob. 4-38

4-39. A reinforced concrete pier is used to support the
stringers for a bridge deck. Draw the shear and moment
diagrams for the pier when it is subjected to the stringer
loads shown. Assume the columns at A and B exert only
vertical reactions on the pier.

B0KN 351 35%w 3sky  OOKN
Imlm[15milSmllm,1m

Y A A ¥ ¥
L [

Prob, 4-3%

#4440, Draw the shear and moment diagrams for the
beam. The bearings at A and B only exert vertical reactions
on the beam.

Prob. 4-40
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441, Draw the shear and moment diagrams for the 4-45. Draw the shear and moment diagrams for the
beam. beam,
12 kN/m
8kN/m 30 kN-m
f 3 . . k,
A
[ S5m I 5m 1
4m —! 4m ! Prob. 445
4-46. Draw the shear and moment diagrams of the
Prob. 4-41 beam. Assume the suppert at 4 is a roller and B is a pin.
4-42. The beam is subjected to the uniformly distributed 4kN

moment 7 (moment/length). Draw the shear and moment ~ 2kN 2 kN/m

diagrams for the beam.

Prob, 442

Prob. 446

4-43. The beam is subjected to the uniformly distributed
moment m (moment/length). Draw the shear and moment
diagrams for the beam.

4-47, Draw the shear and moment diagrams for the
beam. Assume the support at B is a pin.

Prob. 4-43 15m ! 6m |
*4-44. The T-beam is subjected to the loading shown. Prob. 4-47

+ Draw the shear and moment diagrams. .
& *4-48. Draw the shear and moment diagrams for the

beam.
10 kN

i 3KN/m 5KN/m SkN/m




4-49, Draw the shear and moment diagrarhs for the
beam. It is supported by a smooth plate at A which slides
within the groove and so it cannot support a vertical force,
although it can support a moment and axisl load.

Praob. 4-49

4-50, The concrete girder supports the two column loads.
Tf the soil pressure under the girder is assumed to be
uniform, determine its intensity w and the placement d of
the column at B. Draw the shear and moment diagrams
for the girder.

150 kN 300 kN

Prob. 4-50

4-51, Draw the shear and moment diagrams for the
beam.

Prob. 4-51
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*4.52, Draw the shear and moment diagrams for the
beam,

120 kN /m

Prob. 4-52

4-53, Draw the shear and moment diagrams for the
beam,

Wy

o[t
w3

K B

Prob. 4-53

4-54, Draw the shear and moment diagrams for the
beam.

60 kN/m

Prob. 4-54
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4-85. Draw the shear and moment diagrams for the

beam.

40 kN/m

Prob, 4-55

*4-56. Draw the shear and moment diagrams for the
compound bearm. It is supported by a smooth plate at A
which slides within the groove and so it cannot support a
vertical force, although it can support a moment and axial

load.

Prob, 4-56

4-57. 'The boards ABC and BCD are loosely bolted
together as shown. If the bolts exert only vertical reactians
on the boards, determine the reactions at the supports and

draw the shear and moment diagrams for each board.

5 kN/m . 10 kN

st b s

Prob. 4-57

! 3m Zmﬂlmllmal

4-58, Draw the shear and moment diagrams for the
beam. The two segments are joined together at B,
36 kN

45 ¥N/m

l—-0.9 m 1.5m 24m II
Prob. 4-58

4-59. Draw the shear and moment diagrams for the
compound beam.

5kN/m

K = JB = S
I~f 2m —1m ! lm—-{

Prob. 4-59

*4-60. Draw the shear and moment diagrams for the
compound beam.

Prob. 4-60

4-61. The overhanging beam has been fabricated with a
projected arm BD on it. Draw the shear and mement dia-
grams for the beam ABC if it supports a load of 800 1b. Hinr;
The loading in the supporting strut DE must be replaced by
equivalent loads at point B on the axis of the beam.

36kN

J

——1.2 m—

|k1.8 m

Prob. 4-61
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4-62, Draw the shear and moment diagrams for each of *4-64. Draw the shear and moment diagrams for each of

the three members of the frame. Assume the support at A the three members of the frame. Assume the frame is pin

is a pin connected at 4, C, and D and there is a fixed joint at B,
S50 kN

=1 15 kN/m

ISkN

S5m
Prob. 4-62
Prob, 464

4-65. Draw the shear and moment diagrams for each

member of the frame. Assume the joint at A is a pin and

support C is a roller. The joint at B is fixed. The wind load
4-63. Draw the shear and moment diagrams for each of is transferred to the members at the girts and purlins from
the three members of the frame. Assume the frame js pin the simply supported wall and roof segments.

connected at B, €, and D and A is fixed.

4.2 kN/m

2TRN 13.5kN

24m 24 mj

12 kN/m

7 kN /m

4.5m

Prob, 4-63 Prob. 4-65
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4-66. Draw the shear and moment diagrams for each
member of the frame. Assume the frame is pin connected
at A4, B, and C.

15 kN

10kN

Prob. 4-66

4-67. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
simply supported. Assume A is a pin and B s a roller.
*4-68, Solve Prob. 4-67 by considering the beam to be
cantilevered from the support at A.

3200N
500 N/m

|l

Probs, 4-67/4-68

4-69. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from end 4.

4-70. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
simply supported at A and B as shown.

4000 N/

150 N-m

I 5m

Probs. 4-69/4-70
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4-71. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from the pin support at A,

*4-72. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from the rocker at B.

4-73. Draw the moment diagrams for beam using the
method of superposition. Consider the beam to be
cantilevered from end C.

20kN

40 kN/m

* Ch150 KNe-m
f 8m 11 im

Probs, 4-71/4-72/4-73

PROJECT PROBLEMS

4-1P. 'The balcony located on the third floor of a motel is
shown in the photo. It is constructed using a 100-mm-thick
concrete (plain stone) slab which rests on the four simply sup-
parted floor beams, two cantilevered side girders AB and HG,
and the front and rear girders The idealized framing plan with
average dimensions is shows in the adjacent figure, According
tolocal code, the balcony live load is 2 kN /m? Draw the shear
and moment diagrams for the front girder BG and aside gird-
er AB. Assume the front girderis a channel that has a weight
of 0.36 kN/m and the side girders are wide flange sections
that have a weight of .66 kIN /m. Neglect the weight of the
floor beams and front railing,

1.8m

< D E
-lr-—1.2 m-J——I.Z mﬂlrhl.Z rn-I‘—I 2 m——l

Prob, 4-1P

T
B_L
L—l.Z m




4-2P. The canopy shdown in the photo provides shelter
for the entrance of a building. Consider all members to be
simply supported. The bar joists at C, D, E_, Feach havF: a
weight of 0.6 kN and are 6 m long. The roof is 100 mm‘thlck
and is to be plain lightweight concrete having a density of
16 kN/m* Live load caused by drifting snow is assumed to
be trapezoidal, with 3 kN/m? at the right (against the wall)
and 1kN/m”at the left (overhang). Assume the concrete slab
is simply supported between the joists Draw the shear and
moment diagrams for the side girder AB. Neglect its weight.

] 2

S05m 05m 05m 05m. 0.5m

Frob. 4P
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4-3P. Theideatized framing ptan for a floor system located
in the lobby of an office building is shown in the figure. The
floor is made using 100-mm-thick reinforced stone concrete,
1f the walls of the clevatorshaft are made from 100-nun-thick
lightweight solid concrete masonry, having a height of 3 m,
determine the maximum moment in beam AB, Neglect the
weight of the members.

—H
o

Elevator] -..-

Z4m shaft

A G .. 1B

24m S : '
b4 I B R I
— - H

——24 m‘Ll.S m«'—-l.s m«)
Prob. 4-3P




This parabolic arch supports decks running both through and over it.



_\Cab.les_ and Arches

Cables and arches often form the main load-carrying clement in many types of
structures, and in this chapter we will discuss some of the important aspects
related to their structural analysis, The chapter begins with a general discussion
of cables, followed by an analysis of cables subjected to a concentrated [oad and
to a uniform distributed Ioad. Since most arches are statically indeterminate, onty
the special case of a three-hinged arch will be considered. The analysis of this
structure will provide some insight regarding the fundamental behavior of all
arched structures,

5-1

Cables

Cables are often used in engincering structures for support and to
transmit loads from one member to another, When used to support
suspension roofs, bridges, and trolley wheels, cables form the main load-
carrying element in the structure. In the force analysis of such systems,
the weight of the cable itself may be neglected; however, when cables
are used as guys for radio antennas, electrical transmission lines, and
derricks, the cable weight may become important and must be included
in the structural analysis. Two cases will be considered in the sections
that follow: a cable subjected to concentrated loads and a cable subjected
toa distributed load, Provided these loadings are coplanar with the cable,
the requirements for equilibrium are formulated in an identical manner.

179
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When deriving the necessary relations between the force in the cable
and its slope, we will make the assumption that the cable is perfectly
flexible and inextensible. Due to its flexibility, the cable offers no
resistance to shear or bending and, therefore, the force acting in the cable
is always tangent to the cable at points along its length. Being
inextensible, the cable has a constant length both before and after the
load is applied. As a result, once the load is applied, the geometry of the
cable remains fixed, and the cable or a segment of it can be treated as
a rigid body.

5-2 Cable Subjected to Concentrated Loads

Cable-stayed bridge in Savannah, Georgia.

When a cable of negligible weight supports several concentrated loads,
the cable takes the form of several straight-line segments, each of which
is subjected to a constant tensile force. Consider, for example, the cable
shown in Fig. 5-1. Here 6 specifies the angle of the cable’s cord AR,
and L is the cable’s span. If the distances L;, L,, and I; and the loads
P, and P, are known, then the problem is to determine the nine
unknowns consisting of the tension in each of the three segments, the
four components of reaction at 4 and B, and the sags yo and yj, at the
fwo points C and D. For the solution we can write two equations of
force equilibrium at each of points A, B, C, and D. This results in a
totat of eight equations. To complete the solution, it will be necessary
to know something about the geometry of the cable in order to obtain
the necessary ninth equation. For example, if the cable’s total length £
is specified, then the Pythagorean theorem can be used to relate & to
each of the three segmental lengths, written in terms of 8, ye, vp, L1,
L;, and L3, Unfortunately, this type of problem cannot be solved easily
by hand. Another possibility, however, is to specify one of the sags,
either y- or yp, instead of the cable length. By doing this, the
equilibrium equations are then sufficient for obtaining the unknown
forces and the remaining sag. Once the sag at each point of loading is
obtained, & can then be determined by trigonometry.

‘When performing an equilibrium analysis for a probiem of this type,
the forces in the cable can also be obtained by writing the equations of
equilibrium for the entire cable or any portion thereof. The following
example numerically illustrates these concepis.
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Determine the tension in each segment of the cable shown in Fig. 5-2q.
Also, what is the dimension 47

Solution

By inspection, there are four unknown external reactions (A, A, D,
and D,) and three unknown cable tensions, one in each cable segment.
These seven unknowns along with the sag /i can be determined from
the eight available equilibrium equations (ZF, =0, ZF, = 0)
applied to points A through D,

A more direct approach to the solution is to recognize that the
slope of cable CD is specified, and so a [ree-body diagram of the entire
cable is shown in Fig. 5-2b, We can obtain the tension in segment CD A
as follows:

+ZM, =0 o/ 2m
D, 34 l

Ten(3/5)(2m) + Tep(d/5)(5.5m) ~ 3kN(2m) — 8kN(4m) = 0

B
Tep = 079 kKN Ans. I
Now we can analyze the equilibrium of points € and B in sequence. 8EN
Point C (Fig. 5-2¢); e m”I‘1-5 m
+ &)
—» EFI = D; 6.79 kN(3/5} - TBC cos BBC =0 y
+1ZF, =0, 679KkN(4/5) — 8kN + Tyesinfpe = 0 6.79 kN
TBC 5
Opc = 323°  Tye = 482 kN Ans. e A )
£ ;
Point B (Fig. 53-24); 8kN
+ {c)
—=>ZF =0; ~Tgycosfp, + 4.82kNcos32.3° =0
Y
+1EF, =0; Tgusinfyy — 482kNsin323° — 3kN = 0 Tas
BBA = 53,8 TBA =690 kN Ans, BB{I
B ny
Hence, from Fig, 5-2a. ) 3kN  4.82kN
(d)

h={2m)tan 53.8° = 2.74m Ans.
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5-3 Cable Subjected to a Uniform Distributed Load

Fig. 5-3

Cables provide a very effective means of supporting the dead weight of
girders or bridge decks having very long spans. A suspension bridge is a
typical example, in which the deck is suspended from the cable using a
series of close and equally spaced hangers.

In order to analyze this problem, we will first determine the shape of a
cable subjected to a uniform hiorizontally distributed vertical load wy, Fig.
5-3a. Here the x,y axes have their origin located at the lowest point on
the cable, such that the slope is zero at this point. The free-body diagram
of a small segment of the cable having a length As is shown in Fig. 5-35.
Since the tensile force in the cable changes continuously in both magni-
tude and direction along the cable’s length, this change is denoted on the
free-body diagram by AT. The distributed load is represented by its resul-
tant force wpA x, which acts at Ax/2 from point 0. Applying the equa-
tions of equilibrium yields

L EE =0, —Tcosd + (T + AT) cos(8 + A8) = 0
+12F, =0; -Tsin® — wo{Ax) + (T + AT) sin(6 + Af) = 0
VFEZMp = 0; welAx)Ax/2) —TeosB Ay + Tsin@Ax =0

Dividing each of these equations by Ax and taking the limit as Ax — 0,
and hence Ay— 0, Af — 0, and AT — (0, we obtain

d(T cos 8)
e =0 (5-1)
d(T sin @)
T W (5-2)
dy
g tan & (5-3)
Inteprating Eq. 5-1, where T = Fy at x = 0, we have:
Tcost = Fy (5-4)

which indicates the horizontal component of force at any point along the
cable remains constant.
Integrating Fq. 52, realizing that Tsing = Q at x = 0, gives

Tsin @ = wyx (5-5)

Dividing Eq. 5-5 by Eq. 5-4 eliminates T. Then using Eq. 5-3, we can
obtain the slope at any point,

d Wex
tan6=—y———0——

dx  Fy 6-6)
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Performing a second integration with y = 0 at x =0 yields

WO 5
57
= 25," (5-7)

This is the equation of a parabola. The constant F; may be obtained by
using the boundary condition y = k at x = L. Thus,

wol.2
= 5-8
n="5 (5-8)
Finally, substituting into Eq. 5-7 yields
h o,
y = 7% (5-9)

From Eg. 5-4, the maximum tension in the cable occurs when 6 is
maximum; i.e., at x = L. Hence, from Egs. 54 and 5-5,

Tooax = 2 Fi + {wpL)? (5-10)

Or, using Eq. 5-8, we can express Ty, in terms of wy, Le.,

Tmax = wol2 1 + (LJ2h)? (5-11)

Realize that we have neglected the weight of the cable, which is
uniform along the length of the cable, and not along its horizontal
projection. Actually, a cable subjected to its own weight and free of any
other loads will take the form of a catenary curve, However, if the sag-
to-span ratio is small, which is the case for most strucfural applications,
this curve closely approximates a parabolic shape, as determined here.

From the results of this analysis, it follows that a cable will maintain a
parabolic shape, provided the dead load of the deck for a suspension
bridge or a suspended girder will be uniformly distributed over the
horizontal projected length of the cable. Hence, if the girder in Fig. 5-da
is supported by a series of hangers, which are close and uniformly spaced,
the load in each hanger must be the same so as to ensure that the cable
has a parabolic shape.

Using this assumption, we can perform the structural analysis of the
girder or any other framework which is freely suspended from the cable.
In particular, if the girder is simply supported as well ‘as supported by
the cable, the analysis will be statically indeterminate to the first degree,
Fig. 5-4b. However, if the girder has an internal pin at some intermediate
point along its length, Fig. 5-4c, then this would provide a condition of
zero moment, and so a determinate structural analysis of the girder can
be performed.

The Verranzano-Narrows Bridge at the entrance to
New York Harbor. Its main span is 4260 ft (1.30 k).
{Courtesy of Bethlehem Steel Corporation.)

{c)

Fig. 5-4
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The cable in Fig. 5-5a supporis a girder which weighs 12 kN/m,
Determine the tension in the cable at points A4, B, and C.

Tfﬁ”‘

B
E]
7
2,
T

7
\

T
? Bl —f"";/ | x
——3m—x --Fl——— X —

()

Fig. 5-5

Solution

The origin of the coordinate axes is established at point B, the lowest
point on the cable, where the slope is zero, Fig. 5-5b. From Eq. 5-7,
the parabolic equation for the cable is:

W 2ﬂl’ZkN/mz 6

T S TR ®
Assuming point C is located x' from B, we have
6
6= —1; 2
f
Fy=10x" @
Also, for point A,
6 3112
12= FHE (30 -2}
2= [~(30 - x' )P
1

23+ 60x — 900 =0
x'=1243m
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Thus, from Egs. 2 and 1 (or Eq. 5-6) we have

F = 1.0 (12.43)* = 1544 kN

dy 12
—_— X = 0.7772.
dx 1544 ‘ ®
At point A,
x=—(30—1243) = —-17.57m
dy _
tang, = < = Q.7772(—17.57) = —1.366
dx| ;1757
g4 = —53.79°
Using Eq. 5-4,
Fy 154.4

= = - 2 r kN A .
Ta cos @,  cos{—53.79°) 614 -

Atpoint B, x = (,

taﬂﬂB:E}i =u, 93200
4lx=0
_ B B A
B cosfp  cosO° s
At point C,
x=1243m
_dy _ -
tan B¢ = > = 0.7772(12.43) = 0.9657
dx | =1243
fc = 44.0°
_ Fy 1544

= ———— = 2146 Ans.
cos B cosd4.0° kN e
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The suspension bridge in Fig. 5-60 is constructed using the two -
stiffening trusses that are pin connected at their ends C and supported
by a pin at A and a rocker at B. Determine the maximum tension in
the cable IH. The cable has a parabolic shape and the bridge is
subjected to the single load of 50 kN,

4@3m—.~12m—-—l~4@3m=12

@

Sclution

The free-body diagram of the cable-truss system is shown in Fig. 5-6b. '
According to Eq. 5-4 (T cos # = Fy), the horizontal component of
cable tension at T and H must be constant, Fyy, Taking moments about B,

we have
(+EMp =0, -~[(24m) - A,(24m) + 50kN(9m) = 0"
I+ A, = 1875 '
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14 m e

1
=

}
f;‘

>
-
9]
0

o

If only half the suspended structure is considered, Fig. 5-6c, then
summing ntomeits about the pin at C, we have

WHEMe =0 Fp(l4m) — Fy(6m) — ,(12m) — A,(12m) =0
1, + A, = 0.667F;
From these two equations,

1875 = 0.667Fy
Fy = 28125 kN

To obtain the maximum tension in the cable, we will use Eq. 511, but
first it is necessary to determine the value of an assumed uniform
distributed loading wy from Eq. 5-8:

2Fyh 2(28.125%N)(8m)
0 (12m)?

Wy = = 3.125 klN/m

Thus, using Eq. 5-11, we have
Tas = Wol.2 1+ (L/2R)?
=3125(12m)2 1 + {12 m/2(8 m))?
= 46.9 kN Ans,
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5-4 Arches
extrados crown
{or back)
springlin intrados
\ {or soffit)

ki haunch
h \—ahutment

Fig. 5-7

enterline rise

fixed arch
(=)

two-hinged arch

()

Like cables, arches can be used to reduce the bending moments in fong-
span structures. Essentially, an arch acts as an inverted cable, so it receives
its load mainly in compression although, because of its rigidity, it must
also resist some bending and shear depending upon how it is loaded and
shaped. In particular, if the arch has a parabolic shape and it is subjected
to a unifarm horizontally distributed vertical load, then from the analysis
of cables it follows that only compressive forces will be resisted by the
arch. Under these conditions the arch shape is called a funicular arch
because no bending or shear forces occur within the arch,

A typical arch is shown in Fig. 57, which specifies some of the
nomenclature used to define its geometry. Depending upon the
application, several types of arches can be selected to support a loading,
A fixed arch, Fig. 5-8a, is often made from reinforced concrete. Although
it may require less material to construct than other types of arches, it
must have solid foundation abutments since it is indeterminate to the
third degree and, consequently, additional stresses can be introduced into
the arch due to relative settlement of its supports. A fwo-hinged arch,
Fig. 5-8b, is commonly made from metal or timber. It is indeterminate
to the first degree, and although it is not as rigid as a fixed arch, it is
somewhat insensitive to settlement. We could make this structure
statically determinate by replacing one of the hinges with a roller. Doing
s0, however, would remove the capacity of the structure to resist bending
along its spar, and as a result it would serve as a curved beam, and not
as an arch. A three-hinged arch, Fig. 5-8¢, which is also made from metal
or timber, is statically determinate. Unlike statically indeterminate
arches, it is not affected by settlement or temperature changes. Finally,
if two- and three-hinged arches are to be constructed without the need
for larger foundation abutments and if clearance is not a problem, then
the supports can be connected with a tie rod, Fig. 5-8d. A tied arch allows
the structure to behave as a rigid unit, since the tie rod carres the
horizontal component of thrust at the supports. It is also unaffected by
relative settlement of the supports,

three-hinged arch
(<) tied arch

(d)

Fig, 58
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5-5 Three-Hinged Arch

To provide some insight as to how arches transmit.loads, we will now
consider the analysis of a three-hinged arch such as the one shown in Fig.
5-Ga. In this case, the third hinge is Jocated at the crown and the supports
are located at different elevations. In order to determine the reactions at
the supports, the arch is disassembled and the free-body diagram of each
member is shown in Fig. 5-95. Here there are six unknowns for which six
equations of equilibrivin are available. One method of solving this
problem is to apply the moment equilibrium equations about points A
and B. Simultaneous solution will yield the reactions C, and C;. The
support reactions are then determined from the force equations of
equilibrium. Once obtained, the internal normal force, shear, and moment
lcadings at any peint along the arch can be found using the method of
sections. Here, of course, the section should be taken perpendicular to
the axis of the arch at the point considered. For example, the free-body
diagram for segment AD is shown in Fig. 5-9¢.

Three-hinged arches can also take the form of two pinconnected trusses,
each of which wounld replace the arch ribs AC and CB in Fig, 5-9a. The
analysis of this form follows the same procedure outlined above, The
following examples numerically illustrate these concepts.

Fig. 5-9

An example of an open-spandrel fixed-arched
bridge having a main span of 1000 f1 (305 m),
(Courtesy of Beihlehem Steel Corporation.)

(c}
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The three-hinged open-spandrel arch bridge shown in Fig. 5-10a has -
a parabolic shape and supports the uniform load. Show that the
parabolic arch is subjected only to axial compression at an infermediate
point such as point D. Assume the load is uniformly transmitted to the
arch ribs. o e '

{a) -
Fig. 5-10

Solution : -
Here the supports are at the same elevation. The free-body diagrams
of the entire arch and part BC are shown in Fig, 5-10b and Fig. 5-10c.
Applying the equations of equilibrivm, we have:

320kN
i - i
i \ %
| ]
B
Bx ' J § * G
20m 20m
| A, C,
)]
Entire arch:

#EMa=0; . C,(40m)—320kN@0m)=0
C, = 160 kN
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Arch segment BC:

LFEMp =0, —160 kN(10 m) + 160 kN(20 m) — C, (10 m) = 0

C, = 160 kN
+
5 3F, = 0; B, = 160 kN
+ZF, = 0; B, — 160 kN + 160 kN = 0
B, =0

A section of the arch taken through point D, x = 10 m; )
y = —10(10*/(20* = —2.5 m, is shown in Fig. 5-10d. The slope of (e)
the segment at D is

dy 20

= X =035
dx (20)2 =10m

tan g =

8= —-26.6°
Applying the equations of equikibrium, Fig. 5-10d we have
s ZE =10 160 kN — Np cos 26.6° ~ Vpsin 26.6° = 0
HZF, =0, —80 kN + Npsin 26.6° — Vp c0s26.6° = 0

tEMp =G, Mp + 80 KN (S m) — 160 kN(2.5 m) = 0

Np =1789kN Ans, S0 kN
V=0 Auns,
Mp =10 Ans.

Note: If the arch had a different shape or if the load were nonuniform,
then the internal shear and moment would be nonzero. Also, if a simply
supported beam were used to support the distributed loading, it would
have to resist a maximum bending moment of M = 1600 kN-m. By
comparison, it is more efficient to structurally resist the load in direct
compression (although one must consider the possibility of buckling)
than to resist the load by a bending moment. (d)




192 « CHAPTER 5 Cables and Arches

‘The three-hinged tied arch is subjected to the loading shown in Fig. 5-11a.
Determine the force in members CH and CB. The dashed member GF
of the truss is intended to earry no force.

(a)

Fig. 5-11
Solution

The support reactions can be obtained from a free-body diagram of
the entire arch, Fig, 5-115:

I5kN

()
I+EM, = 0; E,(12m) — 15kN(3 m) — 20 KN(6 m) — 15 kN(9 m) = 0
E, =25kN ‘
L3k =0, . A, =0 \
+13E, = O; A, —15KN ~ 20kN — 15kN + 25kN = 0

Ay = 25kN
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The force components acting at joint C can be determined by
considering ‘the free-body diagram of the left part of the arch, Fig.
5-11¢. (These components represent the resulfant effect of members
CF and CD acting at C.) First, we determine the force in the tie rod:

HEMe=0; Fap(5m) — 25kN{(6m) + 15kN(3m) = 0

Fop = 21.0kN
Then,
L3 =0 —C, + 21.0kN =0
C, = 21L.0kN

+{SF, =0,  25kN -~ 15kN — 20kN +C, =0
C, = 10kN

To obtain the forces in CH and B, we can use the method of joints
as follows:

Joint G; Fig. 5-114d,

+12F, = 0; Foc — 20kN =0
Fe = 20kN (C)

Joint C; Fig. 5-11e,

LsF =0 FCB( ?i_) — 21.0KkN ~ FCH(_L) =0
2 10 2 10

+1EF, = 0; i L
Fogl ——= ) + Feul —=] - 20kN + 10kN = 0
10 2 10

Feg = 269 kN (C) AHNs,

FCH = 474 kN (T) Ans.

20kN

Foc

(@)

21.0 kN
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Fig. 5-12

The three-hinged trussed arch shown in Fip. 5-12a supports the
symmetric Joading. Determine the required height h, ‘of the joints B
and D, so that the arch takes a funicular shape. Member HG is
intended to carry no force, '

5 “l

{a)

Solution : :
For a symmetric loading, the funicular shape for the arch must be
parabolic as indicated by the dashed line (Fig. 5-12b). Here we must
find the equation which fits this shape. With the x, y axes having an
origin at C, the equation is of the form y = —cx% To obtain the con-
stant C, we require

~(4.5 m) = —¢(6 m)?
c=0.125/m
Therefore
Yo =—(0125/m)3m}* = —1.125m
So that from Fig. 5-12a,
' Bi=45m ~ 1.125m = 3375 m Aws.

Using this value, if the method of joints is now applied 1o the truss,
the results will-show that the top cord and diagonal membeis will all
be zero-force members, and the symmelric loading wili be supported
only by the bottom cord members AB, BC, CD, and DE of the truss,
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PROBLEMS

5-1. Determine the tension in each segment of the cable
and the cable’s total length.

Prob. 5-1

5-2, The cable supports the three loads shown. Determine
the sags yp and yp of points B and I, Take P; = 4 kN,
P, =2.5kN.

Prob. 5-2

5-3. Determine the tension in each segment of the cable

"and the cable’s total length. Set P = 400 N,

*5-4, If each cable segment can support a2 maximum
tension of 375 N, determine the largest load P that can
be applied. By

F—1.5 maLZ m——p—15m—

Probs. 5-3/5-4

5-5. The cable segmenfs support the loading shown.
Determine the distance Xy from the force at B to point A.
Set P =200 N,

5-6. The cable segments support the loading shown.
Determine the magnritude of the horizontal force P so that
xp = 3m,

Probs. 5-5/5-6
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5-7. Cable ABCD supports the loading shown. 5-9. Determine the force P needed to hold the cable in
Determine the maximum tension in the cable and the sag the position shown, ie., so segment BC remains

of paint B. horizontal. Also, compute the sag y; and the maximum
tension in the cable,

4kN
~—4mﬁ}——‘6m

Prob. 5-9

Frob. 5-7 5-10.  Cable ABCD supports the 120-kg uniform beam.
Determine the maximum tension in this cable and the sag
of point B.

*5-8. Determine the tension in each segment of the
cable and the cable’s total length,

0.5m 0.5mi.5m

Prob. 5-10

5-11. The cable supports the three loads shown,
Determine the magnitude of P, jf £ =3kN and
Y = 0.8 m. Also find the sag yp,.

Prob. 5-8 Prob. 5-11




*5-12. The cable will break when thé maxlmu.m tension
reaches Ty, = 12 kN, Determine the uniform distributed

load w required to develop this maximum tension.

{ I5m

14

Prob, 5-12

5-13. Determine the maximum uniform loading w that
the cable can support if it is capable of sustaining a 15 kN
before it will break.

Prob. 5-13
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5-14. The cable is subjected to the uniform loading.
Determine the equation y = f(x) which defines the cable
shape AB and the maximum tension in the cable.

T

=
T —
[TOTTT

Prob, 5-14

5-15. The cable supports
wg = 12 kN /m. Determine the tension in the cable at each

support A4 and B,

AN

the uniform load of




*5-16. Determine the maximum uniform load wy the 5-18. The cable is subjected to the uniform loading. If ¢
cable can support if the maximum tension the cable can slope of the cable at point O is zero, determine the equatis
sustain is 16 kN, of the curve and the force in the cable at © and B,

500 N/m 500 N/m
Prob. 5-16 5m 15m
Prob, 5-18
5-17. The cable AB is subjected to a uniform loading of 5-19. Determine the maximum and minimum tension i
200 N/m. If the weight of the cable is neglected and the the parabolic cable and the force in each of the hanger
slope angles at points 4 and B are 30" and 60°,respectively, The girder is subjected to the uniform load and is pi
determine the curve that defines the cable shape and the connected at B.

maximum tension developed in the cable.

200 N/m
‘~— 15m Il ;

Prob, 5-17 Prob. 5-19
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¥5-20. Draw the shear and moment diagrams for girders
AB and BC in Prob. 5-19.

5-21, 'The trusses are pin connected and suspended from
the parabolic cable, Determine the maximurn force in the
cable when the structure is subjected to the loading shown.

5 F 6 H B | ol
v 5KN Y4KN f
4@12m- 48 m——4@12m =48 m

Prob. 5-21

PrROBLEMS + 490

5-22. 'The beams AB and BC are supported by the cable
that has a parabolic shape. Determine the tension in the
cable at points D, F, and E, and the force in each of the
equally spaced hangers.

3N

2ml2miZmlzm2ml2mlzm

Prob. 5-22

5-23. Draw the shear and moment diagrams for beams
AB and BC in Prob. 5-22.

AkN
| |
mlzmlzmlamizmizml2mlizm

Prob. 5-23
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*5-24. The laminated-wood three-hinged arch is subjected
to the loading shown. Determine the horizontal and vertical
components of reactions at the pins 4, B, and C, and draw
the moment diagram for member AB.

KN 10kN

Prob. 5-24

5-25. Determine the resultant forces at the pins A, B,
and C of the three-hinged arched roof truss.

Prob, 5-25

5-26. Determine the horizontal and vertical components
ofreactionat A, B, and Cof the three-hinged arch, Assume
A, B, and C are pin connected.

25 kN

Prob. 5-26

3-27. Determine the horizontal and verlical components
of reaction at A, B, and C of the three-hinged arch. Assume
A, B,and C are pin connected.

Prob. 5-27
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#5-28. The three-hinged spandrel arch is suﬁjected to 5-3L  The tied three-hinged truss arch is subjected i the
the uniform load of 20 k¥kIN/m. Determine the internal loading shown. Determine the components of reaction at
moment in the arch at point D. A and C, and the tension in the tie rod,

Prob. 5-31

Prob. 5-28

5-29. The bridge is constructed as a three-hinged trussed *5-32. The tied three-hinged arch is subjected to the
arch. Determine the horizontal and vertical compeonents loading shown. Determine the components of reaction at
of reaction at the hinges (pins) at A, B, and C.The dashed A and C and the tension in the cable.

member DE is intended to carry no force.

5-30. Determine the design heights A, k,, and i1 of the
bottom cord of the truss so the three-hinged trussed arch
responds as a funicular arch.

100 kN
300 kN 100 kN g 200kN 200 kN

=

Probs. 5-29/5-30 . Prob, 5-32



Moving loads caused by trains must be considered when designing the
girders of this bridge. The influence lines for the girders become an
important part of the structural analysis.




Influence Lines for Statically
Determinate Structures

Influence lines have important application for the desipn of structures that resist
large live loads. In this chapter we will discuss how to draw the influence line for a
statically determinate structure. The theory is applied to structures subjected to a
distributed load or a series of concentrated forces, and specific applications to floor
girders and bridge trusses are given. The determination of the absolute maximum
live shear and moment in 2 member is discussed at the end of the chapter,

6-1 Influence Lines

In the previous chapters we developed techniques for analyzing the forces
instructural members due to dead or fived loads. Tt was shiown that the shear
and moment diagrams represent the most descriptive methads for displaying
the variation of these loads in a member. If a structure is subjected to a live
or moving load, however, the variation of the shear and bending morment
in the member is best described using the inffuence line. An influence line
represents the variation of either the reaction, shear, moment, or deflection
at a specific point in a member as a concentrated force moves over the
member. Once this line is constructed, one can tell at a glance where the
meoving foad should be placed on the structure so that it creates the greatest
influence at the specified point. Furthermore, the magnitude of the
associated reaction, shear, moment, or deflection at the point can then be
calcutated from the ordinates of the influence-line diagram. For these
reasons, influence lines play an important part in the design of bridges,
industrial crane rails, conveyors, and other structures where loads move
across their span.

203
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Although the procedure for constructing an influence line is rather
basic, one should clearty be aware of the difference between constructing
an influence line and constructing a shear or moment diagram. Influence
lines represent the effect of a moving load only at a specified point on a
member, whereas shear and moment diagrams represent the effect of
fixed loads at all points along the axis of the member.

"PROCEDURE FOR ANALYSIS

- ce line al’ a specific’ pomt
: '_~,(reactmn shear Or, _moment) For both of thesc procedures we W1El

.Tabufare Vahles

e “Place a umt }oad at various 1ocat1ons, X along the member and
Lot each 1oéation tise statics fo determiné the value of the function °
‘(reactlon, shear, or moment) at the spemﬁed point.

_ ° If the mﬂuence fine for 4 vertical force reaction at a pomt ona-
“'beam isto bé constructed, consider the Teaction to be pasmve at
the point when it acts upward on the beam. ' : ;

e If a shear or moment influence line is o be ‘drawn for a point, .
‘take the shear or moment at the. point as positive according to
“'the 'same sign convention used for drawmg shear and moment
.1 diagrams, (See Fig. 4~1) - : '

o All statically déterminate beams will have influence Tines that
© i+ consist of straight line segments. After some practice one should
be able to minimize computations and locate the unit load only

-at points representing the end points of each line segment.

¢ To avoid errors, it is recommended that one first construct a table,
listing “unit load at x” versus the corresponding valze of the
‘function calculated at the specific point; that is, “reaction R,”
“shear V,” or “moment M.” Once the load has been placed at
variols points along the span of the member, the tabulated values

" ¢can be plotted and the influence-line segments constructed.

Inﬂuence-Lme Eqrmrwns :

e The influence line can also be constructed by pIacmg the unit load -
“at a variable position x on the member and then computing the
value of R, V, or M at the point as a function of x. In this manner,
the equations of the various line segments composing the influence
fine can be determined and plotted. '

*The reascn for this choice will be explained in Sec. 6-2.
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Construct the influence line for the vertical reaction at A of the beam
in Fig. 6-la.

Solution

TFabulate Values. A unit load is placed on the beam at each selected
point x and the value of A is calculated by summing moments about B.
For example, when x = 2.5 m and x = 5 m, see Fig. 6-1b and Hg. 6-1Lc,
respectively. The results for A, are entered in the table, Fig. 6-1d. A plot
of these values yields the influence line for the reaction at A, Iig, 6-le.

‘_@ 1 tﬁx -5 mar
¥
R RN e TR

Iy ] A

Ay 10m B, Ay 10m By

4+ ZMp=0;—A, (10) + 1 (7.5) =0 C+EMg=0;—A,{10) + 1 (5} =0
Ay =005 A, =05

(® (©

10
influence line for A,

O]

Influence-Line Equarion. When the unit load is placed a variable
distance x from A, Fig, 6-1f, the reaction 4, as a function of x can be N 1
determined from li i

WEMp =0 A1) + (10 =)D =0 =3
Ay =1 ¥ 10m

‘This line is plotted in Fig. 6-1e. (6

)
9l
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Construct the influence line for the vertical reaction at B of the b_e.a:'n'
in Fig. 6-2q. . SRR

| . '-'.:_(é) o
C Fgeao

Solution . . S S e
Tabulate Values, Using statics, verify that the values for the reaction
B, listed in the table, Fig. 6 2b, are correctly computed for each
position x of the unit load. A plot of the values yields the influence
line in Fig. 6-2¢. :

influence line for B,
(b} ()
Influence-Line Equation. Applying the moment equation about A,
in Fig. 6-2d, :
VXM, =0 By(5) —1(x) =0
B, = %x

This is plotted in Fig. 6-2c.
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Construct the influence line for the shear at point C of the beam in
Fig. 6-3a. .

Solution
Tabulate Values, At each selected position x of the unit load, the
method of sections is used to calculate the value of Ve. Note in particuiar

that the unit load must be placed just to the left (x = 2.57) and just to @
the right (x = 2.5%) of point C since the shear is discontinuous at C,
Fig. 6-3b and Fig. 6-3c. A plot of the values in Fig. 6-3d yields the Fig. 6-3

influence line for the shear at C, Fig. 6-3e.

025 0.75 0.25

r T
My +TER, =0 V.= ~0.25‘i‘ My P IEE=0Ve= 0.75T Ve
025 0.25
{b) ()
25

. . -0.25 10
Infiuence-Line Equations. Here two equations have to be determined Vo= —Ly
since there are two segments for the influence line due to the discontinuity 10

influence line for V.

of shear at C, Fig. 6-3f These equations are plotted in Fig, 6-3e.
' (e)

J25m<y=10m
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Construct the influence line for the shear at point C of the beam in
Fig. 6-4a. . ,

Solution _
Tabulate Values. Using statics and the method of sections, venfy that
the values of the shear V at point C in Fg. 6-4b correspond to each
position x of the unit load on the beam. A plot of the values in g, 6-4b
yields the influence line in Fig, 6-4c. : :

influence line for Ve

(b) (@

Influence-Line Equations. From Fig, 6-4d, verify that
Vo= —3x 0=x<4m
Vcﬁl—éx dm<x=12m

These equations are plotted in Fig. 6-dc.

dm<x=12m

()
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Construct the influence line for the moment at point C of the beam
in Fig. 6-5a.

Solution
Tabulate Values. At each selected position of the unit Joad, the value of
M is calculated using the method of sections. For example, see Fig. 6-5b

= o
10 m\l
for x = 2.5 m. A plot of the values in Fig. 6-5¢ yields the influence line

for the moment at C, Fig. 6-5d. (a)
Fig. 6-5

5 10
influence line for Mo

(@)

(s mMe = 0 —Me+ 025(5) =0
Me=125

0.25

o

Influence-Line Equations. The two line segments for the influence
line can be determined using M, = 0 along with the method of
sections shown in Fig. 6-5e. These equations when plotted yield the
influence line shown in Fig. 6-54.

+EM = 0; VFEMe = 0

Mc+1(5-3%)—(1-%x)5=0

MC:%I 0=x<5m

(e}

M~ (1-%x)5=0

Me=5—3x Sm<x=10m
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© Construct the influence line for the moment at point € of the beam
in Fig. 6-6a. S e

Fig. 6-6
Solution”

Tabulate Values. Using statics and the method of sections, verify that’
the values of the moment M at point C in Fig. 6-6b correspond to
each position x of the unit load. A ptot of the values in Fig. 6-6b yields
the influence line in Fig. 6-6¢. '

M,

inffuence line for M
\

&) : ©)

Influence-Line Equations. From Fig. 6-64d verify that
Me = %x O=x=4m
Me=4-1y dm<x=12m

These equations are plotted in Fig. 6-6c¢.
1

"—""'—”() M — dm<xy=Rm
< )

)
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6-2 Influence Lines for Beams

Since beams {or girders) often form the main load-carrying elements of a
fioor system or bridge deck, it is important to be able to construét the influ-
ence lines for the reactions, shear, or moment at any specified point in a beam.

Loadings. Once the influence line for a function (reaction, shear, or
moment) has been constructed, it will then be possible to position the live
loads on the beam which will produce the maximum value of the function.
Two types of loadings will now be considered.

Concentrated Force. Since the numerical values of a function for an
influence line are determined nsing a dimensionless unit load, then for
any concentrated force F acting on the beam at any position x, the value
of the function can be found by multiplying the ordinate of the influence
line at the position x by the magnitude of F. For example, consider the
influence line for the reaction at A for the beam AB,Fig. 6-7.1f the ynit
foad is at x —L the reaction at A is A, 2 as indicated from the
influence line. Hence if the force F kN is at th.lS same point, the reaction is
A, = ( )(F YEN. Of course, this same value can also be determined by
statics. Obviously, the maximum influence caused by F occurs when it is
placed on the beam at the same location as the peak of the influence line—
in this case at x = 0, where the reaction would be A, = (1)(F) kiN.

Uniform Load. Consider a portion of a beam subjected to a uniform load
wp, Fig. 6-8. As shown, each dx segment of this load creates a concentrated
force of dF = wp dx on the beam. If 4F is located at x, where the beam’s
influence-line ordinate for some function (reaction, shear, moment) is y,
then the value of the function is (dF)(y) = (wp dx)y. The effect of all the
concentrated forces dF is determined by integrating over the entire
length of the beam, that is, fwyy dx = wyfy dx. Also, since [y dx is
equivalent to the area under the influence line, then, in general, the value
of a function caused by a uniform distributed load is simply the area
under the influence line for the function multiplied by the intensity of the
uniform load. For example, in the case of a uniformly loaded beam
shown in Fig. 6-9, the react;on A, can be determmed from the influence
line as A, = (area) (wp) —[ {1)(L)]w0 = 2WOL This value can of course
also be determmed from statics.

influence line for 4,

A, Fig, 6-9

Y L
2]..
influence line for A,

Fig. 6-7

dF = wadx

o b

! x 1{ {-wit i

influence line for function

~

Fig. 6-8
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Determine the maximum posiﬁ'ue live shear that can be devélbped at
point Cin the beam shown in Fig. 6-10a due to a concentrated moving,
load of 4 kN and a uniform moving load of 2 kN/m.

Ve
0.75

Fig, 610 l\lz.s _ 10
0.25 .

influence line for Vc :
&
Solution o
The influence line for the shear at C has been establlshed in Example
©-3 and is shown in Fig. 6-105.

Concentrated Force. The maximum positive shear at C will cccur when
the 4-kIN force is located at x = 2.5% m, since this is the positive peak
of the influence line. The ordinate of this peak is +(.75; so that

Ve = 0754 kN) = 3kN

Uniform Load 'fhe uniform moving load creates the maximum
positive influence for ¥ when the load acts on the beam between
x = 2.5 m and x = 10 m, since within this region the influence fine
has a positive area. The magnitude of V. due to this loading is

Ve = [ (10 m ~ 2.5 m)(0.75)]2 kN/m = 5.625 kN
Total Maximum Shear ar C
(Vdmae = 3 kN + 5625 kN = 8.625 kN Ans,

Notice that once the positions of the loads have been established using
the influence line, Fig. 6-10c, this value of (V). can also be determined
using statics and the method of sections. Show that this is the case.
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The frame structure shown in Fig, 6-11a is used to support a hoist
for transferring loads for storage at points underneath it. (See the
photo on page §, for a front view.) It is anticipated that the load on
the dolly is 3 kN and the beam CB has a mass of 24 kg/m. Assume
the dolly has negligible size and can travel the entire length of the
beam. Also, assume A is a pin and B is a roller. Determine the
maximum vertical support reactions at A and B and the maximum
moment in the beam at D,

=)

Solution
Maximum Reaction at A. We first draw the influence line for 4,,

Fig. 6-11b. Specifically, when a unit load is at A the reaction at A
is 1 as shown. The ordinate at C, is 1.33. Here the maximum value
for A, occurs when the dolly is at C. Since the dead load (beam
weight) must be placed over the entire length of the beam, we have,
(AyJmax = 3000(1.33) + 24(9.81)[3(4)(1.33)]
= 4,63 kN Ans,
Maximum Reaction ar B. 'The influence fine (or beam) takes the
shape shown in Fig. 6-11c. The values at C and B are determined by
statics. Here the dolly must be at B. Thus,
(By)max = 3000(1) + 24(9.81)[3(3)(1)] + 24(9.81)[3(1)(~0.333)]
= 331kN Ans.

Maxintum Moment at D. The influence line has the shape shown in
Fig. 6-11d. The values at € and D are determined from statics. Here,

(Mp)max = 3000(0.75) + 24(9.81) (1) (~0.5)] + 24(9.8D[5(3)(0.75)]
= 246 kN +m Ans.

Sl

influence line for A,

b
B, 1
Ll HM
I_/E o | x
—0.333 ! !
influence line for B,
(e}
Mp

0.75
Ll m——l/\
~0.5|/l-~1.5 m———'i-—l 5 m—

influence line for Mp

GV

Fig. 6-11
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6-3 Qualitative Influence Lines

(a)

T . deflected shape

®)

In 1886, Heinrich Miiller-Brestau developed a technique for rapidly con-
structing the shape of an influence line. Referred to as the Miiller-Breslau
principle, it states that the influence line for a function (reaction, shear, or
moment) is to the same scale as the deflected shape of the beam when the
beam is acted upon by the fimction. In order to draw the deflected shape
properly, the capacity of the beam to resist the applied function must be
removed so the beam can deflect when the function is applied. For example,
consider the beam in Fig. 6-124. If the shape of the influence line for the
vertical reaction at A is to be determined, the pin s first replaced by a roller
guide as shown in Fig. 6-12b. A roller guide is necessary since the beam
must still resist a horizontal force at A but no vertical force. When the positive
(upward) force A, is then applied at 4, the beam deflects to the dashed
position,* which represents the general shape of the influence line for A,
Fig. 6-12¢. (Numerical values for this specific case have been calculated in
Example 6-1.) If the shape of the influence line for the shear at C is to be
determined, Fig. 6134, the connection at € may be symbolized by a rodler
gutide as shown in Fig. 6-13b. This device will resist a moment and axial force
but no shear.t Applying a positive shear force Vi to the beam at € and
altowing the beam to deflect to the dashed position, we find the influence-
line shape as shown in Fig. 6-13c. Finally, if the shape of the influence line
for the moment at C, Fig. 6-14a, is to be determined, an internal hinge or
pin is placed at C, since this connection resists axial and shear forces but
cannot resist a monent, Fig. 6-14b. Applying positive moments M. to the
beam, the beam then deflects to the dashed position, which is the shape of
the influence line, Fg, 6-14c.

*Throughout the discussion all deflected positions are drawn to an exapgerated scale to
illustrate the concept.

tHere the rollers symbolize supports that carry loads both in tension or compression.
See Table 2-1, support {2),
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In\q:ﬂected shape

influence line for V-

(e

Fig. 6-13

inflzence line for A

(2

Fig. 6-14

'The proof of the Miiller-Breslau principle can be established using the prin-
ciple of virtual work, Recall that work is the product of either a linear dis-
placement and force in the direction of the displacement or a rotational dis-
placement and moment in the direction of the displacement. If a rigid body
(oeam) is in equilibrium, the sum of all the forces and moments on it must be
equal to zero. Consequently, if the body is given an imaginary or virtual dis-
placement, the work done by @/l these forces and couple moments must also
be equal to zero. Consider, for example, the simply supported beam shown
in Fig. 6-15a, which is subjected to a unit load placed at an arbitrary point
along its length. ¥ the beam is given a virtual (or imaginary) displacement 5y
at the support A, Fig. 6-15b, then only the support reaction A , and the unit
Ioad do virtual work. Specifically, A, does positive work A, 8y and the unit
load does negative work, —18y’. (The support at B does not move and there-
fore the force at B does no work.) Since the beam is In equilibrium and there- (@) -
fore does not actually move, the virtual work sums to zero, i.e.,

A, 8y — 18y =0

If 8y is set equal to 1, then

A, =8y’
In other words, the value of A, represents the ordinate of the influence line
at the position of the unit load. Since this value is equivalent to the
displacement 8y’ at the position of the unit load, it shows that the shape of (b)
the influence line for the reaction at A has been established. This proves the
Miiter-Breslau principle for reactions. Fig. 6-15
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In the same manner, if the beam is sectioned at C, and the beam undergoes
a virtual displacement 8y at this point, Fig, 6-15¢, then only the internal
shear at C and the unif load do work. Thus, the virtual work equation is

VC 5_}1 -1 3}" =0
Again, if §y = 1, then
VC = 6}"

and the shape of the influence line for the shear at C has been established.

(@

Lastly, assume a hinge or pin is introduced into the beam at point C,
Fig. 6-15d. H a virtual rotation 8¢ is introduced at the pin, virtual work
will be done only by the internal moment and the unit load. So

Mg — 18y =0
Setting 8¢ = 1, it is seen that
IMC = 3}"

which indicates that the deflected beam has the same shape as the
influence line for the internal moment at point C {see Fig. 6-14),

Obviously, the Miiller-Breslau principle provides a quick method for
establishing the shape of the influcnce line. Once this is known, the ordi-,
nates at the peaks can be determined by using the basic method discussed
in Sec. 6-1. Also, by simply knowing the general shape of the influence
line, it is possible to locate the live load on the beam and then determine
the maximum value of the function by using statics. Example 6-12 illus-
trates this technique,
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For each beam in Fig. 6-16a through 6-16¢, sketch the influence line
for the vertical reaction at A.

Selution
"The support is replaced by a roller guide at 4 and the force A s applied.

influence line for 4,

Fig, 6-16

Again, a roller guide is placed at A and the force A, is applied.

deflected shape influence line for 4,
(b

A double-roller guide must be used at A in this case, since this type
of support will then transmit both a moment M 4 at the fixed support
and axial load A, but will not transmit A.,.

influence line for A,

()
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@

®)

()

For each beaim in Fig. 6—1‘73 through 6—17c sketch the nﬂucnce hne
for the shear at B, :

-Solution

The roller gnide'is infroduced at B and the posmve shear VB 1s apphed.
Notice that the right segment of the beam will not deflect since the -
roller at A actually constrains the beam from movmg vertmally, either
up or down. [See support (2) in Table 2-1. } :

Vg deftected shape . . - influence line for Vp -

Fig. 6;17

Placing the roller guide at 8 and applymg the posmve shear at B y1B]dS.
the deflected shape and corrcspondmg influence line, ‘ :

deflected shape Vy influerice line for Ve

Again, the roller guide is placed at BB, the positive shear is applﬁed, and the
deflected shape and corresponding influence line are shown. Note that the
left segment of the beam does not deflect, due to the fixed support,

deflected shape " influence line for Vy -

Vg

Y
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For each beam in Fig, 6—18a through 6-18c, sketch the 1nﬂuence line
for the moment at B.

Solution
A hinge is introduced at B and positive moments M are applied to the
beam. The deflected shape and corresponding influence line are shown,

influence line for.MB. )

deflected shape

Fig, 6-18

Placing a hinge at B and applying positive moments My to the beam
yields the deflected shape and influence line,

B M,; Mg \ .- [

e

deflected Shapcv influence line for Mz

®)

With the hinge and positive moment at B the deflected shape and
influence line are shown. The left segment of the beam is constrained
from moving due to the fixed wall at A.

Mg My Mg

- I influence line for Ay

deflected shape
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Determine the maximum positive moment that can be developed at
point D in the beam shown in Fig. 6-19a due to a concentrated moving
load of 16 kN, a uniform moving load of 3 kN/m, and a beam weight
of 2 kN/m. S

Fig. 6-19

Solution .

A hinge is placed at D and positive moments My, are applied to the '
beam. The deflected shape and corresponding influence line are shown
in Fig. 6-19b. Immediately one recognizes that the concentrated moving
load of 16 kN creates a maximum positive moment at D when it is placed
at D, i.e, the peak of the influence line. Also, the uniform moving load
of 3 kN/m must extend from C to £ in order to cover the region where
the area of the influence line is positive. Finally, the uniform weight of
2 &N /m acts over the entire fength of the beam, The loading is shown on
the beam in Fig. 6-19¢. Knowing the position of the loads, we can now
determine the maximum moment at D using statics. In Fig. 6-194 the
reactions on BE have been computed. Sectioning the beam at D and
using segment DE, Fig. 6-1%, we have

(+SMp = 0; ~Mp — 20(2) + 19(4) = 0
Mp = 36 kN-m Ans.

B T deflected shape

. influence line for Mp '

)
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16 EN
5kN/m

I
A,=2kN  B,=2kN  B,=2kN ,=33kN £y=19kN

(d)
16 kN 20 kM
_____________________ﬂi
|
Mp | !
‘( R §
D
Vob—2m——2m
E, =19kN
{e)

This problem can also be worked by using numerical values for the
influence line as in Sec. 6-1. Actually, by inspection of Fig. 6-195, only
the peak value ki at 1) must be computed. This requires placing a umit
load on the beam at D in Fig. 6192 and then solving for the internal
moment in the beam at D. Show that the value obtained is i = 1.333.
By proportional triangles, i’ /(4 — 2} = 1.333/(6 — 4) or &' = 1.333.
Hence, with the loading on the beam as in Fig. 6-19¢, using the argas and
peak values of the influence line, Fig. 6195, we have

Mp = 5[3(10 — 4)(1.333)] + 16(1.333) — 2[3 (4)(1.333)]
= 36 kN'm Ans.




222 - CHAPTER 6 Influence Lines for Statically Determinate Structures

6-4 Influence Lines for Floor Girders

Occasionally, floor systems are constructed as shown in Fig. 6-20a, where
it can be seen that floor loads are transmitted from slabs to floor beams,
then to side girders, and finally supporting columns. An idealized model
of this system is shown in plane view, Fig. 6-20b. Here the slab is assumed
to be a one-way slab and is segmented into simply supported spans
resting on the floor beams. Furthermore, the girder is simply supported
on the columus, Since the girders are main load-carrying members in this
system, it is sometimes necessary to construct their shear and moment
nfluence lines. This is especially true for industrial buildings subjected
to heavy concentrated Joads. In this regard, notice that a unit load on
the floor slab is transferred to the girder only at points where it is in
contact with the floor beams, i.e., points A, B, C, and D, These points are
called panel points, and the region between these points is called a panel,
such as BC in Fig, 6-~205.

Fig. 6-20
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The influence line for a specified point on the girder can be determined
using the same statics procedure as in Sec. 6-1; 1.e., place the unit load
at various points x on the floor slab and always compute the function
(shear or moment) at the specified point P in the girder, Fig. 6-20b.
Plotting these values versus x yields the influence line for the function
at P, In particular, the value for the internal moment in a girder panel
will depend upon where point P is chosen for the influence line, since
the magnitude of Mp depends upon the point’s location from the end of
the girder. For example, if the unit load acts on the floor slab as shown
in Fig. 6-20c, one first finds the reactions Fg and F on the slab, then
calculates the support reactions Fy and F, on the girder, The internal
moment at P is then determined by the method of sections, Fig. 6-204.
This gives Mp = F;d — Fg(d — 5). Using a similar analysis, the interaal
shear Vp can be determined. In this case, however, Vp will be constant
throughout the panel BC (Vp = F; — Fp} and so it does not depend
upon the exact location  of P within the panel, For this reason, influence
lines for shear in floor girders are specified for panels in the girder and
not specific points along the girder. The shear is then referred to as panel
shear. It should also be noted that since the girder is affected only by
the loadings transmitted by the floor beams, the unit load is generally
placed at each floor-beam location to establish the necessary data used
to draw the influence line.

The following numerical examples should clarify the force analysis.

The design of the ficor system of this warehouse building must
account for critical locations of storage materials on the floor.
Influence lines must be used for this purpose, (Photo courtesy
of Portiand Cement Association.)

223
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Draw the influence line for the shear in pénel CD of the ﬂ_oof gifder in
Fig. 6-21a.

=4 B . ¢ D E

Fig. 6-21 4

G

|~3m:TLI— 3m ! 3'1n. ! 3m—.|

: .(a) .

Solution

Tabulate Values. The unit load is placed at each floor beam location

and the shear in panel CD is calculated, A table of the results is shown
in Fig. 6-21b. The details for the calculations when ¥ = O and x = 6 m
are given in Fig, 6-21¢ and 6-21d, respectively. Notice how in each case

(b) the reactions of the floor beams on the girder are calculated first, followed
by a determination of the girder support reaction at F {G, is not needed),
latx=0 and finally, a segment of the girder is considered and the internal panel
shear V¢p is calculated. As an exercise, verily the values for Vi, when
r x=3m,9m,and 12 m.
«4“ TB 1 atx=6m

5 == - : AR T - L
I— 3m Gh ém 'l

G, A ¥ i i $12Mg = 0 F, = 0333
TMg = 0; F, = 0.333 ( T

T
i “sm] 6m
FJ’
Ven G,
Fy= 0333 af szy— 0; Vep = —0.333
ZF=0,Vep= 03313 . Ven : _

F,=0333

() BRG]

Influence Line. When the tabular values are plotted and the points

connected with straight line segments, the resulting influence line for
Vep is as shown in Fig. 6-21e. :

—0.333

influence line for Vop
(e)
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in Fig. 6-22a.

(@

Solution

values of My listed in Fig. 6-225,

for M, Fig. 6-224.

M;
Ven }——ﬁm

©

1 atx=2m
A¥ TB sy, =0:B, =
R My =0;B,=05
meJZm
i B,=05
2ml
1
li\ e £ |
Sm——-!»F—Gm—T
H, G,
EMg=0;G,=00714

Fig. 6-22

EMp = 0; Mg = 0.429( I ———
F

G, = 00714

Draw the influence line for the moment at point ¥ for the floor girder

- R S Rl

10
12
16

Tabulate Values. The unit load is placed at x = 0 and each panel
point thereafter. The corresponding values for My are calculated and
shown in the table, Fig. 6-22b. Details of the calculations for x = 2m
are shown in Fig. 6-22c. As in the previous example, it is first necessary
to determine the reactions of the floor beams on the girder, followed
by a determination of the girder support reaction G, (H, is not
needed), and finally segment GF of the girder is considered and the
internal moment M is calculated, As an exercise, determine the other

Influence Line. A plot of the tabular values yields the influence line

Mz

NN
2l
QaRI~]
S\B—

0.857

0429 b 1

8 10. &

influence line for Mg
()

16
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6-5 Influence Lines for Trusses

The members of this cantilevered truss bridge were

Trusses are often used as primary load-carrying elements for bridges.
Hence, for design it is important to be able to construct the influence
lines for each of its members. As shown in Fig. 6-23, the loading on
the bridge deck is transmitted to stringers, which in turn transmit the
loading to floor beams and then to the jeints along the bottom cord
of the truss. Since the truss members are affected only by the joint
loading, we can therefore obtain the ordinate values of the influence
line for a member by loading each joint along the deck with a unit
load and then use the method of joints or the method of sections to
calculate the force in the member. The data can be arranged in tabular
form, listing “unit load at joint” versus “force in member.,” As a
convention, if the member force is tensile it is considered a positive
vahue; if it is compressive it is negative. The influence line for the
member is constructed by plotting the data and drawing straight lines
between the points.

The following examples illustrate the method of construction,

sway
| bracing

latera

portal
end post

designed using influence lines based on the AASHTO

specifications,

Fig. 6-23
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Draw the influence line for the force in member GB of the bridge truss
shown in Fig, 6-24a. i

Solution

Tabulate Values. Here each successive joint at the bottom cord is
loaded with a unit load and the force in member GB is calculated
using the method of sections, Fig. 6-24b, For example, placing the unit
load at x = 6 m (joint B), the support reaction at E is calculated first,
Fig. 6-24a, then passing a section through HG, GB, BC and isolating
the right segment, the force in GB is determined, Fig. 6-24¢. In the
same manner, determine the other values listed in the table.

Infiuence Line. Plotting the tabular data and connecting the points yields
the influence line for member GB, Fig, 6-24d. Since the influence line
extends over the entire span of the truss, member GB is referred to as a
primary member. This means GB is subjected to a foree regardless of
where the bridge deck (roadway) is loaded. The point of zero force,
¥ =8m, is determined by similar triangles between x = 6 m and
x = 12 m, that is, (0.354 + 0.707)/(12 ~ 6) = 0.354/%', x’ = 2 m, s0
X=6+2=8m,

Fgp

0.354

%ﬂ 1 IV

—0.354 °

—~0.707
influence line for Fp

D

s :
Fpe —>C = >
S, = 0; 025 — Fagsin45° = 0 f
Fop = 0354
(©
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]

Feg
1

PN

Draw the influence line for the force in member CG of the bridge
truss shown in Fig, 6-25a.

Fea

- T Fep

©

Fig. 6-25

Solution

Tabulate Values. A table of unit-load position at the joints of the-
bottom cord versus the force in member CG is shown in Fig. 6-25b.
These values are gasily obtained by isolating joint C, Fig. 6-25¢. Here
itisseen that CGis a zero-force member unless the unit Joad is applied
at joint C, in which case Frg = 1 {T).

Influence Line. Plotting the tabular data and connecting the points
yields the influence line for member CG as shown in Fig. 6254, In
particular, notice that when the unit load is at x = 9 m, the force in
member CG is Fr; = 0.5, This situation requires the unit load to be
placed on the bridge deck between the joints. The transference of this
Ioad from the deck to the truss is shown in Fig. 6-25¢. From this one
can see that indeed Fpg = 0.5 by analyzing the equilibrium of joint C,
Fig. 6-25f. Since the influence line for CG does not extend over the
entire span of the truss, Fig. 6254, member CG is referred to as a
secondary member.

[ 12 18

influence line for Frg

(d)

Fe=05

e
REREIEREN (IR

!

5

Feg Fep

truss loading

(=) 0
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Determine the largest force that can be developed in member BC of the
bridge truss shown in Fig. 6-26a due to a moving force of 100 kN and a
moving distributed load of 7.5 kN /m. The loading is applied at the top
cord.

ToT

[
"— 8m
{a)

Smf sﬁl\l

Fig, 6-26
Solution

Tabulate Values. A table of unit-load position x at the joints along
the top cord versus the force in member BC is shown in Fig. 6-26b,
The method of sections can be used for the calculations. For example,
when the unit load is at joint I (x = 8 m), Fig. 6-26a, the reaction E,
is determined first (E, = 0.25). Then the truss is sectioned through
BC, HB, and HI, and the right segment is isolated, Fig. 6-26¢. One
obtains Fp- by summing moments about point H to eliminate ¥g; and
Fyp In a similar manner determine the other values in Fig. 6-265b.

Influence Line. A plot of the tabular values yields the influence line,
Fig. 6-26d. By inspection, BC is a primary member, Why?

Concentrated Live Force. The largest force in member BC occurs
when the moving force of 100 kN is placed at x = 16 m. Thus,

Fae = (1.33)(100) = 133 kN
Distributed Live Load. The uniform live load must be placed over

the entire deck of the truss to create the largest tensile force in BC*
Thus,

Fge =[5 (32)(1.33)] 7.5 = 160 kN

Total Maximuin Force i
(Fachmax = L33 kN + 160 kN = 293 kN Ans.

*The largest tensile force in member GB of Example 6-15 is created when the
distributed load acts on the deck of the truss from x = 0 to x = 8 m, Fig. 6-24d.

8
Ei

: s 2T
FHE/ ' 6m
: 4
"l 16m—1
0.25
{+ BMy = 0; —Fa (6) + 025 (16) = 0
FBC = 0.667 (T)

(o)

Fye
133

16 32

influence line for Fge

()
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6-6 Maximum Influence at a Point due to a Series of Concentrated Loads

Once the influence line of a function has been established for a point in a
structure, the maximum effect caused by a Hve concentrated force is
determined by multiplying the peak ordinate of the influence line by the
magnitude of the force. In some cases, however, several concentrated forces
must be placed on the structure. An example would be the wheel loadings
of a truck or train. In order 1o determine the maximum effect in this case,
cither a trial-and-error procedure can be used or a method that is based
on the change in the function that takes place as the load is moved. Hach
of these methods will now be explained specifically as it applies to shear
and moment.

Shear. Consider the simply supported beam with the associated influence
line for the shear at point € in Fig. 6-27a. The maximum positive shear at
point Cis to be determined due to the serfes of concentrated {wheel) loads
which move from right to left over the beam. The critical loading will occur
when one of the loads is placed just to the right of point €, which is coincident
with the positive peak of the influence line. By trial and error each of three
possible cases can therefore be investigated, Fig. 6-27b. We have

Case 1: (V) = 4.5(0.75) + 18(0.625) + 18{0.5) = 23.63 kN

Case 2: (V) = 4.5(—0.125) + 18(0.75) + 18(0.625) = 24.19 kN

Case 3: (V) = 4.5(0) -+ 18(—0.125) + 18(0.75) = 1125 kN

Case 2, with the 4.5-kN force located 1.5+ m from the left support, yields the
largest value for V. and therefore represents the critical loading. Actually

investigation of Case 3 is unnecessary, since by inspection such an arrange-
ment of foads would yield a value of (V) that would be less than {(Ve)o.

45kN 18kN 18 kN

' 3m | 9m .r‘1.5m!1,5ml

Ve 6.75

13 iz "
Z025

influgnce line for V-

0]

Fig. 6-27
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4.5kN 18kN 18 kN

Casel
1.5mi15mlsSm Case 2
Ve 073 625
{ T i
Py SEEE P J
~0125 Thas
\
1.5miSm Case 3

[ o ' =)

(b)
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When many concentrated loads act on the span, as in the case of the
E-72 load of Fig. 1-11, the trial-and-error computations used above can be
tedious. Instead, the critical position of the loads can be determined in a
more direct manner by finding the change in shear, AV, which cccurs when
the loads are moved from Case 1 to Case 2, then from Case 2 to Case 3,
and so on. As long as each computed AV is positive, the new position will
yield a larger shear in the beam at C than the previous position. Each
movement is investigated until a negative change in shear is computed,
When this oceurs, the previous position of the loads will give the critical
value. The change in shear AV for a load P that moves from position xy to
*; over a beam can be determined by multiplying P by the change in the
ordinate of the influence line, that is, (35 — ). If the slope of the influence
line is 5, then (y, — ») = s{x; — x), and therefore

[AV = Ps(xy; — x3)

6-1
Sloping Line (6-1)

If the load moves past a point where there is a discontinuity or “jump” in
the infleence line, as point C in Fig. 6274, then the change in shear is simply

AV = P(y — n)

2
Jump (©-2)

Use of the above equations will be illustrated with reference to the beam,
loading, and influence line for V., shown in Fig, 6-28a, Notice that the mag-
nitude of the slope of the influence fine is s = 0.75/(12 — 3) = 0.75 /9=
0.0833, and the jump at C has a magnitude of 0.75 + 0.25 = 1. Consider the
loads of Case 1 moving 1.5 m to Case 2, Fig, 628, When this occurs, the 4.5-
kN load jumps down (—1) and !l the loads move ip the slope of the influ-
ence line. This causes a change of shear, i

AVy, = 45(=1) + [4.5 + 18 + 18](0.0833)(L.5) = +0.563 kN

Since AV, is positive, Case 2 will yield a larger value for V- than Case
1. [Compare the answers for (V¢); and (V,), previously computed, where
indeed (Ve), = (V) + 0.563.] Investigating AV, 5, which occurs when
Case 2 moves to Case 3, Fig. 6-28b, we must account for the downward
(negative) jump of the 18-kN load and the 1.5-m horizontal movement
of all the loads up the slope of the influence line. We have

AVy3=18(—1) + [4.5 + 18 + 18](0.0833)(1.5) = —12.:94 kN

Since AV, 4 is negative, Case 2 is the position of the critical loading, as
determined previously.
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45kN 18kN 18kN

12
|--_3m I 9m 4‘ 1.5m1.5m

inftuence line for V-

{a)

Case 1
15mlSmlsm Case 2
Ve 073 o625
1.5
P SEEE 7 J
“0125 g5

45N 18kN 18 kN 3

Case 3

]

Fig. 6-28
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Moment. We can also use the foregoing methods to determine the critical
position of a series of concentrated forces so that they create the largest
internal moment at a specific paint in a structure, Of coursg, it is first necessary
to draw the influence line for the moment at the point and determine the
slopes s of its line segments. For a horizontal movement (x3 —x) of a
concentrated force P, the change in moment, AM, is equivalent to the
magnitude of the force times the change in the influence-line ordinate under
the load, that is,

AM = Ps(x; — xy)

6-3
Sloping Line (6-3)

As an example, consider the beam, loading, and influence line for the
moment at point C in Fig. 6-29. If each of the three concentrated forces is
placed on the beam, coincident with the peak of the influence line, we will
obtain the greatest influence from each force. The three cases of loading are
shown in Fig. 6-29b. When the loads of Case 1 are moved 1.2 m to the left
to Case 2, it is observed that the 9-kN load decreases AM;_,, since the slope
(225/3) is downward, Fig. 6-29a. Likewise, the 18-kN and 13.5-kN forces
cause an incrense of AM,_,, since the slope [2.25 /(12 ~ 3)) is upward, We
have

225
12-3

AMy, = -9 (2—323) (12) + (18 + 13.5)( )(1.2) = 135 kN'm

Since AM;_, is positive, we must further investigate moving the loads
1.8 m from Case 2 to Case 3.

225
2-3

AMy 5= —(9 + 18) (3;—5](1.8) + 13.5( n )(1.8) = —3038 kN'm

Here the change is negative, so the greatest moment at € wilt oceur when
the beam is loaded as shown in Case 2, Fig. 6-29¢. The maximum moment
at Cis therefore

(M )oiax = H1.35) + 18(2.25) + 13.5(1.8) = 77.0 kN'm

The following examples further illustrate this method.




SECTIoN 6-6 Maximum Influence at a Point due to a Series of Concentrated Loads « 235

9kN 18KN 13.5kN

influence line for Mo

@
9kN I8kN 13.5kN

Casel

Case 2

9kN 18kN 13.5kN

Case 3
(b)

Fig. 6-29
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Determine the maximum positive shear created at point B in the beam
shown in Fig. 6-30a due to the wheel loads of the moving truck.

I8KN 405KN  67.5KN 4.5 kN

Fig. 6-30
Solution
The influence line for the shear at B is shown in Fig. 6-305.
Va
T
N 3 6 x
—05
influence line for ¥y
®

0.9-m Movenient of 18-kN Load, Imagine that the 18-kN load acts
just to the right of point B so that we obtain its maximum positive
influence. Since the beam segment BC is 3 m long, the 45-kN load is
not as yet on the beam. When the truck moves 0.9 m to the left, the
18-kN load jumps downward on the influence fline 1 unit and the
18-kN, 40.5-kN, and 67.5-kN loads create a positive increase in AVj,
since the slope is upward to the left, Although the 45-kN load also
moves forward 0.9 m, it is still not on the beam. Thus,

AV = 18(=1) + (18 + 40.5 + 67.5) (%3)0.9 = +0.9 kN

L.8-m Movement of 40.5-kN Load. When the 40.5-kN load acts just
to the right of B, and then the truck moves 1.8 m to the left, we have

AVp = 40.5(~1) + (18 + 40.5 + 57.5)(%5)(1.8) +45 (-{-2—5)(1‘2)
= +63kN

Note in the calculation that the 45-kN load only moves 1.2 m on the bean:.
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L.8-m Movement of 67.5-kN Load, If the 67.5-kN load is positioned
just to the right of B and theh the truck moves 1.8 m to the left, the
18-kN load moves only 0.3 m until it is off the bearn, and likewise the
40.5-kN load moves only 1.2 m until it is off the beam. Hence,

AV = 67.5(~1) + 18(%)(0.3) + 40.5(%—5)(1.2) (675 + 45)(03;5)(1.3)
~ 248KN

Since AVy is now negative, the correct position of the loads occurs
when the 67.5-kN load is just to the right of point B, Fig. 6-30c.
Consequently,

(VB)max = 18(—0.05) + 40.5(—0.2) + 67.5(0.5) + 45(8.2)
= 338kN Ans.

In practice one alse has to consider motion of the truck from left to
right and then choose the maximum value between these two situations.

18kN 405kN  67.5kN 45 kN

05
! 02
03 12 .
Ry 3 8 6
-0z
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Determine the maximum positive moment created at point B in the
beam shown in Fig. 6-31a due to the wheel loads of the crane.

B pic b Z08
; g influence line for Mp
k2 my—3m-—tgp
{a) (b)
Fig. 6-31
Solution

The influence line for the moment at B is shown in Fig. 6-31b.

2-1it Moverent of 3-kN Load. Tf the 3-kN load is assumed to act at B
and then moves 2 m to the right, Fig. 6-31b, the change in moment is

AMy = —3(}'3@)(2) + 3(1‘—;‘9)(2) = 720kN-m

Why is the 4-kN load not included in the calculations?

3-m Movement of 8-k Load. If the 8-kN load is assumed to act at
B and then moves 3 m to the right, the change in moment is

—3(%9)(3) - 8(1'—22(’1)(3) + 4(1;229)(2)
. —840kN-m

AM,

Notice here that the 4-kN load was initially 1 m off the beam, and
therefore moves only 2 m on the beam.

Since there is a sign change in AMp, the correct position of the
loads for maximum positive moment at B occurs when the 8-kN force
is at B, Fig. 6-~31b. Therefore,

(Mp)max = 8(120) + 3(0.4) = 108kN-m  Ans.
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Determine the maximum compressive force developcd inmember BG of
the side truss in Fig. 6-32a due to the right side wheel loads of the car and
trailer. Assume the loads are applied directly to the truss and move only
to the right.
Feg
0.3125 i 4 6 12
2ZKN  4EN 15kN T ——— —x
ey
5 —0.625

Fig. 6-32

Solution

The influence line for the foree in member B(G is shown in Fig, 6-32b.
Here a trial-and-error approach for the solution will be used. Since we
want the greatest negative (compressive) force in BG, we begin as follows:

1.5-kN Load af Peint C. In this case

3
Fpe = 1.5 kN(—0.625) + 4(0) + 2 kN(03 1155)(1 m)
= —0.729 kN

d-kiv Load at Poinr . By inspection this would seem a more

reasonable case than the previous one.
—0.625

6m

Il

Fgg = 4kN(~0.625) + 1.5 kN( )(4 m) + 2 kN(0.3125)

—2.50 kN

il

2-ki Load af Pefize C. In this case ali loads will create a compressive
force in BC.

6m 6m
= —2.66 kN Ajis,

Fyg = 2 kN(—0.625) + 4 kN(gO'ﬁzs)@ m) +1.5 kN(HO'ﬁzs)(l m)

Since this final case results in the largest answer, the critical loading
oceurs when the 2-kIN load is at C.

influence line for Fg

®
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6-7 Absolute Maximum Shear and Moment

In Sec. 6-6 we developed the methods for computing the maximum shear
and moment at a specified point in a bearn due to a series of concentrated
moving loads. A more general problem involves the determination of
both the location of the point in the beam and the position of the loading
on the beam so that one can obtain the absolute maxivnen shear and
moment caused by the loads. If the beam is cantilevered or simply
supported, this problem can be readily solved.

Shear. For a cantilevered beam the absolute maximum shear will oceur
al a point located just next to the fixed support, The maximum shear is
found by the method of sections, with the loads positioned anywhere on
Fig. 6-33 the span, Fig, 6-33.

For simply supported beams the absolute maximum shear will occur just
next to one of the supports. In this case the loads are positioned so that the
first one in sequence is placed close to the support, as in Fig. 6-34.

Moment. The absolute maximum moment for a cantilevered beam
occurs at the same point where absolute maximum shear occurs, although
in this case the concentrated loads should be positioned at the far end of
the beam, as in Fig, 6-35.

For a simply supported beam the eritical position of the loads and the
associated absolute maximum moment cannot, in general, be determined
by inspection, We can, however, determine the position analytically. For
purposes of discussion, consider a beam subjected to the forces Iy, Iy,
¥; shown in Fig. 6-36a. Since the moment diagram for a series of
concentrated forces consists of straight line segments having peaks at
each force, the absolute maximum moment will oceur under one of the

Moy : forces. Assume this maximum moment occurs under F,. The position of
the loads Fy, F,, F; on the beam will be specified by the distance x,
Fig. 6-35 measured from F, to the beam’s centerline as shown. To determine a

specific value of x, we first obtain the resultant force of the system, Fg,

¢ Ta

Fig. 6-36



SecTioN 6-7 Absolute Maximum Shear and Moment + 241

and its distance ¥ measured from F,. Once this is done, moments are
summed about B, which yields the beam’s left reaction, A, that is,

gfmx)]

If the beam is sectioned just to the left of I, the resulting free-body
diagram is shown in Fig. 6-36b. The moment M, under F, is therefore

1
ZMg =0 Ay = Z(FR)[

L
M =06 M, = Ay('*z"" - I) - Fld}_
1 L, L
- Ll - - 0L ) - ma
 FgL  Fgx' Fgx®  Fgax'
T4 2 L L Fady

For maximum M, we require
dﬂffz _ _ZFRX i FRT"

= {)
dx L L

or
?n’
T
Hence, we may conclude that the absolute maximum moment in a
simply supported beam occurs under one of the concentrated forces, such
that this force Is positioned on the beam so that it and the resultant force
of the system are equidistant from the beam’s centerline. Since there are
a series of loads on the span (for example, Fy, F;, F; inn Fig. 6-364), this
principle will have to be applied to each load in the series and the
corresponding maximum moment computed. By comparison, the largest
moment is the absolute maximum, As a general rule, though, the absolute
maximum moment often occurs under the largest force lying nearest the
resultant force of the system.

Envelope of Maximum Infiuence-Line Values. Rules or formulations
for determining the absolute maximum shear or moment are difficult to
establish for beams supported in ways other than the cantilever or simple
support discussed here. An elementary way to proceed to solve this problem,
however, requires constructing influence lines for the shear or moment at
selected points along the entire length of the beam and then computing the
maximum shear or moment in the beam for each point using the methods of
Sec. 6-60. These values when plotted yield an “envelope of maximums,” from
which both the absolute maximum value of shear or moment and its location
can be found. Obviously, a computer solution for this problem is desirable
for complicated situations, since the work can be rather tedious if carried out
by hand calculations.
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Determine the absolute maximum moment in the simply supporte
bridge deck shown in Fig. 6-37a. ’

Fap=18kN
3

Fr = 18 kN Solution
; The magnitude and position of the resultant force of the system are
& determined first, Fig. 6-37q. We have
BEN 1 a0y
! Jr ‘ +[Fp = 2F; Fr=8+4+6+4=18kN
AET— 1 L Mg = TMg 18% = 6(3) + 4(4.5)
1] ’ x=2m
Al 2m T 2ml Qtlﬁ al B,  Let us first assume the absolute maximum moment occurs under
1m the 6-kN load. The load and the resultant force are positioned
equidistant from the beam’s centerline, Fig. 6-37h. Calculating A,
A45m 45m first, Fig. 6-37h, we have
{b) L+211’[B = 0; “Ay(g) + 18(5) ={ Ay = 10 kN
Now using the left section of the beam, Fig. 6-37¢, yields
FEMg =0 —10(5) + 8(3) + Ms=10

M = 26.0 kN-m
BkN 6 kN

=

=N

2m |73m4|v3

A= 10kN

()
Fiz. 6-37
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There is a possibility that the absolute maximum moment may
occur under the 8-kN load, since 8§ kN > 6 kN and Fp, is between both
8 kN and 6 kN. To investigate this case, the 8-kN load and Fy are
positioned equidistant from the beam’s centerline, Fig. 6-374d. Show
that A, = 7 kN as indicated in Fig. 6-37¢ and that

M, = 24.5 kN'm
By comparison, the absolute maximum moment is
M, = 260 kN'm Auts.

which occurs under the 6-kN load, when the loads are positioned on
the beam as shown in Fig. 6-375.

45m

CY

kN
L Mg

—1}

T»s.m«l Vs

Ay =TEN

(e)
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PROBLEMS
6-1. Draw the influence lines for (a) the vertical reaction 6-5. Draw the influence lines for () the shear at the fixed
at A, (b) the shear at C, and {c) the moment at 7, Assume support A, and (b} the moment at B.
the support at B is a roller and A is a pin. Solve this prob-
lem using the basic method of Sec. 6-1. 6-0. Solve Prob. 6-5 using Miiller-Brestau’s principle.

6-2. Solve Prob. 6-1 using Miiller-Breslau’s principle.

Probs. 6-1/6-2 Probs, 6-5/6-6
6-3. Draw the influence lines for (a) the vertical reaction 6-7. Draw the influence line for (a) the vertical reaction
at B, (b) the shear at C,and (¢) the moment at C. Solve this at A, (b) the shear at C,and (c) the moment at C. Sobve this
problem using the basic methed of Sec. 6-1. problem using the basic method of Sec, 6-1.
"64. Solve Prob.6-3 using Mitller-Breslaw’s principle. "6-8. Solve Prob. 6-7 using Miiller-Breslaw’s principle.

I 10m f 10m | 1am *'

Probs, 6-3/6-4 Probs. 6-7/6-8
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.

6-9. Draw the influence line for the moﬁent at Cl.Assume
the support at A is 2 pin and B is a rofler.

6-10. Solve Prob. 6-9 using Mitller-Breslau’s principle.r

Probs. 6-13/6-14

6-15. Draw the influence lines for (a) the shear at C, (b)
the moment at C, and {c) the vertical reaction at D, Indicate
Probs. 6-0/6-10 numericat values for the peaks There is a short vertical link
at B, and A is a pin support. Solve this problem using the
basic method of Sec, 6-1,

*6-16. Solve Prob.6-15 using Miiller-Breslau’s principle,

6-11. Draw the influence line for (a) the moment at A,
(b) the shear at €, and (c) the vertical reaction at B. Solve
this problem using the basic method of Sec. 6-1.

6-12. Solve Prob. 6-11. Using Miiller-Brestau’s princi-
ple.

Probs, 6-15/6-16

6-17. Draw the influence lines for the shear at C. Assume
A is a roller support and B is a pin. Solve this problem using
the basic method of Sec. 6-1.

Probs. 6-11/6-12 6-18. Sclve Prob. 617 using Milller-Brestau's principle,

6-13. Draw the influence line for (a) the vertical reaction
at A, (b the moment at A, and (c) the shear at B. Assume’
the support at A is fixed, Solve this prablem using the basic
method of Sec. 6-1.

6-14. Solve Prob. 6-13 using Miiller-Brestau's principle. Probs, 6-17/6-18
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6-19. The beam is subjected to a uniform dead load of
1.2 kN/m and a single live load of 40 kN. Determine (a) the
maximum moment created by these loads at C,and (b) the

E ‘
maximum positive shear at C, Assume A is a pin, and B is :
araller. 4m 4m— 6m i 6m

Probs, 6-21/6-22

6-23. A uniform live load of 3 kN/m and a single live
concentrated force of 45 kN can be placed on the haunched
girder. Determine () the maximum live negative moment
at A, (b) the maximum live positive shear at B, and (c) the
maximum live negative moment at B.

Prob. 6-19

*6-20. Thebeam supports a uniform live load of 1 kN/m
and & live concentrated foree of 2.5 kN, Determine (a) the
maximum positive live moment that can be developed at
D, and (b) the maximum positive Hve vertical reaction at
B.Assume A is a pin support and B is a rofler.

Prob, 6-23

*6-24. The beam supports 2 uniform dead load of 500
N/m and a single live concentrated force of 3000 N.
Determine (a) the maximum live moment that can be
developed at C, and (b) the maximum live positive shear
that can be developed at C. Assume the support at 4 is a
roller and B is a pin,

. Prob, 6-20

6-21. Draw the influence lines for (a) the vertical reac-
tion at B, and (b} the moment at E. Assume the supports
at B and D are rollers. There is a short link at €. Solve this
problem using the basic method of Sec. 6-1. :

6-22. Solve Prob. 6-21 using Miiller-Breslaw’s principle. Prob, 6-24



6-25, A uniform live load of 7.5 kN/m and a single con-
centrated force of 90 kN are to be placed on the beam.
Determine {(a) the maximum positive live vertical reac-
tien at support B, (b) the maximum positive live shear at
point C, and (c) the maximum positive live moment at
point C. Assume the support at A is a pin and B is aroller.

6-26. 'The beam supports a uniform dead foad of 0.8 kN/m
and a single live concentrated force of 20 kN. Determine (a)
the maximum negative moment that can be developed at A,
ard (b) the maximum positive shear that can be developed
at point B,

_ ==

20N

Prob. 6-26

6-27. The beam supports a uniform live load of 930 N/m
and a live concentrated force of 900 N. Determine (a) the
maximum positive live moment that can be developed at
B, and {b) the maximum positive live vertical reaction at
D. Assume C is a pin support and [ is a roller.
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Prob. 6-27

*6-28. The compound beam is subjected to a uniform
dead load of 2 kN /m and a uniform live load of 1.5 kN /m.
Determine (a) the maximum moment these loads develop
at C, and (b} the maximum positive shear at B. Assume C
is a fixed support, D is a pin, and A is a roller.

Prob. 6-28

6-29. Where should a single 2-kN live load be placed on
the beam 50 it causes the largest live moment at D? What
is this moment? Assume the support at 4 is fixed, B is
pinned, and C is a roller,

6-30. Where should the beam ABC be loaded with a
6 kN /m uniform distributed live load so it causes (a) the
largest live moment at point A and (b) the largest live shear
at D7 Calculate the values of the moment and shear. Assume
the support at A is fixed, B is pinned and Cis a roller.

o]
T

[a%]

]

[\

]

wn

E
mamm

AT

Probs, 6-29/6-30
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6-31. The compound beam is subjected to a uniform dead
load of 0.8 kN/m ard a single concentrated live [oad of 4 kKN,
Determine (a) the maximum moment created by these loads
at C, and {(b) the maximum pin reaction at B. Assume A is
aroller, B is a pin, and ( is fixed.

Sm

Prob. 6-31

"6-32. A uniform live load of 1.8 kN/m and a single con-
centrated live force of 4 kN are placed on the top beams,
Determine (a) the maximum live shear in panel CB of the
girder and (b) the maximum moment in the girder at C.

?lmilmJF

wdA B C
leilm«]*lm

Prob, 6-32

6-33, Draw the influence lines for {a) the shear in panel
DE of the girder, and (b) the moment at C.

Prob. 6-33

6-34. Draw the influence line for the moment at point F
in the girder. Assume the support at A is a pinand Bisa
roller. Compute the maximum live moment at Fin the gird-
er if the floor slabs are subjected to a uniform distributed
live Joad of 30 kN /m.

6-35. Draw the influence line for the shear in the end
panei CA of the girder. Assume the support at A is a pin
and B is a roller. Compute the maximum live shear in the
girder region CA if the floor slabs are subjected to a uni-
form distributed load of 30 kN /m.

im

Probs, 6-34/6-35

'6-36. A uniform five load of 6 kN/m and a concentrat-
ed live force of 3 kN are to be placed on the floor slabs.
Determine (a) the maximum live shear in panel CD, and
(b) the maximum live moment at B.

Prob, 6-36



6-37. Draw the influence line for (a) the shear in panel
BC of the girder, and (b} the moment at C. Assume thé sup-
port at B is a pin and I is a roller.

6-38. A uniform live load of 5 kN /m and a single con-
centrated live force of 6 kN are to be placed on the floor
beams. Determine (a) the maximum positive live shear in
panel AB, and (b} the maximem live moment at D. Assume
only vertical reaction cccur at the supports.

Proh. 6-38

6-39. Draw the influence lines for (2) the moment at D
in the girder, and (b) the shear in panel BC,

Prob. 6-39
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*6-40. A uniform live load of 15 kN /m and a single con-
centrated live force of 25 kN are to be placed on the top
beams. Determine (a) the maximum positive live shear in
panel BC of the girder, and (b} the maximum positive live
inoment at C. Assume the support at B is a roller and at D
apin.

Prob. 640

641, Draw the influence line for the moment at Fin the
girder. Determine the maximum positive live moment in
the girder at F if a single concentrated live force of 8 kN
maves across the top floor beams. Assume the supports for
all members can only exert either upward or downward
forces on the members,

Prob. 641
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6-42, A uniform live load of 5 kN/m and a single con-
centrated live force of 18 kN are to be placed on the floor
slabs. Determine (a) the maximum live vertical reaction at
the support I, {b) the maximum live shear in panel DE of
the girder, and (c) the maximum positive live moment at
E. Assume I} is a roller and G is a pin.

Prob. 6-42

643, Draw the influence lire for the shear in panel CD
of the girder. Determine the maximum negative live shear
in panet CD due to a uniform live load of 10 kN/m acting
on the top beams.

*6—44. Draw the influence line for the moment at E in the
girder. Determine the maximum positive live moment in
the girder at E if a concentrated live force of 40 kiN moves
across the top beams,

|72m 2m 2Zm 2m

Probs. 6—43/6-44
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645, Draw the influence line for the force in member BC
of the Warren truss. Indicate numerical values for the peaks.
All members have the same length. The load moves along
the bottom cord.

646, Draw the influence line for the force in member BF
of the Warren truss. Indicate numerical values for the peaks.
All members have the same length. The load moves along
the bottom cord.

6—47. Draw the influence line for the force in member FE
of the Warren truss. Indicate numerical vaiues for the peaks.
All members have the same length. The load moves atong
the bottom cord.

Probs. 6-45/6-46/6-47

‘6-48. Draw the influence line for the force in (a) mem-
ber C7,and (b) member DJ,

6—49. Draw the influence line for the force in member CD.

6-50. Draw the influence line for the force in member XJ.

Probs, 6-48/6-49/6-50
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6-51. Praw the influence line for the force in member CF,
and then compute the maximum live force (tension or com-
pression} that can be developed in this member due to a
uniform five load of 16 kN/m which is transmitted to the
truss along the bottom cord.

*6-52, Draw the influence line for the force in member
CD,and then compute the maximum live force {tension or
compression) that can be developed in this member due to
auniform live load of 16 kN/m. which is transmitted to the
truss along the bottom cord.

Prob. 6-52

6-53, Drawthe influence line for the force in member GF,
and then compute the maximum live force (tension or com-
pression) that can be developed in this member due to a
uniform live load of 16 kN/m which is transmitted to the
truss along the bottom cord.

e A T, Py == [t
B E
L3 m-L3 m—y—3m—p—3 mAL} m

A =] : =
l-—3 m—p—3m——3m--p—3 m——3 mJ——B rn*l
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Prob. 6-53

6-54. Draw the influence line for the force in member E7T \
then compute the maximum live force (tension or corm-
pression) that can be developed in this member due to a
uniform live load of 3 kiN/m which is transmitted to the truss
along the bottom cord.

F

—r3 m"

D

.

Proh. 6-54

6-55. Draw the influence line for the force in member C7 |
then compute the maximum live force (tension or com-
pression) that can be developed in thjs member due to a
uniform live load of 3 kN/m which is transmitted to the truss
along the bottom cord.

C

Prob, 6-55
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*6-56, Draw the influence line for the force in member
D, then compute the maximum live force (tension or com-
pression) that can be developed in this member due toa
uniform iive load of 3 kN/m which is transmitted to the truss
atong the bottom card.

6-58. Determine the maximum live moment at point C
on the single girder caused by the moving dolly that has a

mass of 2 Mg and a mass center at G. Assume A is a roller.

Prob, 6-56

6-57. 'The roof truss serves to support a crane rail which is
attached to the bottom cord of the truss as shown. Determine
the maximum live force {tension or compression) that can be
developed in member GF, due to the crane Ioad of 60 kN,
Specify the position x of the load, Assume the truss is sup-
ported at A by a pin and at E by a roller. Also, assume all
members are sectioned and pin-connected at the gusset plates.

Prob. 6-58

6-59, The 54-kN truck exerts the wheel reactions shown
on the deck of a girder bridge. Determine (a) the largest
live shear it creates in the splice joint at C, and (b} the
largest moment it exerts at the splice. Assume the truck
travels in either direction along the center of the deck, and
therefore transfers half of its load to each of the two side
girders. Assume the splice is a fixed connection and like the
girder it can support both shear and moment,

Prob. 6-57

Prob. 6-59



*6-60. Determine the maximum live moment in the sus-
pended rail at point B if the rail supports the load of 10 kN
on the trolfey.

10 kN

Prob. 660

6-61. Determine the maximum positive live shear at
point B if the rail supports the load of 10 kN on the trolley.

1.8 m——1.8 m

03ml06m
10kN

Prob. 6-61
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6-62. 'The car has a weight of 21 kN and a center of grav-
ity at G. Determine the maximum live morment created in
the side girder at C as it crosses the bridge. Assume the car
can travel in cither direction along the center of the deck,
so that half its load is transferred to each of the two side
girders.

Prob. 662

6-63. Draw the influence line for the force in member BC
of the bridge truss. Compute the maximum live force (ten-
sion or compression) that can be developed in the member
due to a 25-kN truck having the wheel loads shown. Assume
the truck can travel in either direction along the center of
the deck, so that kalf the load shown is transferred to each
of the two side trusses. Also assumne the members are pin
connected at the gusset plates. -

24m
ISkN 10kN

Prob, 6-63
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6-64. Drraw the influence line for the force in member
IC of the bridge truss. Compute the maximum live force
(tension or compression) that can be developed in the
member due to a 25-kN truck having the wheel loads
shown. Assume the truck can travel in either direction along
the eenter of the deck, so that half the Ioad shown is trans-
ferred to each of the two side trusses. Also assume the mem-
bers are pin connected at the gusset plates.

2.4 mi‘*
15kN 10kN

6-65. Draw the influence line for the force in member 777
of the bridge truss, Compute the maximum live force (ten-
sion or compression) that can be developed in the member
due to a 25-kN truck having the wheel loads shown, Assume
the truck can travel in either direction along the center of
the deck, so that half the load shown is transferred to each
of the two side trusses. Also assume the members are pin
connected at the gusset plates,

24 m
_hl |.~—
15kN 10EKN

6-66. The machine has a weight of 20 kN and a mass cen-
ter at G. Determine the maximum moment it produces in
the single girder.

0.225m 0.15m

Prob. 666

6-67. Draw the influence line for the force in member IH
of the bridge truss, Compute the maximum live force (ten-
sion or compression) that can be developed in this mem-
ber due to a 360-kN truck having the wheel loads shown.
Assume the truck can travel in either direction along the
center of the deck, so that half its load is transferred to cach
of the two side trusses. Also assume the members are pin
connected at the gusset plates,

160 kN 160 kN




-

*6-68. Draw the influence line for the force In member
CD of the bridge truss. Compute the maximum live force
(tension or compression) that can be developed in this
member due to a 360-kN truck having the wheel loads
shown. Assume the truck can travelin either direction along
the center of the deck, so that half its load is transferred to
cach of the two side trusses. Also assume the members are
pin connected at the gusset plates,

160 kN 160 kN

6-08. Draw the influence line for the force in member BC
for the bridge truss. Compute the maximum live force (ten-
sion or compression) that can be developed in this mem-
ber due to the 360-kN truck having the wheel loads shown.
Assume the truck can travel in either direction along the
center of the deck, so that halfits load is transferred to each
of the two side trusses. Also assume the members are pin
connected at the gusset plates.

166 kN 160 kN

6m 6m 6m 6m Hm’

Prob. 6-69
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6-70.  The truck has a mass of 4 Mg and mass center at Gy,
and the trailer has a mass of 1 Mg and mass center at G,
Determine the absolute maximum live moment developed
in the bridge.

6-71. Determine the absolute maximum live moment in
the bridge in Problem 6-70 if the trailer is remaved.

Prebs. 6-70/6-71

*6-72. Determine the absolute maximum live shear and
absolute maximum Hve moment in the jib beam AB due
to the 10-kN loading. The end consiraints require
01m = x = 3.9%m.

10kN

Prob. 6-72
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6-73. Determine the absolute maximum live moment in
the bridge due to the loading shown.

20 kN

Prob. 6-73

6-74. Determine the absolute maximum live moment in
the bridge due to the loading shown.

30KN  S0kN

Prob, 6-74

6-75. Determine the absolute maximum live moment in
the bridge due to the truck loading shown.

*6-76. The trolley rolls at  and D along the bottom and
top flange of beamn AR, Determine the absolute maximum
live moment developed in the beam if the load supported
by the trolley is 12 kN. Assume the support at A is a pin and
at B aroller.

Prab. 6-76

6-77. Determine the absolute maximum live moment in
the girder due to the loading shown. ’

09m \06m l s
06m | 75m (

Prob, 6-77
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PROJECT PROBLEMS

6-1P. The chain hoist on the wall crane can be placed
anywhere along the boom {0.1 m < x < 34 m) and has
a rated capacity of 28 kN. Use an impact factor of 0.3
and determine the absolute maximum bending moment
in the boom and the maximum force developed in the
tie rod BC. The boom is pinned to the wall column at its
left end A. Neglect the size of the trolley at D.

6-2P. A simply supported pedestrian bridge is to be
constructed in a city park and two designs have been
proposed as shown in case 2 and case b.The truss members
are to be made from timber. The deck consists of 1.5-m-long
planks that have a mass of 20 kg/m?, A local code states
the live load on the deck is required to be 5 kPa with an
impact factor of 0.2. Consider the deck to be simply
supported on stringers. Floor beams then transmit the load
to the bottom joints of the truss. (See Fig. 6-23.) In each
case find the member subjected to the largest tension and
largest compression load and suggest why you would
choose one design over the other. Neglect the weights of
the truss members,

0.1m

Prob, 6-1P

casea

=iz e Ry A Eorh G Lty Sapet i

= B C D
l»l.zi m-\-1.25 m—i—-l.ls m—-!-~1.25 m--—l
case b
Prob. 6-2P



The portal frame on this bridge and
cross bracing over its top form a
statically indeterminate system. An
approximate analysis can be made
far the preliminary design of the
members before a more exact
structural analysis Is done.




cma P TE ® | Approximate Analysis of
G Statically Ind_eterminate
Structures

In this chapter we will present some of the approximate methods used to analyze
statically indeterminate trusses and frames. These methods were developed on
the basis of structural behavior, and their accuracy in most cases compares
favorably with more exact methods of analysis. Although not all types of
structural forms will be discussed here, it is hoped that enough insight is gained
from the study of these methods so that one can judge what would be the best
approximations to make when performing an approximate force analysis of a
statically indeterminate structure.

7-1  Use of Approximate Methods

When a model is used 1o represent any structure, the analysis of it must
satisfy both the conditions of equilibrium and compatibility of
displacement at the joints. As will be shown in later chapters of this text,
the compatibility conditions for a statically indeterminate structure can
be related to the loads provided we know the material’s modulus of
elasticity and the size and shape of the members, For an initial design,
however, we will not know a member’s size, and so a statically
indeterminate analysis cannot be considered. For analysis a simpler
model of the structure must be developed, one that is statically
determinate. Once this model is specified, the analysis of it is called an
approximate analysis. By performing an approximate analysis, a
prefiminary design of the members of a structure can be made, and when
this is complete, the more exact indeterminate analysis can then be
performed and the design refined. An approximate analysis also provides
insight as to a structure’s behavior under load and is beneficial when
checking a more exact analysis or when time, money, or capability are
not avaflable for performing the more exact analysis,

259
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Realize that, in a general sense, all methods of structural analysis are
approximate, simply because the actual conditions of loading, geomeitry,
material behavior, and joint resistance at the supports are never known
in an exact sense. In this text, however, the statically indeterminate
analysis of a structure will be referred to as an exact analysis, and the
simpler statically determinate analysis will be referred to as the
approximate analysis.

7-2 Trusses

By

vi‘

w CR R A e T |
| RS 4
4 H
L= 4

Fig. 7-1

A common type of truss often used for lateral bracing of a building or
for the top and bottom cords of a bridge is shown in Fig. 7-1a. {Also see
Fig.3-4.) When used for this purpose, this truss is not considered a primary
element for the support of the structure, and as a result it is often analyzed
by approximate methods. In the case shown, it will be noticed that if a
diagonal is removed from each of the three panels, it will render the truss
statically determinate. Hence, the truss is statically indeterminate to the
third degree (using Eq.3-1,b + r > Zj,or 16 + 3 > 8(2)) and therefore
we must make three assumptions regarding the bar forces in order to
reduce the truss to one that is statically determinate. These assumptions
can be made with regard to the cross-diagonals, realizing that when one
diagonal in a panel is in tension the corresponding cross-diagonal will
be in compression. This is evident from Fig, 7-1b, where the “panel
shear” V is carried by the vertical component of tensile force in member a
and the vertical component of compressive force in member b. Two
methods of analysis are generally acceptable,

Method 1: 1f the diagonals are intentionally designed to be long
and slender, it is reasonable to assume that they cannot
support a compressive force; otherwise, they may
easily buckle. Hence the panel shear is resisted enfirely
by the tension diagonal, whereas the compressive
diagonal is assumed to be a zero-force member.

If the diagonal members are intended to be con-
structed from large rolled sections such as angles or
channels, they may be equally capable of supporting a
tensile and compressive force. Here we will assurne
that the tension and compression diagonals each carry
half the panel shear.

Method 2;

Both of these methods of approximate analysis are illustrated
numerically in the following examples.

Using an approximate analysis the lateral cross bracing
under the deck of this bridge can be assumed to carry
half the panel shear.
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Determine {(approximately) the forces in the members of the truss 20KN
shown in Fig. 7-2a. The diagonals are to be designed to support both o
tensile and compressive forces, and therefore each is assumed to carry
half the panel shear. The support reactions have been computed.

20kN

Far  ga3in
;/Zs/
Fy
@ Fig.7-2 A 6 6TEN
Solution 10kN
By inspection the truss is statically indeterminate to the second ©
degree. The two assumptions require the tensile and compressive
diagonals to carry equal forces, that is, Fry = Fag = F. For a vertical b
section through the left panel, Fig. 7-25, we have Fep > 5
3 V=10kN /%'f
+HZF, =0, 20-10-2(})F =0 F=833kN Auns, WAL
so that FEC\Q%& °’r
Nl |
Frp = 833 kN (T) Ans. Bpe————id=
Fip = 833 kN (C) Ans. 1
LHEM, = 0; —833(2)(3) + Fep(3) = 0 Frg = 6.67kN (C) Ans. 10kN
FEM = 0 —833(2)(3) + Fup(3) = 0 Fap = 6.67KN (T) Ans. @
From joint A, Fig. 7-2c,
HZF, =0, Fur —833(2) —10=0  Fupr = 15kN (T) Ans. 667 KN—3
5,
A vertical section through‘ the right panel is shown in Fig. 7-24. 833 kNN ;BC

Show that
Fpp = 833kN (T), Fgp = 6.67kN (C) Ans. ©
Fge = 833kN (C), Fge = 6.67kN(T) Ans.
Furthermore, using the free-body diagrams of joints D and E, E
Figs. 7-2¢ and 7-2f, show that ' 6.67 kNm 6.67 kN
Ans. A

Fpe = SKN(C) 833kN ' g, = SIIEN
Feg = 10KN(T) Ans, ()
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Determine (approximately) the forces in the members of the truss
shown in Fig. 7-3a. Assume the diagonals are stender and therefore
will not support a compressive force. The support reactions have been
computed.

- 20kN
10 kN 20kN 2WEN

10kN

10kN Solution
By inspection the truss is statically indeterminate to the fourth degree.
s Fy ‘Thus the four assumptions to be used require that each compression
Y diagonal sustain zero force. Hence, from a vertical section through the
45 ieft panel, Fig, 7-3b, we have

rf

5m

L By ¥ Fy=0 Ans,
P a8
T“H +13E, = 0; 40 — 10 — Figcos 45° = 0 '

40 kN Frp =424 kN (T) Ans.
®) (FEMy =0 —4245in 45°(5) + Fy(S) = 0
Fy =30kN (C) Ans,
Fiu L+2M; = 0; —Fp(5) =0
4:@ Fis=10 Ans,
A 0

From joint A, Fig. 7-3c,
4DKN
(C) F]A = 40 kN (C) Ans.
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! 1y
TEW AN My < 10kN
ah
. ™ Fre 1
51m ;
Fpp =10
K5
Ge TR - F
AT B e
40 kN

A vertical section of the truss through members IH, IC, BH, and BC is
shown in Fig, 7-3d. The panel shear is V = 3F, = 40 — 10 — 20 = 10 kN.

We require
Fppy =10 Ans.
HEF =0 40 — 10 — 20 — Frocos 45° =
Fre = 141 kN (T) Auns,
(+ZMp = 0; —40(5) + 10(5) — 14.1 sin 45°(5) + Fpu(5) =0
Frr = 40 kN (C) Ans,
LHEM; =0 —40(5) + 10(3}+ Fpc(5) =0
Fpe=30kN (T) Ans.
From joint B, Fig. 7-3e, Fgr
424N 1450 0
45° 45°
+1ZF, =0 424 sin 45° — Fpp = 0 % 30 EN
Fgp = 30 kN (C) Auns. (e

The forces in the other members can be determined by symmetry,
except Frp; however, from joint C, Fig. 7-3f, we have

o o

+15F, =0 2(14.1 5in 45°) ~ Feg =0 30 kN45 X W 30 kN

FCH =20 kN (C) A, H

Fey
141 kN 1 14.1 kN
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7-3 -Vertical Loads on Building Frames

Building frames often consist of girders that are rigidly connected to
columns so that the entire structure is better able to resist the effects of
lateral forces due to wind and earthquake, An example of such a rigid
framework, often called a building bent, is shown in Fig. 74,

In practice, a structural engineer can use several techmiques for
performing an approximate analysis of a building bent. Each is based upon
knowing how the structure will deform: under load. One technique would
be to consider only the members within a localized region of the structure.
This is possible provided the deflections of the members within the region
cause little disturbance to the members outside the region. Most often,
however, the defiection curve of the entire structure is considered. From
this, the approximate location of points of inflection, that is, the points where
the member changes its curvature, can be specified. These points can be
considered as pins since there is zero moment within the member at the
points of inflection, We will use this idea in this section to analyze the forces
on building frames due to vertical loads, and in Secs. 7-5 and 7-6 an
approximate analysis for frames subjected to lateral loads will be presented.

Assumptions for Approximate Analysis. Consider a typical girder
located within a building bent and subjected to a uniform vertical load, as
shown in Fig. 7-5a. The column supports at A and B will each exert three
reactions on the girder, and therefore the girder will be statically indeterminate
to the third degree (6 reactions — 3 equations of equilibrium). To make
the girder statically determinate, an approximate analysis will therefore
require three assumptions. If the columns are extremely stiff, no rotation
at A and B will occur, and the deflection curve for the girder will look like that
shown in Fig. 7-5b. Using one of the methods presented in Chapters 9 through
11, an exact analysis reveals that for this case inflection points, or peints of zero
moment, occur at 0.21L from each support. If, however, the column
connections at A and B are very flexible, then like a simply supported beam,

typical building frame

Fig. 7-4



SECTION 7-3  Vertical Loads on Building Frames

0.21L points of zero 217
moment
L

fixed supported
(o)

poiat of point of
zero 4 A g E10
moment o e =) moment
| : 0.1z, Assumed poiats of zero (5 1 /1 :
L i moment
| L 1
simply supported approximate case
¢ @
Fig. 7-5

zero moment will occur at the supports, Fig. 7-5¢. In reality, however, the
columns will provide some flexibility at the supports, and therefore we will
assuime that zero moment occurs at the average point between the two
extremes, ie., at {0.21L + 0)/2 = 0.1L from each support, Fig. 7-5d.
Furthermore, an exact analysts of frames supporting vertical loads indicates
that the axial forces in the girder are negligible.

In summary then, each girder of length L. may be modeled by a simply
supported span of length 0.87. resting on two cantilevered ends, each
having a length of (.1L, Fig. 7-Se. The following three assumptions are
incorporated in this model:

I. There is zero moment in the girder, 0.1L from the left support.
2. There is zero moment in the girder, 0.1L from the right support.
3. The girder does not support an axial force.

By using statics, the internal loadings in the girders can now be
obtained and a preliminary design of their cross sections can be made.
The following example illustrates this numerically.

mode]

(e)
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CHAPTER 7 Approximate Analysis of Statically Indeterminate Structures

16 KN/m

Determine {approximately) the moment at the joints £ and C caused-
by members EF and CD of the building bent in Fig. 7-6a.

16 kN/m

FARERERRE)

¥

16 kN/m

(6)
Fig. 7-6

Solution

For an approximate analysis the frame is modeled as shown in Fig. 7-6b.
Note that the cantilevered spans supporting the center portion of the
girder have a length of 0.1L = 0.1(5} = 0.5 m. Equilibrium requires the
end reactions for the center portion of the girder to be 32 kN, Fig. 7-6c.
‘The cantilevered spans are then subjected to a reaction moment of

M = 8(0.25) + 32(0.5) = 18 kN-m Ans.

This approximate moment, with opposite direction, acts on the joints’
at E and C, Fig. 7-6a.

64 kN
i d——
A X
4m
32kN 1IN
KN 32 kN 32 EN 8KN
18 KNm  F i JI18KNm
41‘ L 05m  0Smf 5
A0 kN A0KN

©
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7-4 Portal Frames and Trusses

Frames. TPortal frames are frequently used over the entrance of a bridge’

and as a main stiffening element in building design in order to transfer

horizontal forces applied at the top of the frame to the foundation. On
bridges, these frames resist the forces caused by wind, earthquake, and
unbalanced traffic Joading on the bridge deck. Portals can be pin supported,
fixed supported, or supported by partial fixity. The approximate analysis of
each case will now be discussed for a simple three-member portal.

Pin Supported. A typical pin-supported portal frame is shown in Fig. 7-7a
Since four unknowns exist at the supports but only three equilibrium
equations are available for solution, this structure is statically indeterminate
to the first degree. Consequently, only one assumption must be made to
reduce the frame to one that is statically determinate.

The elastic deflection of the portal is shown in Fig, 7-7b. This diagram
indicates that a point of inflection, that is, where the moment changes
from positive bending to negative bending, is located approximately at
the girder’s midpoint. Since the moment in the girder is zero af this point,
we can assume a hinge exists there and then proceed to determine the
reactions at the supports using statics. If this is done, it is found that the
horizontal reactions (shear) at the base of each column are equal and
the other reactions are those indicated in Fig. 7-7c, Furthermore, the

moment diagrams for this frame are indicated in Fig. 7-74.

moment
diagram

()

*See Fig. 3-4.
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Fixed Supported. Portals with two fixed supports, Fig. 7-8a, are statically
indeterminate to the third degree since there are a total of six unknowns at
the supports. If the vertical members have equal lengths and cross-sectional
areas, the frame will deflect as shown in Fig. 7-8b. For this case we will
assyme points of inflection occur at the midpoints of all three members,
and therefore hinges are placed at these points. The reactions and moment
diagrams for each member can therefore be determined by dismembering
the frame at the hinges and applying the equations of equilibrium to each
of the four parts. The resuits are shown in Fig. 7-8¢, Note that, as in the
case of the pin-connected portal, the horizontal reactions (shear) at the
base of each column are equal. The moment diagram for this frame is
Fig. 7-8 indicated in Fig. 7-84.

a Ph
4
o - 7
P — . 4
= = 1
I !
! {
i . 1
/ d
K assumedu__\_\ i
. - /
A hinges Iy
! JJ
: i Ph Bh
: ! : i
4 ! ! marnent
%’ };—';' diagram
(b} () (&)

Partial Fixify. Since it is both difficult and costly to construct a perfectly
fixed support or foundation for a portal frame, it is conservative and somewhat
realistic to assume a slight rotation occurs at the supports, Fig. 7-9a. As a
result, the points of inflection on the columas lie somewhere between the
case of having a pin-supported portal, Fig. 7-7a, where the “inflection points”
are at the supports (base of cofumns), and a fixed-supported portal, Fig. 7-8a,
where the inflection points are at the center of the columns. Many engineers
arbitrarily define the location at //3, Fig. 7-9b, and therefore place hinges at
these points, and also at the center of the girder.
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() (®)
Fig. 7-9

Trusses. When a portal is used to span large distances, a truss may be
used in place of the horizontal girder. Such a structure is used on large
bridges and as transverse bents for large auditoriums and mill buitdings,
A typical example is shown in Fig, 7-10a. In all cases, the suspended truss
is assumed to be pin connected at its points of attachment to the columns.
Furthermore, the truss keeps the columups straight within the region of
attachment when the portal is subjected to the sidesway A, Fig. 7-105,
Consequently, we can analyze trussed portals using the same assumptions
as those used for simple portal frames, For pin-sapported colemns, assume
the horizontal reactions (shear) are equal, as in Fig. 7-7¢. For fixed-
supported columns, assume the horizontal reactions are equal and an
inflection point (or hinge) occurs on each column, measured midway
between the base of the column and the lowess point of truss member
connection to the column. See Fig, 7-8¢ and Fig. 7-10b.

The following example illustrates how to determine the forces in the
members of a trussed portal using the approximate method of analysis
described above.

assumed
hinges

(a) (b)
Fig, 7-10
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CHAPTER 7 Approximate Analysis of Statically Indeterminate Structures

Determine by approximate methods the forces acting in the members
of the Warren portal shown in Fig. 7-11a.

40 kN
e

s PR ) |

V=20kN - V=20kN -

V=20 kN = g V= 20kN

(b)
Fig. 7-11

Solution

The truss portion B, C, E G acts as a rigid unit. Since the supports are
fixed, a point of inflection is assumed to exist 7 m/2 = 3.5 m above A
and [, and equal horizontal reactions or shear act at the base of the
columns,ie., 2F, = 0;V = 40kN/2 = 20 kN. With these assumptions,
we can separate the structure at the hinges J and K, Fig. 7-115, and
determine the reactions on the columns as follows:

Lower Half of Colum
FEM, =0 M ~3520)~=0 M=70kN-m

Upper Portion of Column
(+SM,;=0;  —40(55) + N(8) =0 N =27.5kN
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—

Using the method of sections, Fig. 7-11¢, we can now proceed to
obtain the forces in members CD, BD, and BH. -

+13F,=0; —27.5+ Fpsin45° =0 Fpp=38.9 KN (T) Ans.
LHEMp=0; —20(3.5) - 40(2) + Fgp(2) =0 Eop=T5kN (C) Aus.

(+3Mp=0; Fpg(2) = 20(5.5) +27.5(2) = 0 Fag=27.5 kN (T) Ans.

In a similar maoner, show that one obtains the results on the free-
body diagram of column FGI in Fig. 7-114. Using these results, we
can now find the force in each of the other truss members of the portal
using the method of joints,

Joint D, Fig. 7-11e
+1EF,=0; Fpysind5° —389sin45° =0 Fpy,=389kN (C) Ans.

S F, = 0,75 — 2(38.9 08 45°) — Fpp=0 Fpp~ 20 kN (C) Ans.

Joint I, Fig. 7-11f
T1EF, =0, Fypsin45° —~389sind5° =0 Fgyp=389kN (T) Aas.

These results are summarized in Fig. 7-11g.

F3SkN)

40N € 75N(C) D 20%4(0)
—_—e s T

E TE— A
S7s W‘%\
k N\ (@5 “t
G S G
Bl=g= 1% B g
TSN H 215w ]
¥
75kN_ | Fos
4575 DNJ45°
3BIKN  Fpy
; ] (&)
21 20 kN 20 KNk
TOkN-m 70 kN-m 47
275kN

27.5 kN
(2

Zmﬁf
2m | :/FBD
NS

—t-
|

¥y
389KN| Fyg

45° 45
—X
2T5KN H 27.5kN
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7-5 Lateral Loads on Building Frames: Portal Method

In Sec. 74 we discussed the action of lateral loads on portal frames and
found that for a frame fixed supported at its base, points of inflection
occur at approximately the center of each girder and column and the
columns carry equal shear loads, Fig. 7-8. A building bent deflects in the
same way as a portal frame, Fig. 7-12a, and therefore it would be
appropriate to assume inflection points occur at the center of the
columns and girders. If we consider each bent of the frame to be
composed of a series of portals, Fig. 7-12b, then as a further assumption,
the interior columns would represent the effect of fwo portal colunms
and would therefore carry twice the shear ¥ as the two exterior columas.

o = iaflection point

(a)
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in summary, the portal method for analyzing fixed-supported building
frames requires the following assumptions:

1. A hinge is placed at the center of each girder, since this is assumed
to be a point of zero moment. .

2. A hinge is placed at the center of each column, since this is assumed
to be a point of zero moment.

3. Ata given floor level the shear at the interior column hinges is twice
that at the exterior column hinges, since the frame s considered to
be a superposition of portals,

These assumptions provide an adequate reduction of the frame to one
that is statically determinate yet stable under loading,

By comparison with the more exact statically indeterminate analysis,
the portal method is most suitable for buildings having low elevation and
wniform framing. The reason for this has to do with the structure’s action
under load. In this regard, consider the frame as acting like a cantilevered
beam that is fixed to the ground. Recall from mechanics of materials that
shear resistance becomes more important in the design of short beams,
whereas bending is more important if the beam is long. (See Sec. 7-6.}
The portal method is based on the assumption related to shear as stated
in item 3 above.

The following examples illustrate how to apply the portal method to
analyze a building bent.

The portal method of analysis can be used to (approximately) perform a lateral-load analysis
of this single-story frame.

273
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Determine (approximately) the reactions at the base of the columns
of the frame shown in Fig. 7-13a. Use the portal method of analysis.

Fig. 7-13

Solution

Applying the first two assumptions of the portal method, we place

hinges at the centers of the girders and columns of the frame, Fig. 7-13a.
- A section through the column hinges at [, J, K, 1. yields the free-body

diagram shown in Fig. 7-13b. Here the third assumption regarding the

cotumn shears applies. We require

B3p =g 6-6V=0 V=1kN
6 kN ——3] -4 ey
v 1 2v I 2ve—i K

()
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reactions are shown in Fig, 7-13g.
M, = 0T5kN

AM,=5kN

1,=05kN

{©

(&)
075 kN
7
2N
15m 15m
C,=2kN
f—
My=15 kN-m\{"ﬁ S~
Me=3kNm
A, =075EN

()

K

2ZkN

15m
E.=2kN
~—
Mp=3kN-m

Using this result, we can now proceed to dismember the frame at
the hinges and determine their reactions. As a general rule, glways start
this analysis at the corner or joint where the horizontal load is applied.
Hence, the free-body diagram of segment IBM is shown in Fig. 7-13c.
The three reaction components at the hinges I,, M,, and M, are
determined by applying ZMy = 0, ZF, = 0, 2F, = 0, respeclively.
The adjacent segment MJN is analyzed next, Fig. 7-134, followed by
segment NKO, Fig. 7-13e, and finally segment OGL, Fig. 7-13f. Using
these results, the free-body diagrams of the columns with their support

(d)
g G
2m
i5m
1kN o L
L, =075kN
(6
0.75 kN
L
1EN
15m
H,=1kN
7 My =15kN-m
H, =075 kN
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Determine (approximately) the reactions at the base of the CO]ﬁﬁ]DS
of the frame shown in Fig. 7-14a. Use the portal method of analysis, -

Fig. 7-14

Solution

First hinges are placed at the centers of the girders and columns of
the frame, Fig. 7-14a. A section through the hinges at G, B (J and J,
K, L yields the free-body diagrams shown in Fig. 7-14b. The column

shears are calculated as follows:
£ 3F, =0 W—av=0 V

Il

SEN

125kN

I

LsE =0 2204+30-4v=0 V'

20 kN >

w
E

k J

30 kN

v T 2V
¥ K

(®)
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Using these results, we can now proceed to analyze each part of the
frame. The analysis starts with the corner segment OGR, Fig, 7-14c.
The three unknowns O, R,, and R, have been calculated using the
equations of equilibrium. With these results segment OJM is analyzed
next, Fig. 7-144, then segment J4, Fig. 7-14e; RPS, Fig. 7-14f PMKN,
Fig. 7-14g; and KB, Fig. 7-14h. Complete this example and analyze
segments S/, then JNI.,and finally LC, and show that C, = 12.5 kN,

C, = 15.625kN, and My = 37.5kN 'm,

R, =3125kN
G _qm |
20 kiN—— R, =15EN

25 m R
SkN o
| 0, = 3125 kN
(©
3125 kN

t M, =12.5kN
M, =225kN

M

I

12.5kN I
J, =15.625 kN

(@)

15.625 kN

125 kN

A, =I25kN
My =315kN-m
Ay = 15.625 kN

{e)

3125 kN
8, =3.125 kN

8. =5kN

15 kN

N,=125%N

N,=75kN

25kN

B, =25kN
Mg =75 kN-m
B, =0

(h)
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7_6 Lateral Loads on Building Frames: Cantilever Method

The cantilever method is based on the same action as a long cantilevered
beam subjected to a transverse load. It may be recalled from mechanics
of materials that such a loading causes a bending stress in the beam that
varies linearly from the beam’s neutral axis, Fig. 7-154. In a similar
manner, the lateral loads on a frame tend fo tip the frame over, or cause
a rotation of the frame about a “neutral axis” lying in a horizontal plane
that passes through the columns at each floor level. To counteract this
tipping, the axial forces (or stress) in the columns will be tensile on one
side of the neutral axis and compressive on the other side, Fig. 7-15b.
Like the cantilevered beam, it therefore seems reasonable to assume this
axial stress has a linear variation from the centroid of the column areas
or neutral axis. The cantilever method is therefore appropriate if the frame
is tall and slender, or has columns with different cross-sectional areas.

\
building frame

(®)

Fig. 7-15
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In summary, using the cantilever methed, the following assumptions apply
to a fixed-supported frame.

1. A hinge is placed at the center of cach girder, since this is assumed to
be a point of zero moment. .

2. A hinge is placed at the center of each column, since this is assumed
to be a point of zero moment.

3. The axial stress in a column is proportional to its distance from the
centroid of the cross-sectional areas of the columns at a given floor
level. Since stress equals force per area, then in the special case of the
columns having equal cross-sectional areas, the force in a column is
also proportional to its distance from the centroid of the column areas.

These three assumptions reduce the frame to one that is both stable and
statically determinate.

The following examples illustrate how to apply the cantilever method to
analyze a building bent,

The building framework has rigid connections. A lateral-load analysis can be performed
(approximately} by using the caatilever method of analysis.
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Determine {approximately) the reactions at the base of the_col__tni_m_é
of the frame shown in Fig. 7-16a. The columns are assumed to have
equal cross-sectional areas. Use the cantilever method of analysis.

Fig. 7-16 ()
Solution
First hinges are placed at the midpoints of the columns and girders.
The locations of these points are indicated by the letters G through L
in Fig. 7-16a. The centroid of the columns’ cross-sectional areas can
be determined by inspection, Fig. 7-16b, or analytically as follows: -
- TEA _ 0{A) + 6(4) 3 :

o T 3A Ara 00 .
The axial force in each column is thus proportional to its distance -
from this point. Hence, a section through the hinges H and K at the :
top story yields the free-body diagram shown in Fig. 7-16¢. Note how
the column to the Ieff of the centroid must be subjected to tension .
and the one on the right is subjected to compression. This is necessary
in order to counteract the tipping caused by the 30-kN force. Summing

" moments about the neutral axis, we have : o

CEEM =0 -30(2) F3H 3K, =0 0
The unknowns can be related by proportional triangles, Fig. 7-16¢,"
that is, o C T
' CH, 'K LT
¥ ¥ o o .
| —3—:4‘3— or H}’WK}' : .I‘;,‘-‘i.
Thus, -
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11 a similar manner, using a section of the frame through the hinges
at G and L, Fig. 7-164, we have ’

+HEM =10 —=30(6) — 15(2) + 3G, + 3L, =0
Since G,/3 = L,/3 o1 G, = L, then
G, = L, = 35kN

Each part of the frame can now be analyzed using the above
results. As in Examples 7-5 and 7-6, we begin at the upper corner
where the applied loading occurs, ie., segment HCI, Fig. 7-16a.
Applying the three equations of equilibrium, 2M; = 0, ZF, = {,
EF, = 0, yields the results for H,, I, and J,, respectively, shown on
the free-body diagram in Fig. 7-16e. Using these results, segment IDK
is analyzed next, Fig. 77-16f; followed by HJG, Fig. 7-16g; then KJL,
Fig. 7-16/; and finally the bottom portions of the columns, Fig. 7-164
and Fig. 17-16;.

I, = 10%N

K 15 kN
H, 15 kN 25 KN ,
Im J,=25kN im m
15 KN— %D&—
T T =75w TSENS |,
2m m
G Lo =225kN L
G,=225kN
35N 35kN
h
® ®
35kN
35 kN
G 22,5 kN LY s925%N
2m 2m
A F
A, = 225kN " F.=75EN
M, =45 kN-m \1‘-4111,? = 451N-m
A, =35kN F,=35kN

@ m

[£:)]
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36 kN

Show how to determine (approximately) the reactions 4t the base of-
the columns of the frame shown in Fig. 7-174. The columns have the
cross-sectional areas shown in Fig. 7-17b. Use the cantilever method
of analysis, :

0246250 mo® : R
6250 mm? SO0 mm® 3750 mm? 6250 mm?

{a)

L I ; I

H #6250 mm?® |

6m 4—L4.5 m——-—l———?.S mf——l
]
(b

_ )
Fig. 7-17

Solution

First, hinges are assumed to exist at the centers of the girders and
columns of the frame, Fig. 7-17a. The centroid of the colummns’ cross-
sectional areas is determined from Fig. 7-17b as follows:

EFA _ 0(6250) + 6(5000) + 10.5(3750) + 18(6250)
ZA 6250 + 5000 + 3750 + 6250 B

xX =

8559 m

@
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Here the columns have different cross-sectional areas, so the avial
stress in a column is proportional to its distance from the neutral axis,
located at ¥ = 8.56 m. Hence, a section through the hinges at L, M,
N, O yields the free-body diagram shown in Fig. 7-17¢. Note how the
columus to the left of the centroid are subjected to tension and those
on the right are subjected to compression. Why? Summing moments
about the neutral axis, we have

FEM =0;  —36 kN(L8m) + £,(8.56 m)+ M,(2.56 m) +

N(1.94 m)+ O, (944 m) =0 (D)
\Since any column stress o is proportional to its distance from the

neutral axis, we can relate the column stresses by proportional
triangles. Expressing the relations in terms of the force L, we have

_2.56m M, 256 ( L,

= . _ _ s
7M = 856m L 5000 mm? | 8.56 (6250 mmz) M, =0239 L, (2)

_ L%m Ny 194 ( L,

N T gS6m L 3750 mm? 856 16250 mmz) Ny =0136 L, (3)

944 m Oy, 944 ( L,

707 g56m & 6250 mm?  8.56 (6250 mmZ) Oy = 1103 Ly (4)

Solving Egs. (1)-(4) yields

L,=3260kN M, =078kN N, =044kN O, = 3.60 kN

Using this same method, show that one obtains the results in Fig. 7-17d
for the columms at E, F, G, and H.

We can now proceed to analyze each part of the frame. As in the
previous examples, we begin with the upper corner segment LP,
Fig. 7-17¢. Using the calculated results, segment LEI is analyzed
next, Fig. 7-17f, followed by segment EA, Fig. 7-17g. One can
continue to analyze the other segments in sequencs, i.e., PQM, then
MJIFI, then FB, and so on.

P,=326kN

P =306 kN

3.26kN

163 kN
E 122 kN
24m
A= 122 kN
My =203 kNm
Ay =163 kN

{g)
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PROBLEMS
7-1. Determine (approximately) the force in each 7-5. Determine (approximately) the force in each
member of the truss. Assume the diagonals can support member of the truss. Assume the diagonals can support
either a tensile or compressive force. both tensile and compressive forces,
7-2. Solve Prob. 7-1 assuming that the diagenals eannot 7-6. Solve Prob. 7-5 assuming that the diagonals cannot
support a compressive force. support a compressive force.

8 kN—

10 kN~

Probs. 7-1F1-2 2

7-3. Determine (approximately) the force in each
member of the truss. Assume the diagonals can support
either a tensile or a compressive force.

“7-4.  Solve Prob.7-3 assuming that the diagonals cannot
support a compressive force.

Probs. 7-5776

7-7. Determine (approximately) the force in each
merber of the truss. Assume the diagonals cannet support
a compressive force.

18 kN 36 kN 36N 18 kN

Probs, 7-3/7-4 Prob. -7
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*7-8. Determine (approximately) the support reactions 7-10. Determine (approximately) the support actions at
at 4 and B due to the uniform vertical load acting on the A, B,and C of the frame.
frame.

30 kN/m

| 45m | 6m 1

Prob. 7-18

Prob. 7-8

7-11. Determine (approximately) the internal moment

7-9. Determine (approximately) the support reactions at joint A. Draw the moment diagram for girder ABCD.
at A, B, and C of the frame.

7.5 kN/m
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*7-12. Determine (approximately) the internal moment
and shear at the ends of each member of the portal frame.
Assume the suppoits at A and D are (a) pinned, (b} fixed,
and (c) partially fixed such that the inflection point for the
columns is located 72/3 = 2 m up from 4 and D.

Prob. 7-12

7-13, Determine (approximately) the internal moment
at joints I and C. Assume the supports at A and B are
pins.

Prob. 7-13

7-14. Determine (approximately) the internal moment
at joints C and D. Assume the supports at A and B are
fixed.

Dp o C

Prob. 7-14

7-15. Draw (approximately) the moment diagram for
member ACE of the portal constructed with a rigid
memnber EG and knee braces CF and DH. Assume that
all points of connection are pins. Also determine the force
in the knee brace CF.

“7-16. Solve Prob. 7-15 if the supports at A and B are
fixed instead of pinned.

18m ] j

Probs, 7-15/7-16



7-17.  Determine (approximately) the force in each truss
member of the portal frame. Also compute the reactions
at the fixed column supports 4 and B. Assume all
members of the truss to be pin connected at their ends,

‘——‘?.m
D B

10kN o

15 kiN —

Prob. 7-17

7-18. Draw (approximately) the moment diagram for
column ACE of the portal. Assume that all points of
connection are pins. Also determine the force in the truss
members EG, CG, and CD,

7-19. Solve Prob. 7-18 if the supports at A and B are
fixed instead of pinned,

Probs. 7-18/7-19

ProBiEMS « 287

*7-20. Dctermine {approximately) the force in each truss
member of the portal frame. Also, find the reactions at the
column supports A and B, Assume all members of the truss

- and the columns to be pin connected at their ends,

. im J5m
LJSNg AN SA— l;
12kN ' =
: 1 sm
N
L3m—~]~—3m‘~[

Prob, 7-20

7-21, Determine {approximately) the force in each of the
truss members of the portal frame. Also, determine the
reactions at the column supports A and B, Assume all fruss
members and the columns to be pin connected at their ends,

30kN
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7_23. Determine (approximately} the force in each truss
member of the portal frame. Also compute the reactions
at the fixed column supports A and B. Assume all
members of the truss 1o be pin connected at their ends.

Fo4m " 24m * 24m ' 24m
Frob. 7-22

7-23. Determine (approximately) the force in each truss
member of the portal frame. Also compute the reactions
at the fixed column supports A and B. Assume all
members of the truss to be pin connected at their ends.

75kN G L 2

R

Prob, 7-23

*7-24. VUse the portal method and determine (approx-
imately) the reactions at A, B, C, and I? of the frame.

7-25. Draw (approximately) the moment diagram for
the girder EFGH. Use the portal method.

Probs. T-2477-25

7-26. Use the portal method of analysis and determine
{approximately) the reactions at A, B, C, D,and E of the
frame.

60kN . J 1 ____H G F

Sami:

Prob. 7-26

7-27. Draw (approximately) the moment diagram for
girder PORST and column BGLG of the building frame.
Use the portal method. -

*7-28. Draw (approximately) the moment diagram for
girder PORST and column BGLQ of the building frarne,
Al} columns have the same cross-sectional area. Use the
cantilever method.

Im

V|--4.5 m—;|—4.5 m*!"“ 6 m—-l—é m—;‘

Probs. 727728



7-29. Draw the moment diagram for pirder EFGH. Use
the portal method of analysis.

7-30. Solve Prob. 7-29 using the cantilever method. of
analysis. Hach column has the same cross-sectional area,

Probs, 7-29/7-30

7-31. Draw the moment diagram for girder ZJKL of the
building frame. Use the portal method of analysis,

“7-32.  Solve Prob. 7-31 using the cantilever method of
analysis. Each column has the cross-sectional area
indicated.

40 kN

I I I X

Area 24 (107H m? 16 (1075 m?

Probs, 7-31/7-32

16 (1073 m? 24 (1073 m?

PrOBLEMS « 289

PROJECT PROBLEM

7-1P.  The building bents shown in the photo are spaced
3 m apart and can be assumed pin connected at all points
of support. Use the idealized model shown and determine
the anticipated wind loading on the bent. Note that the
wind loading is transmitted from the wall to the four
purlins, then to the columns on the right side. Do an
approximate analysis and determine the maximum axial
foad and maxzimum moment in column AB. Assume the
columns and knee braces are pinned at their ends. The
building is located on flat terrain in New Orleans,
Louistana, where ¥ = 56 m/s Take 7 = 0.87.




The deflection of this truss bridge must be carefully monitored while it
is under construction. (Courtesy of Bethlehem Steel Corporation.)



Deﬂections |

In this chapter we will show how to determine the elastic deflections of a beam

- using the method of double integration and two important geometrical methods,
namely, the moment-area theorems and the conjugate-beam method. Double
integration is used to obtain equations which define the slope and the elastic
curve, The geometric methods provide a way to obtain the slope and deflection
at specific points on the beam. Each of these methods has particular advantages
or disadvantages, which will be discussed when each method is presented.

8-1 Deflection Diagrams and the Elastic Curve

Deflections of structures can occur from various sources, such as loads,
temperature, fabrication errors, or settlement. In design, deflections must
be limited in order to prevent cracking of attached brittle materials such
as concrete or plaster. Furthermore, a structure must not vibrate or
deflect severely in order to “appear” safe for its occupants. More
important, though, deflections at specified points in a structure must be
determined if one is to analyze statically indeterminate structures.

The deflections to be considered throughout this text apply only to
structures having linear elastic material response. Under this condition,
a structure subjected to a load will return to its original undeformed
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A=0 )
rolter or rocker

@
A=0
pin
(&)
A=0
#=0
fixed support
#
fived-connected joint
(3)

pin-connected joint

position after the load is removed. The deflection of a structure is caused
by its internal loadings such as normal force, shear force, or bending
moment. For beams and frames, however, the greatest deflections are
most often caused by infernal bending, whereas internal axial forces cause
the deflections of a truss.

Before the slope or displacement of a point on a beam or frame is
computed, it is often helpful to sketch the shape of a structure when it
is loaded in order to visualize the computed results and thereby partially
check the results. This deflection diagram represents the elastic curve for
the points at the centroids of the cross-sectional areas along each of the
members. For most problems the elastic curve can be sketched without
much difficulty. When doing so, however, it is necessary to know the
restrictions as to slope or displacement that often occur at a support or
a comnection. With reference to Table 8-1, supports that resist a force,
such as a pin, restrict displacement; and those that resist moment, such as
a fixed wall, restrict rotation. Note also that deflection of frame members
that are fixed connected (4) causes the joint to rotate the members by
the same amount 8. On the other hand, if a pin connection is used at the
joint, the members will each have a different slope or rotation at the pin,
since the pin cannot support a moment (5).

If the elastic curve seems difficult to establish, it is suggested that the
moment diagram for the beam or frame be drawn first. By our sign
convention for moments established in Chapter 4, a positive moinent

The two-member frames support both the dead

load of the roof and a live snow loading. The frame
" can be considered pinned at the wall, fixed at the

ground, and having a fixed-connected joint.
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tends to bend a beam or horizontal member concave ypward, Fig. 8-1.
Likewise, a negative moment tends to band the beam or member concave
downward, Fig, 8-2. Therefore, if the moment diagram is known, it will
be easy to construct the elastic curve. For example, consider the beam
in Fig. 8-3 with its associated moment diagram. Due to the pin-and-roller
support, the displacement at A and D must be zero. Within the region
of negative moment, the elastic curve is concave downward; and within
the region of positive moment, the elastic curve is concave upward. In
particular, there must be an inflection point at the point where the curve
changes from concave down to concave up, since this is a point of zero
momtent, Using these same principles, note how the elastic curve for the
beam in Fig. 8-4 was drawn based on its moment diagram. The following
examples further illustrate how to draw the deflection curves for beams
and frames using these principles.

beam

positive moment,
concave upward

Fig. 8-1

negative moment,
concave downward

Fig, 8-2

beam

moment diagram

moment diagram

inflection point

miuﬂecﬁon point ] m

deflection carve

Fig. 8-3

deflection curve
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Draw the deftected shape of each of the beams shown in Fig. 8-5.

Solution :
In Fig. 8-5a the roller at A allows free rotation with no deflection
while the fixed wall at B prevents both rotation and deflection, The
deflected shape is shown by the bold line. In Fig, 8-3b, no rotation or
deflection can occur at A and B. In Fig. 8-5¢, the couple moment will
rotate end A. This will cause deflections at both ends of the beam
since no deflection is possible at B and C. Notice that segment CD
remains undeformed (a siraight line) since no internal load acts within
it. In Fig. 8-5d, the pin (internal hinge) at B allows free rotation, and
so the slope of the deflection curve will suddenly change at this point
while the beam is constrained by its supports. In Fig. 8-5¢ the
compound beam deflects as shown. The slope abruptly changes on
each side of the pin at B. Finally, in Fig. 8-5f span BC will deflect
concave upwards due to the load. Since the beam is continuous, the
end spans will deflect concave downwards,

Fig. 8-5




Solution

In Fig. 864, when the load P pushes joints B and C to the right, it wilt
cause clockwise rotation of each column as shown. As a result, joints B
and C must rotate clockwise. Since the 90° angle between the connected
members must be maintained at these joints, the beam will deform so
that its curvature is reversed from concave up on the left to concave down
on the right. Note that this produces a point of inflection within the beam,
In Fig. 8-6b, P displaces joints B, C, and D to the right, causing each
column to bend as shown. The fixed joints must maintain their 30° angles,
and so BC and CD must have a reversed curvature with an inflection
point near their midpoint. In Fig. 8-6¢ the vertical loading on this
symmetric frame will bend beam CD concave upwards, causing clockwise
rotation of joint C and counterclockwise rotation of joint D, Since the
50° angle at the joints must be maintained, the columns bend as shown,
This causes spans BC and DE to be concave downwards, resulting in
courtterclockwise rotation at B and clockwise rotation at E. The columns
therefore bend as shown. Finally, in Fig, 8-6d, the loads push joints B
and € to the right, which bends the columns as shown, The fixed
joint B maintains its 90° angle; however, no restriction on the relative
rotation between the members at C is possible since the joint is a
pin, Consequently, only beam CD does not have a reverse curvature.

(o)

=

(d)

Fig. 86
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8-2 Elastic-Beam Theory

In this section we will develop two impaortant differential equations that

v relate the internal moment in a beam to the displacement and slope of its

P elastic curve. These equaticns form the basis for the deflection methods

presented in this chapter, and for this reason the assumptions and
limitations used in their development should be fully understood.

To derive these relationships, we wiil limit the analysis to the most
common case of an initially straight beam that is elastically deformed by
! loads applied perpendicular to the beam’s x axis and lying in the x—v plane

@) of symmetry for the beam’s cross-sectional area, Fig. 8-7a. Due to the
loading, the deformation of the beam is caused by both the internal shear
force and bending moment. If the beam has a length that is much greater
than its depth, the greatest deformation will be caused by bending, and
therefore we will direct our attention to its effects. Deflections caused by
shear will be discussed later in the chapter.

When the internal moment M deforms the element of the beam, the angle
between the cross sections becomes 49, Fig. 8-7b. The arc dx that represents
aportion of the elastic curve intersects the neutral axis for each cross section.
'The radius of curvature for this arc is defined as the distance p, which is
measured from the cenfer of curvature O’ to dx. Any arc on the element
other than dx is subjected to a normal strain. For example, the strain in arc
ds, located at a position y from the neutral axis, is € = (ds’ — ds)/ds.
However, ds = dx = pdf and ds’ = (p — y) df, and so

M (

before after
deformation deformation (p — y) de — P b ] 1 e

pdé P ¥
() If the material is homogeneous and behaves in a linear elastic manner,
then Hooke’s law applies, ¢ = o/E. Also, since the flexure formula
Fig. 87 applies, & = —~My/I. Combining these equations and substituting into
the above equation, we have :

I M
- = 8-1
. o)

Here El

p = the radius of curvature at a specific point on the elastic curve (1/p
is referred to as the curvature)
M = the internal moment in the beam at the point where p is to be
determined
E = the material’s modulus of elasticity

I = the beam’s moment of inertia computed about the neutral axis

The product ET in this equation is referred to as the flexural rigidity,
and it is always a positive quantity. Since dx = p d6, then from Eq. 8-1,

M

ag i*g}dx

(8-2)
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If we choose the » axis positive upward, Fig. 8-7a, and if we can exXpress
the curvature (1/p) in terms of x and v, we can then determine the elastic
curve for the beam. In most calculus books it is shown that this curvature
relationship is

1 d*v/dx’
P+ (dufdx) PR

Therefore,

2 2
M dwfdx 8.3)
EI 1+ (dvfdx)¥P"?

This equation represents a nonlinear second-order differential equation.
Its solution, » = f(x), gives the exact shape of the elastic curve—-assuming,
of course, that beam deflections occur only due to bending. In order to facil-
itate the solution of a greater number of problems, Eq. 8-3 will be modified
by making an important simplification. Since the slope of the elastic curve for
most structures is very small, we will use smalt deflection theory and assume
dv/dx = 0. Consequently its square will be negligible compared to unity and
therefore Eq. 8-3 reduces to

dv M
d¥>  EI &)

It should also be pointed out that by assuming dv/dx = 0, the original
length of the beam’s axis x and the arc of its elastic curve will be
approximately the same. In other words, ds in Fig. 8-7b is approximately
equal to dx, since

ds= 2 dx* + dv* = 2 1 + {(dv/dx) dx =~ dx

This result implies that points on the elastic curve will ouly be displaced
vertically and not horizontaHy.

Tabulated Results, In the next section we will show how to apply Eq. 8 4
to find the slope of a beam and the equation of its elastic curve. The results
from such an analysis for some common beam loadings often encountered
in structural analysis are given in the table on the inside front cover of
this book. Also listed are the slope and displacement at critical points on
the beam. Obviously, no single table can account for the many different
cases of loading and geometry that are encountered in practice. When a
table is not available or is incomplete, the displacement or slope of a
specific point on a beam or frame can be determined by using the double
integration method or one of the other methods discussed in this and the
next chapter.
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8-3 The Double Integration Method

(a)
) o
tp .
+p elastic curve
ds +-dff
+dv l 8
+o T “1
rx +dx
(b
Fig, 89
LT P
| a b |
" | Yy B |
_.-i&-&,“u_____ ) _ﬂd\,’_“-:’i_
o] T
X3
Fig. 3-10

Once M is expressed as a function of position x, then successive integrations
of Eq. 84 will yield the beam’s slope, 0 ~ tan § = dv/dx = fM/EI dx
(Eq. 8-2), and the equation of the elastic curve,v = f(x) = [[M/EI dx,
respectively. For each integration it is necessary to introduce a “constant of
integration” and then solve for the constants to obtain a unique soltion for
a particular problem. Recalt from Sec. 4-2 that if the loading on a beam is
discontinuous—that is, it consists of a series of several distributed and
concentrated loads—then several functions must be written for the internal
moment, each valid within the region between the discontinuities. For
example, consider the beam shown in Fig. 8-8. The internal moment in
regions AB, BC, and CD must be written in terms of the x;, ¥3, and x;3
coordinates. Once these functions are integrated through the application of
Eq. 84 and the constants of integration determined, the functions will give
the slope and deflection (elastic curve) for each region of the beam for which
they are valid.

Sign Convention. When applying Eq. 84, it is important 1o use the
proper sign for M as established by the sign convention that was used in
the derivation of this equation, Fig. 8-9a. Furthermore, recall that positive
deflection, v, is upward, and as a result, the positive stope angle 8 will be
measured counterclockwise from the x axis. The reason for this is shown
in Fig. 8-9b. Here, positive increases dx and dv in x and v create an increase
A8 that is counterclackwise. Also, since the slope angle 0 will be very small,
its value in radians can be determined directly from § =~ tan 8 = dv/dx.

X

Boundary and Continuity Conditions. The constants of integration
are determined by evaluating the functions for slope or displacement at
a particular point on the beam where the value of the function is known.
These values are called boundary conditions. For example, if the beam is
supported by a roller or pin, then it is required that the displacement be
zero at these points. Also, at a fixed support the slope and displacement
are both zero.

if a single ¥ coordinate cannot be used to express the equation for the
beam’s slope or the elastic curve, then continuity conditions must be used
to evaluate some of the integration constants. Counsider the beam in
Fig. 8-10. Here the x; and x; coordinates are valid only within the regions
AB and BC, respectively, Once the functions for the slope and deflection
are obtained, they must give the same values for the slope and deflection
at point B, x; = X, = a, 5o that the elastic curve is physically continuous.
Expressed mathematically, this requires 8;(a) = 6;(a) and vy(a) = w{a).
These equations can be used to determine two constants of integration.
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PROCEDURE FOR ANALYSIS e

The following procedure provides a method for détéi’ﬁiinj_ﬁg the s'}dp'é -
and deflection of a beam (or shaft) using the method of -double
integration. It should be realized that this method is suitable only for

elastic deflections for which the beam’s slope is very small. Furthermore,
the method considers only deflections due io bending. Additional

deflection due to shear generally represents only a few percent of the -
bending deflection, and so it is usually neglected in engineering practice, - -

Elastic Curve

¢ Draw an exaggerated view of the beam’s elastic curve, Recall that

points of zero slope and zero displacement oceur at a fixed
support, and zero displacement occurs at pin and roller supports.

o Fstablish the x and v coordinate axes. The x axis must be paralle]

to the undeflected beam and its origin at thp left side of _thf_: beam,

with a positive direction to the right,

e Ifseveral discontinuous loads are preéent, establish v coordinates that
are valid for each region of the beam between the discontinuities,

® In all cases, the associated pesitive v axis should be directed upward,

Load or Moment Fimcrion

@ For each region in which there is an x coordinate, express the
internal moment M as a function of x.

° Abhvays assume that M acts in the positive direction when applying
the cquation of moment equilibrium {o determine M = fix).

Slope and Elgstic Curve

° Provided ET is constant, apply the moment equation Ef d%/dx?
= M(x), which requires two integrations. For each integration it
is important to include a constant of integration. The constants
are determined using the boundary conditions for the supports
and the continuity conditions that apply to slope and
displacement at points where two functions mect.

® Once the integration constants are determined and substituted back
into the slope and deflection equations, the slope and displacement
at specific points on the elastic curve can be determined. The
numerical values obtained can be checked graphically by comparing
them with the sketch of the elastic curve,

e Positive values for slope are counterclockwise and positive displace-
ment is upward. :
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The cantilevered beam shown in Fig, 8-11ais 'subjeété:d.to a cbuple moment -
M, at its end. Determine the equation of the elastic curve. ET is constant.

-

SOk

(

. Fig.8-11

Solution

Elastic Curve. 'The load tends to deflect the beam a5 shown in Fig. 8-9a.
By inspection, the internal moment can be represented throughout the
beam using a single x coordinate.

Moment Funciion, TFrom the free-body diagram, with M acting in
the positive direction, Fig. 8-11b, we have

M = M \]
Slope and Elastic Curve.  Applying Eq.8-4 and integfating twice yields
d2

. _
fof Ry ¥, : 1
dxz 0 ) ( )
dv '
15D = Mox + G | @)
Myx? ' o
Elv =2 £ Cx + G @

Using the boundary conditions dv/dx =0 at x =0 and » =0 at
1 = 0, then C; = C; = 0. Substituting these results into Egs. (2) and
(3) with 8 = dv/dx, we get

ng
0= Fr

- quz

S TET *.'\ Ans.
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Maximum slope and displacement occur at A (x = L), for which

_ MyL

04 ="ps ()
MyIL?
Y4 " 2Er )

The positive result for 8, indicates counterclockwise rotation and the
positive result for v, indicates that v, is upward, This agrees with the
resuilts sketched in Fig. 8-11a.

In order to obtain some idea as to the actual magnitude of the slope
and displacement at the end A, consider the beam in Fig. 8-11a to
have a length of 3.6 m, support a couple moment of 20 XN-m, and be
made of steel having E, = 200 GPa. If this beam were designed
without a factor of safety by assuming the allowable normal stress is
cqual to the yicld stress oy, = 250 N/mm? then a W6 X 9 would
be found to be adequate (I = 6.8(10°) mm*). From Egs. (4) and (5)
we get

20 kN'm (3.6 m)
by = = 0.0529 rad

[200(10%) N /m?][6.8(10%(10712) m*]

~ 20 kN'm (3.6 m)?
 2[200(10%) kN /m?[6.8(105)(10"12) m’]

L7 = 053 mm

Since ¢% = 0.00280(107%) < 1, this justifies the use of Eq. 8-4, rather
than applying the more exact Eq. 8-3, for computing the deflection
of beams. Also, since this numerical application is for a cantilevered
beam,we have obtained larger values for maximum 6 and v than would
have been obtained if the beam were supported using pins, rollers, or
other supports.
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The beam in Fg. 8-12a is subjected to a load P at its end. Determine
the displacement at C. EI is constant,

f_‘ﬂ | ‘)“‘

2

2
r

M,
i-——xl——l E } =] L )
% ﬁ‘ 2a | Vz
'l
2
I %2 I
(B}
Fig. 8-12

Solution

Elastic Curve. 'The beam deflects into the shape shown in Fig. 8-12a.
Due to the loading, two x coordinates must be considered.

Moment Functions. Using the free-body diagrams shown in Fig. 8-12b,

we have
P
MI= —5.‘61 053’152&
P 3P
My = — PR + ?(xz - 2a)
= Pxy — 3Pu 2a = x; = 3a

Slape and Elastic Curve.  Applying Eq. 8-4,

dZ
for xy, EIT? - — gxl
1

dTJ]_ P 2 .

- = ——x] +
Idl’l 4 Xy Cl . (1)

N, Co
P 3 .

EI’U]_ tl + Cltl + Cz (2)

12
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d%
For x,, El—v;- = Px, — 3Pa
dxz
dy P
EIE = Exf — 3Pax; + G 3
P 33 2
Elyy, = Y EP“-‘CZ + Cyxy + Cy {4

The four constants of integration are determined using three
boundary conditions, namely, s, = Oatx; = 0, v, = Qat xy = 2a, and
v = 0 at x; = 24, and one continuity equation. Here the continuity
of slope at the roller requires dvy/dx; = duy/dx, at x| = x, = 2a.
(Note that continuity of displacement at B has been indirectly
considered in the boundary conditions, since o = v, =0 at
X = X3 = 2a.) Applying these four conditions yields

?)1=08.t.7(1=0; 0:0+0+C2

v=0atx; =2, 0=— %{2(1)3 + Ci(2a) + G

P 3
v=0aty =21 0= —6—(2a)3 - “2~Pa(2(1)2 + C3(2a) + €

dvw(2a)  duyl2a) P 3 P s
= iy ——(2a)® + C; = =(2a)% — 3Pa(2a) +
dxl d:fg 1 4 (2(1) 1 2 { a) (I( ﬂ) C3

Solving, we obtain

Pat 10
CI:TG CG=0 G=%Pd Cj=-2Pd

Substituting C; and Cy into Eq, {4) gives

P 3_3Pa , 0P 2P
2E17? U 3Er YT gy

The displacement at C is determined by setting x, = 3a. We get

_ Pa?

Yo = — “E,—I Anps.
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g-4 Moment-Area Theorems

The initial ideas for the two moment-area theorems were developed by
Otto Mohr and later stated formally by Charles E. Greene in 1873, These
theorems provide a semigraphical technique for determining the slope
of the elastic curve and its deflection due to bending. They are
particularly advantageous when used to solve problems involving beams,
especially those subjected to a series of concentrated loadings or having
segments with different moments of inertia.

To develop the theorems, reference is made to the beam in Fig. 8-13a.1f
we draw the moment diagram for the beam and then divide it by the flexural
rigidity, EI, the “M/EI diagram” shown in Iig. 8-13b results. By Eq. 82,

M
dg = (E])dx

Thus it can be seen that the change 4@ in the slope of the tangents on
either side of the element dx is equal to the lighter-shaded areq under
the M/EI diagram. Integrating from point A on the elastic curve to point
B, Fig. 8-13c, we have

B

M

Bpra = [ —dx (8-5)
Bl

This equation forms the basis for the first moment-area theorem.

Theorem 1: The change in slope between any two points on the elastic
amrve equals the area of the M/ET diagram between these two points,

The notation 6,4 is referred to as the angle of the tangent at B
measured with respect to the tangent at A. From the proof it should be
evident that this angle is measared counterclockwise from tangent A to
tangent B if the area of the M/EI diagram is positive, Fig. 8-13c.
Conversely, if this area is negative, or below the x axis, the angle 04 is
measured clockwise from tangent A to tangent B. Furthermore, from the
dimensions of Eq. 8-5, 6.4 15 measured in radians.

fpja
tan B tan A

elastic curve

()

Fig. 8-13
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The second moment-area theorem is based on the relative deviation of
tangents to the elastic curve, Shown in Fig. 8-14c is a greatly exaggerated
view of the vertical deviation dt of the tangents on each side of the
differential element dx. This deviation is measured along a vertical line
passing through point A. Since the slope of the elastic curve and ifs
deflection are assumed to be very small, it is satisfactory to approximate
the length of each tangent line by x and the arc ds” by dt. Using the circular-
arc formula s = @r, where 7 is of length x, we can write df = x d8. Using
Eq.8-2,d6 = (M/EI) dx, the vertical deviation of the tangent at A with
respect to the tangent at B can be found by integration, in which case

B
M
= | x=——d:
Y] JATEI x (8-96)
Recall from statics that the centroid of an area is determined from
¥[dA = [xdA. Since [M/EIdx represents an area of the M/EI

diagram, we can also write

tap = -fﬂ dx (8-7)
AB =X | EI .

Here ¥ is the distance from the vertical axis through A to the centroid

of the area between A and B, Fig. 8-14b.

The second moment-area theorem can now be stated as follows:

Theorem 2: The vertical deviation of the tangent at a poin{ (A} on the
elastic corve with respect to the tangent extended from another point
(B) equals the “moment” of the area under the M/ET diagram between
the two points (4 and B). This moment is computed about point A (the
point on the elastie curve), where the deviation ¢ 5 is fobe defermined.

Provided the moment of a positive M/EI area from A to B is comput-
ed, as in Fig. 8-14b, it indicates that the tangent at point A is above the
tangent to the curve extended from point B,Fig. 8-14c. Similatly, negative
M/EI areas indicate that the tangent at A is below the tangent extended
from B, Note that in general {4z is not equal 10 [/, which is shown in
Fig. 8-144. Specifically, the moment of the area under the M/E] diagram
between 4 and B is computed about point A to determine ¢,4;5, Fig. 8-14b,
and it is computed about point B to determine 7p/4.

It is important to realize that the moment-area theorems can only be
used to determine the angles or deviations between two tangents on the
beam’s elastic curve. In general, they do not give a direct solution for the
slope or displacement at a point on the beam. These unknowns must first
be related to the angles or vertical deviations of tangents at points on
the elastic curve. Usually the tangents at the supports are drawn in this
regard since these points do not underge displacement and/or have zero
slope. Specific cases for establishing these geometric relationships are
given in the example problems,
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elastic curve

(@
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PROCEDURE FOR ANALYSIS

The foljowmg procedure prov1des a method that may be used to determme the .
displacement and slope ¢ ata pomt on the eiastlc curve of a beam usmg the moment-:__.

area theorems. ... ..,
M/ET Dmgmm s

-}

-]

Determine the sﬁpport réactions ‘and draw the beam s M/ET dlagram

If the beam is loaded with concentrated forces the M/ET d:agram wzll conmst _' :
of a series of straight line segmeérits, and the areas and their moments reqmred ’
for the moment-area theorems will be relatlvely easy to compute, * :

Tf the loading consists of a series of concentrated forces and distnbuted ioads, 1t
may be simpler to compute the reqmred M/EI areas” and their moments by.
drawing the M/EI diagram in parts, using the method of supérposition as discussed
in Sec. 45, In any case, the M/ET diagram will consist of parabolic ‘'or perhaps .~
higher-order curves, and it is suggested that the table on the inside back cover be -
used to locate the arca anci centroid under each curve,

FElastic Curve

]

Draw an exaggerated view of the bean’s clastic curve. Recall that poinits of -
zero slope occur at fixed Supports and zero d:splacement occurs at all fixed,
pin, and roller supports. -

If it becomes difficult to draw the general shape of the e}astlc curve, use the
moment (or M/EI} diagram. Realize that when the beam is subjected to a
positive moment the beam bends concave up, whereas negative mopment bends
the beam concave down. Furthermore, :an inflection point -or .change m
curvature occurs where the moment in the beam (or M/ET s zero. w0+

The displacement and slope to be determined should be indicated on the curve. .

" Since the moment-area theorems apply only between two tangents, atterition

should be given as to which tangents should be ¢onstructed so that the angles or -
deviations between them will lead to the solution of the problem. In this regard, -
the tangents af the points of unknown slope and displacement and at the supporis -
should be considered, since the beam usually has Zero dlsplacement a.udfor Zero
slope at the supports. : : :

Moment-Area Theorems

1)

]

L]

Apply Theorem 1 to determine the angfe between 0o tangents and 'Iheorem 2 to
determine vertical deviations between these tangents.

Realize that Theorem 2 in general will not yield the displacement of a point on
the elastic curve. When applied properly, it will only give the vertical distance or
deviation of a tangent at point A on the elastic curve from the tangen at B.

After applying either Theorem 1 or Theorem 2, the algebraic sign of the answer
can be verified from the angle or deviation as indicated on the elastic curve,



Secrion 8-4 Moment Area Theorems . 307

Determine the slope at points B and C of the beam shown in Fig, 8-15a.
Take E = 200 GPa and 7 = 360(10%) mm", :

Solution

M/EI Diagram. This diagram is shown in Fig. 8-155. It is easier to
solve the problem in terms of EI and substitute the numerical data
as a last step.

Elastic Curve. 'The 10-kN load causes the beam to deflect as shown
in Fig. 8-15¢. (The beam is deflected concave down, since M/EJ is
negative.} Here the tangent at A (the support) is ahvays horizontal.

The tangents at B and C are also indicated. We are required to find M
6p and 6c. By the construction, the angle between tan A and tan B, £l
that is, 85/, is equivalent to #p.

Op = Opy
Also,

HC = HC/A ET

(&)
Moment-Area Theorem. Applying Theorem 1, g4 is equal to the
area under the M/EI diagram between points A and B; that is,

_ _ _ {50 kN-m 1( 100 kN-m 50 kN-m)
O = Ogq = — 225V 5y — = - 5m
B Vha ( ET )( A T
375kN-m? tanB gy

ET

Substituting numerical data for £ and I, and converling feet to inches,
we have

—375 kN-m?
v ; e = —0.00521 rad
[200(210°%) kN/m?][360(10%)(10712) m*] Ans.

The negative sign indicates that the angle is measured clockwise
from A, Fig 8-15¢c, i

In a similar manner, the area under the M/ET diagram between
points A and C equals fcs4- We have

1{ 100 kNm 500 kN-m?
G- =@ =—l—-"—— | (10 m) = — XV &N
€A 2( EI )( ) Er
Substituting numerical values for EJ, we have

500 kN-m?
= —0.006%4 rad
[200(10%) kN /m?|[360(10%)(10712) m*] Ans.
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4m

o

i [fc = 416t
3m

(@

Determine the deflection at points B and C of the beam shown in
Fig. 8-16a. Values for the moment of inertia of each segment are
indicated in the figure, Take E = 200 GPa,

C, 500 N-m

s

Solution

M/EI Diagram. By inspection, the moment diagram for the beam
is a rectangle. Here we will construct the M/E] diagram relative to
Iz, realizing that Iyg = 2Ipc, Fig. 8-16h. Numerical data for Elgc
will be substituted as a last step.

Elastic Curve. The couple moment at C causes the beam to deflect as
shown in Fig. 8-16¢. The tangents at A (the support), B, and C are indi-
cated. We are required to find Ay and Ac. These displacements can be
related directly to the deviations between the tangents, so that from the
construction A g Is equal to the deviation of tan B relative to tan A; that is,

Ag = tga
Also,

Ap = fepa
Moment-Area Theorem. Applying Theorem 2, fp/4 is equal to the
moment of the area under the M/EIpc diagram between A and B

computed about point B, since this is the point where the tangential
deviation is to be determined. Hence, from Fig. 8-16b,

250N+ m 2000 N - m®
Ag = tga = [—ﬁ;(“m)]@m) =T Lo

Substituting the numerical data yields

otanC 2000 N -m®

M= teja =i [200(10°) N/m?}{4(10%) mm*(1 mY/(10°)* mm?*)) B

r

Ay =4

(e)

Fig. 8-16

tan A

= 0.0025m = 2.5mm Ans.

Likewise, for tc;4 we must compute the moment of the entire
M /EIpc diagram from A to € about point C. We have

250N - m S00N-m
Ae =t = { Pl (4111)](5 m) + [ T 3 m)l(l.ﬁ m)
_ 7250 N - s _ 7250 N - m®
Elgc [200(16%) N/m2}{4(10%)(107"%) m?}
= 0.00906 m = 9.06 mm N Ans.

Since both answers are positive, they indicate that points B and C
lie above the tangent at A.
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Petermine the slope at point € of the beam in Fig. 8-17a.
E =200 GPa, I = 6(10%) mm*.

b 2
M D___,—”"’f’:“h . 1
¢ S _T8prc tan D orizonta

tan

{c}
Fig. 817

Solution
M/EI Diagram. Fig. 8-17b.

Elasric Curye. Since the loading is applied symmetrically to the beam,
the elastic curve is symmetric, as shown in Fig. 8-17¢. We are required
to find &¢. This can easily be done, realizing that the tangent at D is
horizontal, and therefore, by the construction, the angle f,c between
tan C and tan D is equal to 8¢; that is,

fc = Opse

Monent-Avea Theorem. Using Theorem 1, 8¢ is equal to the shaded
area under the M/ET diagram between points C and D, We have
30kN-m 1 60kN-m 30kN-m
= = ———— + —_ —
bc = bpyc Bm( EI ) 20 m)( EI El )
_ 135kN-m? '
El

Thus,

o — 135 kN «m?*
© 7 [200(10%) kN/m2)[6(10%)(1071%) m*]

= 0112 rad Ans.
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Determine the slope at point C of the beam in Fig. 8-18a.
ADEN E = 200 GPa, [ = 360(10%) mm", _ .
Solution

M/EI Diagram. Fig. 8-18b.

Elastic Curve. The elastic curve is shown in Fig. 8-18c. We are
required to find 6c. To do this, establish tangents at A, B (the
supports), and € and note that ¢4 is the angle between the tangents
at A and C. Also, the angle ¢ in Fig. 8-18c can be found using
¢ = tgra/Lap. This equation is valid since fg/4 IS actuatly very small,
sothat £z, can be approximated by the length of a circular arc defined

M
ET by a radius of Lyp = 8m and sweep of ¢. (Recall that 5 = fir.) From

- the geometry of Fig, 8-18¢, we have

i
20
20 ipra
E‘ir \ bc=¢ ~bca="g ~ Bcpa 8
X

L v l im ) mJ Moment-Area Theorems. Using Theorem 1, ;4 is equivalent to the
area under the M/EI diagram between points A and C; that is,

2 kN-m) _ 20kN-m®
EI El

Applying Theorem 2, {p4 is equivalent to the moment of the area
under the M/ET diagram between B and A about point B, since this is
the point where the tangential deviation is to be determined. We have

Cleia = %(Zm)(

1 1 60 kNm
8 tan B IB/A= [2m+§ (6 m)][§(6 m)( F3d )
i
2 1 60 kN-m
¢ + - =(2
BA 3 (2m)[2( m)( I )]
800 kN-m’
{) tan A - ——E?—
Fig. 8-18 Substituting these results into Eq. (1), we have
5., - 800 KNm® 20kN-m?_ R0 KNm?
¢ (8m) EI EI EI
so that
80 kN+m” )
B = = 0.00111 rad

[200(10% KN /m?[{360(106)(107%) m*] Ans.
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Determine the deflection at C of the beam shown in Fig. 8-19a. Take
E = 200 GPa, I = 4(10°% mm*, _ I

SKNm> ' i as

Solution ‘ (b)
M/ET Diagram. Fig. 8-195.

Elastic Curve. Here we are required to find A, Fig. 8-19¢. This is
not necessarily the maximum deflection of the beam, since the loading
and hence the elastic curve are not symmnetric, Also indicated in
Fig. 8-19¢ are the tangents at A, B (the supports), and C. If ¢ 445 is
determined, then A’ can be found from proportional iriangles, that is,
A'[3 = typ/6 or A" = i4,5/2. From the construction in Fig. 8-19¢, we

have
fasm
c= 5" lern )]

Moment-Area Theorem. We will apply Theorem 2 to determine 14z
and foyp. Here f,p is the moment of the M/ET diagram between 4
and B about point A,

=L [ s2em] 20

and 1¢p is the moment of the M/EI diagram between C and B about C.

1 1 2.5 kN- 3.75 kN-m? Al—3m 3m
e = [5 ® m)][i (3 m)( Al m)] N = i l

EI e 4
A e
Substituting these results into Eq. (1) yields tan ¢

Ta/m

€7y

1 (30 kN-m3) _ 375 kNem® _ 11.25 kN-m®
EI EI EI
Working in units of kN and meters, we have
11.25 kN-m®
[200(10%) kN /m?][4(105)(107 %) m*]
= 00141 m = 141 mm Ans.

AC:
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24 kN

T2EN
(a})
M
EI
8m ! 8m |
1
i x
iy 74
ET
(v}
tan

()

Fig. 8-20

Determine the deflection at point C of the beam shown in Fig. 8-20a.
E = 200 GPa, I = 250(10%) mm*.

Solution

M/ET Diagram, As shown in Fig. 8-20b, this diagram consists of a
triangular and a parabolic segment.

Elastic Curve. The loading causes the beam to deform as shown in
Fig. 8-20c. We are required to find A¢. By constructing tangents at A,
B (the supports), and C, it is seen that Ac = 14 — A’. However, Al
can be related to tp/4 by proportional triangles, that is, A'/16 = tga/8
or A’ = 2tg;4. Hence

Ag =lcia — 2pa ey

Moweni-Area Theorem. We will apply Theorem 2 to determine fey4
and fg;4. Using the table on the inside back cover for the parabolic
segment and considering the moment of the M/EI diagram between
A and C about point C, we have

tey = E(s m)]B(Sm)(—EZ‘gﬁ H

o fomrefen(-22)

11264 kN -m®

A

C
tan

EI

The moment of the M/EI diagram between A and B about point B
gives

1 1 192kN-m 2048 kN m* -
Why are these terms negative? Substituting the results into Eqg. 1

vields
_11264kN-m® _ 2(ﬁ 2048 kN-mﬁ)

€= £l El
_ T168KkN-m’
EIl
Thus,
7168 kN » m®

Ag

= 200(10%) KN/m)[250(10°)(10 %) m]

= —(,143 m Ans.
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Determine the slope at the roller B of the double overhang beam
shown in Fig. 8-214. Take E = 200 GPa, I = 18(10°) mm*,

Solution

M/EI Diagram. ‘The M/EI diagram can be simplified by drawing it
in parts and considering the M/ET diagrams for the three loadings 5 kN 51N
each acting on a cantilever beam fixed at D, Fig. 8-21b. (The 10-kN

load is not considered since it produces no moment about D.) @

Elastic Curve. Tf tangents are drawn at B and C, Fig. 8-2]¢, the
slope B can be determined by finding 1¢/5, and for small angles,

b =5 (1}
M

Moment Area Theorem, To determine g, we apply the moment El

area theorem by finding the moment of the M/EJ diagram between

BC about point C. This only involves the shaded area under two of
the diagrams in Fig. 8-21b. Fhus,

tern = (1m)[(2m)(i°§?ﬂ)] +(3)z0 m(E)

_ 5333KN-m’ E
EI ‘
Substituting into Eq. (1), t 2 4 6
o — 5333 kN -m’ +
B (2 m)[200(10%) kN/m?]{18(10%)(10 %) m?] A
EI
— 10
= {00741 rad Ans, ‘ |EI
4 4}
05
O e
s PPy (b)
tang b——2m ‘__1
{c)

Tig. 8-21
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8-5 Conjugate-Beam Method

real beam

M

conjugate beam

Fig. §-22

The conjugate-beam method was developed by H. Miiller-Breslau in
1865. Essentially, it requires the same amount of computation as the
moment-arca theorems to determine a beam’s slope or deflection;
however, this method relies only on the principles of statics, and hence
its application wilt be more familiar.

The basis for the method comes from the simifarity of Eq. 4-1 and
Eq. 42 to Eq. 82 and Eq. 8-4. To show this similarity, we can write
these equations as follows:

dv W A*M —
dx dx?
a_M | dv_ M
dx EI dx? EI
Or integrating,
V = Jw dx M = J'I:JW dx} dx
1 1 ) I
M M
= ——— d_ = _— 2 _
o KEI) * v J“ (El) "”] a

Here the shear V compares with the slope 8, the moment M compares with
the displacement v, and the external load w compares with the M/EI diagram.
To make use of this comparison we will now consider a beam having the
same length as the real beam, but referred to here as the “conjugate beam,”
Fig. 8-22. The conjugate beam is “loaded” with the M/EI diagram derived
from the load w on the real beam. From the above comparisons, we can
state two theorems related to the conjugate beam, namely,

Theorem 1: The slope at a point in the real beam is numerically equal
to the shear at the corresponding point in the conjugate beam.

Theorem 2: The displacement of a point in the real beam is
numerically equal to the moment at the corresponding point in the
conjugate beam.

Conjugaie-Beam Supports. When drawing the conjugate beam it is
important that the shear and moment developed at the supports of the
conjugate beam account for the corresponding slope and displacement of
the real beam at its supports, a consequence of Theorems 1 and 2. For
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example, as shown in Table 8-2, a pin or roller support at the end of the
real beam provides zero displacement, but the beam has a nonzero slope.
Consequently, from Theorems 1 and 2, the conjugate beam must he
supported by a pin or roller, since this support has zero moment but has
a shear or end reaction. When the real beam is fixed supported (3}, both
the slope and displacement at the support are zero. Here the conjugate
beam has a free end, since at this end there is zero shear and zero moment.
Corresponding real and conjugate-beam supports for other cases are listed
in the table, Examples of real and conjugate beams are shown in Fig. §-23.
Note that, as a rule, neglecting axial force, statically determinate real beams
have statically determinate conjugate beams; and statically indeterminate
real beams, as in the last case in Fig, §-23, become unstable conjugate
beams. Although this occurs, the M/E/ loading will provide the necessary
“equilibrium” to hold the conjugate beam stable,

Real Beam Coenjugate Beam
1) Vv
A=1{ , M=0 ;
pin : pin

2)
A=0
3 8=0
=0
4}
A
5)
A=
6 = 4
4=0 internal toller M=0

7y v

A hinge M

internal roller

315
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C:\—- 5 -
o
real beam conjugate beam

Tig. 8-23

PROCEDURE FOR ANALYSIS

The following procedure prov'ide.s. amethod that niéy beused to detér’miﬁé the displacement
and slope at a point on the elastic curve of a beam using the conjugate-beam method.

Caﬁj'ugai‘éBeam AR

L}

Draw the conjugate beam for the real beam. This beam has the same length as the

‘real beam and has corresponding supports as listed in Table 8-2..

In general, if the real support allows a slope, the conjugate support must develop a shear, -
and if the real support allows a displacement, the conjugate sapport must develop 2

moment. ] :

The conjugate beam is loaded with the teal beam’s M/EI diagram, This loading is
assumed to be distributed over the conjugate beam and is directed upward when M/ET
is positive and downward when M/EI is negative. In other words, the loading always -
acts away from the beam.” = . o0 o T . TR ' :

Equilibriun

L)

supports. S

Using the equations of equilibrium, determine the feactions at the conjugate beam's

.Section_ the tonjugéte'b:f:aré.:atft.]iép(“)iht where the Sloﬁé:ﬂ .ia.t:ad'd'isplacemeht A of
" the real beam are to be deterniined. At the section show the unknown shear V' and

moment M’ acting in their positive sense. - -

‘Determine the shear and moment using the eQuati'oh;s of equilibrium, V' and M’ éQuél '

~and A, respectively, for the real beam. In particular, if these values are positive, the slopeis

counterclockwise and the displacenient is upward.
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Determine the slope and deflection at point B of the steel beam shown
in Fig. 8-24a. The reactions have been computed, E = 200 GPa,
I = 475(10% mm*.

20 kN

real beam

(a)
Fig. 8-24

Solution

Conjugate Beam, The conjugate beam is shown in Fig. 8-24b. The
supports at A’ and B’ correspond to supports A and B on the real
beam, Table 8-2. It is important to understand why this is so. The M/Ef
diagram is negative, so the distributed load acts downward, i.e., away
from the beam.

Equilibrinm. Since 8z and Ap are to be determined, we must
compute Vg and My in the conjugate beam, Fig. 8-24c,
+1EF, =0 fM—V-:O
yoom EI 8
EI
~250 kN-m?

[200(108) kN/m?][475(10%)(107 %) m*]

:

100

= conjugate beam
®
1.67
i 8.33m4—-| My
i T Vg
L—"‘
2350
Ef .
reactions
(©

= —0.00263 rad Ans.
250 kN-m*
+EMp = 0 e (833 m) + My =0
EI
2083 kN-m®
Ag == My =— —F —— -
5= My EI ‘
—2083 kN-m? M
[200(105) kN /m?|[475(10%)(107"%) m")
= —{,2109m = —21.9 mm Ans.
‘The negative signs indicate the slope of the beam is measured

clockwise and the displacement is downward, Fig. 8-244.

QY
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real beam
(2}
Fig. 8-25

Sly en A2

Al D NE
1 ,
i3

~,
g

1 6m — i — 4m —-—|—2 m-l

45 63
Ei EI
external reactions

©

internal reactions

@

Determine the maximum deflection of the steel beam shown in Fig: 8-25¢.
The reactions have been computed. £ = 200 GPa, I = 60(105) mm*.

6 kN

conjugate beam

(b)

Solution

Conjugate Beam. The conjugate beam loaded with the M/ET
diagram is shown in Fig. 8-25b. Since the M/EI diagram Is positive,
the distributed load acts upward {(away from the beam).

Eguilibrium, The external reactions on the conjugate beam are deter-
mined first and are indicated on the free-body diagram in Fig. 8-25c¢.
Maximum deflection of the real beam occurs at the point where the slope
of the beam is zero. This corresponds to the same point in the conjugate
beam where the shear is zero. Assuming this point acts within the region
0 = x = 9m from A’, we can isolate the section shown in Fg. 8-25d.

Note that the peak of the distributed loading was determined from pro-
portional triangles, thatis, w/x = {18/EI)/9. We require ¥V’ = (5o that
45 1/ 2x
= {) ——t == jx =
+1EF, = 0 7 Z(EI)Y 0

x=67lm (0=x=9m)OK

Using this value for x, the maximum deflection in the real beam
corresponds to the moment M'. Hence,

s 1 2(6-71)> ]1 '
FEM =0 z7(671) [2( Z7 T3 (671) + M =
, 2012 kN-m?
Apay = M' = — Bl
3 ~201.2 kN - m?
[200(105) kN/m?|[60(10°) mm*(1 m*/(10°)* mm*}]
= —00168 m = —16.8 mm Ans.

The negative sign indicates the deflection is downward,
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The girder in Fig. 8-264 is made from a continuous beam and reinforced
at its center with cover plates where its moment of inertia is larger.
The 4-m end segments have a moment of inertia of 7 = 270{10% mm",
and the center portion has a moment of inertia of I’ = 540(10°) mm*,

Determine the deflection at the center C. Take E = 200 GPa. The &

reactions have been calculated.

et

30 RNmf Ry

t

1 =(27c(105) mm?*

SOKN
Solution I= 270(106) mm? p= 540(106) mm#
Conjugate Beam. The moment diagram for the beam is determined first, real beam
Fig. 8-26b. Since I' = 21, for simplicity, we can express the load on the .
conjugate beam in terms of the constant EI, as shown in Fig. 826, Fig. 8-26
Equilibrium. The reactions on the conjugate beam can be calculated
by the symmetry of the loading or using the equations of equilibrium.
The results are shown in Fig. 8264, Since the deflection at Cis to be
determined, we must compute the internal moment at C’. Using the
method of sections, segment A’C’ is isolated and the resultants of the
distributed loads and their locations are determined, Fig. 8-26e. Thus,
020 400 200 20
+ v= 0 (6)——{(3.333) - == (1) — =—(0.66V + M =
W+ EMe = 00 (6) =57 (3333) = T (1) — - (0667) + M= 0
Mg = — 2173 kN-m® M (KNm)
Er
200 29 200
Substituting the numerical data for ET and converting units, we have .
A - 2173 kN-m? -
=M~ = -x (o
YT 1200010 KN /m?)[270(105)(10~ ) m] 4 6 8 12
= —0.0402m = —40.2mm Ans. moment diagram
The negative sign indicates that the deflection is downward. ®)
400
200 200 400 a0 400 A
Er . E . ET 4 4 420
,I»" N “1: A0 AP,EI
,// r::-- ‘T(T: : \\\\ ,/// rﬁ ﬁ,JIVC
Af = : -fﬁ : \'\"13' A’%I 'l Mo
| oo =i
¥2.667ml 3333 m [ 3333 m [2.667my El {3333m
620 620 6m
EI ET
conjugate beam external reactions internal reactions

3] ()

&
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40 kN

Determine the displacement of the pin at B and the slope of each
beam segment connected to the pin for the compound beam shown
in Fig. 8-27a. E = 200 GPa, I = 18(10%) mm*,

40 kN
5 ’ vlv \VSD kN-m
: AB C—&—

(OB)R S ;B (ﬂﬂ)L

elastic curve

(b)

real beam

Fig. 8-27

Solution

Conjugate Beam. The elastic curve for the beam is shown in Fig, 8-275
in order to identify the unknown displacement Ap and the slopes (85) 1
and (8z)p to the left and right of the pin. Using Table 8-2, the conjugate -
beam is shown in Fig. 8-27¢. For simplicity in calculation, the A/ET
diagram has been drawn in parts using the principle of superposition as
described in Sec. 4-5. In this repard, the real beam is thought of as
cantilevered from the left support, A. The moment diagrams for the 40-kN
load, the reactive force £, = 10 kiN, and the 50-kNm loading are given.
Notice that negative regions of this diagram develop a downward distrib-
uted load and positive regions have a distributed load that acts upward.

845
130 g Pt EI
Ef H e S 2
L 5 m*} ! 367 mo- ET
[ ] Rt -
\T\ﬁ\m E B ‘j
AT -- g S———— -
Y = ! T 127 i
i ¥+ s Ii _____ 5T _J
- ¢ 27 650
(7 E, 5m——r
Sl L ET——6.67 mff)*
2 [t
_l_ | L 15m
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Equilibrium. The external reactions at B' and C' are calculated first
and the results are indicated in Fig. 8-27d.1n order to determine (85)p,
the conjugate beam is sectioned just to the right of B’ and the shear
force (Vg }g is computed, Fig. 8 27e. Thus,

125 250 2

127 kN-m?
{8)r = (Valr = %I
127 kN-m?

[260(10) kN /m?|[18(10%)(1071%) m¥}
= (1.0353 rad Ans.

‘The internal moment at B’ yields the displacement of the pin., Thus,

125 250 2
TEMp =0; —-Mp + 25 (167) — = (2.5)— 2 (5) =
L g g EI (1 67) EI (2 5) EI (5) 0
427 kN-m>
Ag =My = TR
—427 kN-m?

[200¢10%) kN /m?|[18(10%(1072) m*]

—0.119m = —119 mm Ans.

1

‘The slope {8z);, can be found from a section of beam just to the
left of B, Fig. 8-27f. Thus,

127 125 250 2
+ - ' Y + —— + . T T — —
1285, =6 (Ve EI  EI  EI EI

(8g)r = (Vp)p =0 Ans.

=19

Obviously, Ag = My for this segment is the same as previously calcu-
lated, since the moment arms are only slightly diffetent in Figs. 8 27e
and 8-27f,
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PROBLEMS

81, Determine the equation of the elastic curve for the *8-4. Determing the equations of the elastic curve for
beamn using the x coordinate that is valid for 0 = x < L2, the beam using the x; and x; coordinates. Specify the
Specify the slope at A end the beam’s maximum beam’s maximum deflection. ET is constant.

deflection. EI is constant.

L
|

Prob. 8-1 Frob. 8-4
8-2. Determine the equations of the elastic curve using 8-5. Determine the elastic curve for the cantilevered
the x; and x; coordinates. Ef is constant. beam, which is subjected to the couple moment My, Also

compute the maximum slope and maximum deflection of
the beam. EI is constant.

|

—xl——[ ‘ L 1
a l b
| Prob. 3-5
X i
L

Frob, §8-2
8-3. Determine the equations of the efastic curve for 8-6. Determine the maximum deflection of the beam
the beam using the x; and X, coordinates. Specify the and the slope at A. Use the method of double integration.
slope at A and the maximum deflection, £ is constant. EI is constant,

Prob. 8-3 Prob, 8-6



.. §7. Determine the equation of the elastic curve using
"\ the coordinate x, and specify the slope at point A and the
deflection at point C. EI is constant.

o

(Sl

et

Prob, 8-7

'8 8. Determine the maximum slope and maximum deflec-
tion of the simply supported beam which is subjected to the
couple moment M. Use the method of double integration.
Elis constant.

Frob, §-8

8-9. Determine the elastic curve for the simply supported
beam, which is subjected to the couple moments Mg, Also,
compute the maximum slope and the maximum deflection
of the beam. £ is constant,

Prob, 3-9

ProstEmMSs » 323

8-10. Use the moment-area theorems and determine the
slope and deflection at B. EJ is constant.

2kN

o — ]

Prob, 8-10

4

8-11, The beam is subjected to the two loads. Use the
moment-area theorems and determine the slope and dis-
placement at points A and B. Ef is constant.

P

|

AfE

P
2 2

!

Prob. 8-11

*8-12. Use the moment-area theorems to defermine the
slope and deflection at C, ET is constant.

‘ 10m e

Prob. 8-12
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§-13. The beam is subjected to the loading shown. Use
the moment-area theorems and determins the slope at A
and the displacement at C. Assume the support at A is a
pin and B is a roller. £I is constant.

Prob. 8-13

8-14. The beam is subjected to the load P as shown.
Use the moment-area theorems and determine the
magnitude of force F that must be applied at the end of
the overhang C so that the displacement at C is zero, EI
is constant.

§-15. The beam is subjecied to the load P as shown. If
F = P, determine the displacement at D, Use the
moment-area theorems. ET is constant.

P
A lD B A

Probs. 8-14/8-15

*8-16. At what distance @ should the bearing supports
at A and B be placed so that the deflection at the center
of the shaft is equal to the deflection at its ends? Use the
moment-area theorems. The bearings exert only vertical
reactions on the shaft, EJ is constant.

Prob, §-16

8-17. Use the moment-area theorems and determine the
slope at the supports and the maximum deflection of the
shaft, EI is constant.

Prob. 8-17

8-18. The beam is subjected to the loading shown. Use
the moment-area theorems and determine the slope at B
and deflection at C. EJ is constant.

My

Prob. $-18

8-19. The shaft is subjected to the loading shown. If
the bearings at A and B oniy exert vertical reactions on
the shaft, determine the slope at A and the displacement
at C. Use the moment-area theorems. EI is constant.

Prob, 8-19

*8-20. Use the moment-area theorems and determing
the deflection at € and the slope of the beam at A, B, and
. EI is constant.

Prob, 8-20
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821, Use the moment-area theorems and determine the *824, Use the moment-area theorems and determine
slope at B and the deflection at C. EI is constant, - the slope at B and the displacement at €. The member is
. an A-36 steel structural Tee for which 7 = 320109 mm®,

20 kN

Prob, 8-21 Prob. 8-24
8-22. Usethe moment-area theorems and determine the 8-25. Use the moment-area theorems and determine the
slope at C and the deflection at B. ET is constant. slope at C and displacement at B. ET is constant.

g
Prob Prob. 8-25

§-23. se the moment-area theorems and determine
the value of a so that the slope at A is equal to zero. Ef
is constant.

8-26. Use the conjugate-beam method and determine
the slope and deflection at B. El is constant.

P
1 y 10 kN

1)

S0kN-m

10 m

v‘
= u
23t
roft
.

Prob. 8-23 Prob. 8-26
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§-27. Use the conjugate-beam method and determine
the deflection at the center B of the beam and the slope
at A. EI is constant. Assume the support at A is a pin
and C is a roller.

—

B3|t

Proh. $-27

*8-28. Use the conjugate-beam method and determine the
slope and deflection at B. The beam has a rectangular cross
section, where E=13 GPa, A=0.08m? I = 0.500(10*)m",

4 kN

0.3 kN/m

FEENRRERER

|'7 10m

Preb. 8-28

8-29. Use the conjugate-beam method and determine the
slope and deflection at C. E = 200 GPa, I = 400(10°) mm*.

Proh. 3-29

8-30. Use the conjugate-beam method and determine
the deflection at C. Assume the support at A is a pin
and B is a roller. EI is constant.

Prob, 8-30

8-31, Use the conjugate-beam method and determine the
slope and the deflection of the beam at C. ET is constant.
Assume the support at 4 is a roller and B is a pin.

Prob, 831

*8-32, Use the conjugate-beam method and determine
the deflection at €. Assume A is a pin and B is a roller.

5kN/m

N 6m LJ 6m

Prob. 8-32
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8-33, Use the conjugate-beam method and determine *8.36. Determine the slope at the end C of the beam, Use
the deflection and slope of the end C of the cantilever the conjugate-beam method. £ =200 GPa, I = 70(105) mm®
beam., E =.200 GPa, The momtent of inertia of eac Assume B is a rolter and A is a pin. ’

segment is indicated in the figure. -

8kN
2kN/m

g = 500(106) mom?

4m
Prob, 8-33
Prob. 8-36
8-34. Use the conjugate-beam method and determine 8-37. Use the conjugate-beam method and determine the
the slope and deflection at C. Assume A is a pin and B is slope just to the left and just to the right of the pin at B.
a roller. EJ is constant. Also, determine the deflection at b, Assume the beam is

fixed supported at A, and that C is a roller. Ef is constant,
60 kN

5 kN-m

| 10m i Sm 5m | 5m | Sm |
Prob. §-34 Prob. 8-37

8-35. Use the conjugate-beam method and determine §-38. Use the conjugate-beam method and determine

the slope at B and the deflection at C. EI is constant, the deflection at B and the slope at C. Assume A is a fixed

Assume A is a roller and B is a pin. support, B is a pin, and C is a roller. ET is constant.

Prob, 8-35 Prob. 8-33



The displacement of the jeints on this Warren bridge truss can be determined
using energy methads.,




Deﬂecti_o_ns Using
Energy Methods

In this chapter, we will show how to apply energy methods to solve problems
involving slope and deflection. The chapter begins with a discussion of work and
strain encrgy, followed by a development of the principle of work and energy.
The method of virtual work and Castigliano’s theorem are then developed, and
these methods are used to determine the displacements at points on trusses,
beams, and frames. ' :

9-1 External Work and Strain Energy

The semigraphical methods presented in the previous chapters are very
effective for finding the displacements and slopes at points in beams
subjected to rather simple loadings. For more complicated loadings or
for structures such as trusses and frames, it is suggested that energy
methads be used for the computations. Most energy methods are based
on the conservation of energy principle, which states that the work done
by all the external forces acting on a structure, U7, is transformed into
internal work or strain energy, U, which is developed when the structure
deforms. If the materials elastic limit is not exceeded, the elastic strain
energy will return the structure to its undeformed state when the loads
are removed. The conservation of energy principle can be stated

mathematically as
=

Before developing any of the energy methods based on this principle,
however, we will first determine the external work and strain energy caused
by a force and a moment. The formulations to be presented will provide a
basis for understanding the work and energy methods that foliow.
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CHAPTER 9 Deflections Using Energy Methods

External Work—Force. When a force F undergoes a displacement dx
in the same direction as the force, the work done is dU, = F dx. If the
total displacement is x, the work becomes

X
U, = J Fdx (9-2)
0

Consider now the effect caused by an axial force applied to the end
of a bar as shown in Fig. 9-1a. As the magnitude of F is gradually
increased from zero to some limiting value ¥ = P, the final elongation
of the bar becomes A. If the material has a linear elastic response, then
F = (P/A)x. Substituting into Eq. 9-2, and integrating from 0 to A, we
get

U, = ;PA (9-3)

which represents the shaded triangular area in Fig. 9-1a.

We may also conclude from this that as a force is gradually applied to
the bar, and its magnitude builds linearly from zero to some value P, the
work done is equal to the qverage force magnitude (P/2) times the
displacement (A).

—a-
(2)
Fig. -1
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Suppose now that P is already applied to the bar and that another force
T is now applied, so the bar deflects further by an amount A, Fig. 9-1b.
The work done by P (not F') when the bar undergoes the further
deflection A’ is then )

U/ = PA' T (94

Here the work represents the shaded rectangular area in Fig. 9-1b. In
this case P does not change its magnitude since A" is caused only by F”.
Therefore, work is simply the force magnitude (F) times the
displacement (A").

In summary, then, when a force P is applied to the bar, {ollowed by
application of the force F’, the total work done by both forces is
represented by the triangular area ACE in Fig. 9-1b. The triangular area
ABG represents the work of P that is caused by its displacement A, the
triangular area BCD represents the work of F' since this force causes a
displacement A’, and lastly, the shaded rectangular area BDEG
represents the additional work done by P when displaced A" as caused
by F'.

External Work—Moment, The work of a moment is defined by the
product of the magnitude of the moment M and the angle 40 through
which it rotates, that is, dl/, = M 40, Fig. 9-2. If the total angle of
rotation is @ radians, the work becomes

[
U, = J M d6 (9-5)
Q

As in the case of force, if the moment is applied gradually to a structure
having linear elastic response from zero to M, the work is then

U, = 1M (9-6)
However, if the moment is already applied to the structure and other
loadings further distort the structure by an amount @', then M rotates

#’, and the work is

U, = Me' (-7

1

M
Fig. 9-2

YF
F
F o+ Phommmmmmm e
I B
G

)]
Fig. 9-1
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Strain Energy—Axial Force. When an axial force N is applied
gradually to the bar in Fig. 9-3, it will strain the material sach that the
external work done by N will be converted into strain energy, which is
stored in the bar {Eq. 9-1). Provided the material is linearly elastic, Hooke’s
law is valid, o = Fe, and if the bar has a constant cross-sectional area A
and length L, the normal stress is o = N/A and the final strain is
e = AfL, Consequently, N/A = E(A/L), and the final deflection is

_NL

A = —
AE

(9-8)
Substituting into Eg. 9-3, with P = N, the strain energy in the bar is
therefore

N

= OAE (9-9)

U;
Strain Energy—Bending. Consider the beam shown in Fig, 4a, which
is distorted by the gradually applied loading P and w. These loads create
an internal moment M in the beam at a section located a distance x from the
left support. The resulting rotation of the differential element dv, Fig. 9-4b,
can be found from Eq. 82, that is, d8 = (M/E[) dx. Consequently, the
strain energy, or work stored in the element, is determined from Eq. 9-6
since the internal moment is gradually developed. Hence,

M?dx
2E]

The strain energy for the beam is determined by integrating this result
over the beam’s entire length L. The result is

B J Lp?dx
2E1

dU; = (9-10)

i

(9-11)

@ ()

Fig. 94
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9-2 Principle of Work and Energy

Now that the work and strain energy for a force and a moment have
been formulated, we will illustrate how the conservation of energy or
the principle of work and energy can be applied to determine the
displacement at a point on a structure. To do this, consider finding the
dlsplaccment A at the point where the force P is applied to the cantilever
beam in Fig. 9-5. From Eq. 9-3, the external work is U, = —PA To obtain
the resulting sirain enerpy, we must first determine the mtemal moment
as a function of pesition x in the beam and then apply Eq. 9-11. In this
case M = —Px, so that

U - J'L!‘([de B IL{_PI)ZdI B 1P2L3
) 2Er s 2ED 6 EI

Equating the external work to internal strain energy and solving for the
unknown displacement A, we have

U, = U
1 1P13
2P =6 Er
_PL?
- 3E1

Although the solution here is guite direct, application of this method
is limited to only a few select problems. It will be noted that only one
load may be applied to the structure, since if more than one load were
applied, there would be an unknown displacement under each load, and
yet it is possible to write only ore “work™ equation for the beam.
Furthermore, only the displacement under the force can be obtained, since
the external work depends upon both the force and its corresponding
displacement, One way to circumvent these limitations is to use the
method of virtual work or Castigliano’s theorem, both of which are
explained in the following sections.
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9-3 Principle of Virtual Work

P=1
Apply virtual load P’ first.

(a)

Py
‘Then apply real loads By, Py, P

(b)
Fig. 9-6

The principle of virtual work was developed by John Bernoulli in 1717
and is sometimes referred to as the unit-load method. Tt provides a
general means of obtaining the displacement and slope at a specific point
on a structure, be it a beam, frame, or truss.

Before developing the principle of virtual work, it is necessary to make
some general statements regarding the principle of work and energy, which
was discussed in the previous section. If we take a deformable structure
of any shape or size and apply a series of external loads P to it, it will cause
internal loads u at points throughout the structure, It is necessary that the
external and internal loads be rvelated by the equations of equilibrium. As
a consequence of these loadings, external displacements A will occur at
the P loads and internal displacements & will occur at each point of internal
load w. In general, these displacements do not have to be elastic, and they
may not be related to the loads; however, the external and internal
displacements must be related by the compatibility of the displacements. In
other words, if the external displacements are known, the corresponding
internal displacements are uniquely defined. In general, then, the principle
of work and energy states:

ZPA = Zub
Work of Work of (9-12)
External Loads Internal Loads

Based on this concept, the principle of virtual work will now be
developed. To do this, we will consider the structure (or body) to be of
arbitrary shape as shown in Fig. 9-6b.* Suppose it is necessary (o
determine the displacement A of point A on the body caused by the
“real loads” Py, Py, and Ps, It is to be understood that these loads cause
no movement of the supports; in general, however, they can strain the
material beyond the elastic limit. Since no external load acts on the body
at A and in the direction of A, the displacement A can be determined
by first placing on the body a “virtual” load such that this force P’ acts
in the same direction as A, Fig. 9-6a. For convenience, which will be
apparent later, we will choose P’ to have a “unit” magnitude, that is,
P' = 1. The term “virtual” is used to describe the load, since it is
imaginary and does not actually exist as part of the real loading. The unit
load (P’) does, however, create an internal virtual load u in a
representative element or fiber of the body, as shown in Fig. 9-6a. Here
it is required that P’ and u be relafed by the equations of equilibrivm. f

*This arbitrary shape will later represent a specific truss, beam, or frame.
tAlthough these loads will cause virtual displacements, we will not be concerned with
their magnitudes.
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Once the virtual loadings are applied, #hen the body is subjected to the real
loads Py, Py, and Py, Fig. 9-6b. Point A will be displaced an amount A, causing
the element to-deform an amount J4L. As & result, the external virtual force
P’ and internal virtual load u “ride along” by A and dL, respectively, and
therefore perform external virtual work of 1+ A on the bady and internal
virtual work of 1+ 4L, on the element. Realizing that the external virtual
work is equal to the internal virtual work done on all the elements of the
body, we can write the virtual-work equation as

I i) virtual loadings
1-A = Zu-dlL (9-13)
1 T . real displacements

where

P’ = 1 = external virtual unit load acting in the direction of A.
internal virtual load acting on the element in the direction of dL.

I
A
dL

i

external displacement caused by the real loads.
internal deformation of the element caused by the real loads.

I

By choosing P’ = 1,1t can be seen that the solution for A follows directly,
since A = ZudlL.

In a similar manner, if the rotational displacement or slope of the
tangent at a point on a structure is to be determined, a virtual couple
moment M having a “unit” magnitude is applied at the point. As a
consequence, this couple moment causes a virtual load u, in one of the
elements of the body. Assuming that the real loads deform the efement
an amount 47, the rotation ¢ can be found from the virtual-work equation

i) T virtuat loadings
19 = Zuz-dL (9-14)
T T real displacements
where
M’ =1 = external virtual unit couple moment acting in the direction
of 9.

tp = internal virtual load acting on an element in the direction of dL.

¢ = external rotational displacement or slope in radians caused by the
real loads.

dI = internal deformation of the element caused by the real loads.

This method for applying the principle of virtual work is often referred
to as the method of viriual forces, since a virinal force is applied resulting
in the calculation of a real displacement. The equation of virtual work in
this case represents a compatibility requirement for the structure.
Although not important here, realize that we can also apply the principle

3
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of virtual work as a method of virtual displacements. In this case virtual
displacements are imposed on the structure while the structure is
subjected to real loadings. This methad can be used to determine a force
on or in a structure,* so that the equation of virtual work is then
expressed as an equilibrium requirement.

9-4 Method of Virtual Work: Trusses

We can use the method of virtual work to determine the displacement
of a truss joint when the truss is subjected to an external loading,
temperature change, or fabrication errors. Each of these situations will
now be discussed.

External Loading. For the purpose of explanation let us consider the
vertical displacement A of joint B of the truss in Fig. 9-7. Here a typical
element of the truss would be one of its rembers having a length L. If the
applied loadings P, and P, cause a linear elastic material response, then
this element deforms an amount AL = NL/AE, where N is the normal
or axial force in the member, caused by the loads, Applying Eq. 9-13, the
virtual-work equation for the truss is therefore

(9-15)

where
1 = external virtual unit load acting on the truss joint in the stated
direction of A.

1 = internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the real loads on the truss.
N = internal normal force in a truss member caused by the real loads.
L. = length of a member.

A = cross-sectional area of a member.

E = modulus of elasticity of a member.

The formulation of this equation follows naturally from the
development in Sec. 9-3. Here the external virtual unit load creates
internal virtual forces n in each of the truss members. The real loads then
cause the truss joint to be displaced A in the same direction as the virtuat
unit load, and each member is displaced NL/AE in the same direction
as its Tespective n force. Consequently, the external virtual work 1+ A
equals the internal virtual work or the internal (virtual) strain energy
stored in all the truss members, that is, EnNL/AE.

*It was used in this manner in Sec. 6-3 with reference to the MiHer-Breslau principle.
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Temperature. Insome cases, truss members may change their length due
to temperature. If v is the coefficient of thermal expansion for a member and
AT is the change in its temperature, the change in length of a member is
AL = a AT L. Hence, we can determine the displacement of a selected
truss joint due to this temperature change from Eq. 9-13, wriiten as

1°A = Xna AT L (9-16)

where
1 = external virtual unit load acting on the truss joint in the stated
direction of A.

internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the temperature change.
a = coefficient of thermal expansion of member.

il

n

AT = change in temperature of member,
L = length of member.

Fabrication Errors and Camber. Occasionally, errors in fabricating
the lengths of the members of a truss may occur. Also, in some cases truss
members must be made slightly longer or shorter in order to give the truss
a camber. Camber is often built into a bridge truss so that the bottom cord
will curve upward by an amount equivalent to the downward deflection
of the cord when subjected to the bridge’s full dead weight. If a truss
member is shorter or longer than intended, the displacement of a truss
joint from its expected position can be determined from direct application
of Eq. 9-13, written as

1-A = En AL (9-17)

where

= external virtual unit load acting on the truss joint in the stated
direction of A.

»n = intemal virtual normal force in a truss member caused by the
external virtual unit foad.
A = external joint displacement caused by the fabrication errors.

A7, = difference in tength of the member from its intended size as
caused by a fabrication error.

A combination of the right sides of Egs. 9-15 through 9-17 will be
necessary if both external loads act on the fruss and some of the
members undergo a thermal change or have been fabricated with the
wrong dimensions.

Il
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' 'ZPROCEDURE FOR ANALYSIS

‘The foilomng procedure may be used t0' determme _ ‘
dlspiacement of any ]mnt on & truss nsmg the method of vutual work

Virtual ches n

o Place the unit load on the truss at the jomt where thc desued _
displacement is to be determined. The load should be in the same -
direction as the spemﬁed dxspiacement g.g., horizontal or vertlca]

o With the unit load so pIaced and all the real 1oads removed
from the truss, use the method of joints or the method of

* sections and calculate the internal n force in each’ truss member.
Assume that tensile forces are posmve and compress;ve forces '
are negative. e :

Real Forces N _ Y : S s
o Use the method of sections of the method of joints to determine
the N force in each member, These forces are caused only by the

real loads acting on the truss. Again, assume tensile forces are
positive and compressive forces are negative.

Virtual-Work Eqguation

¢ Apply the equation of vzrtual work to determme the desired -
displacement. It is important to retain the algebraic sign for each
of the corresponding n and N forces when substituling these terms
into the equation.

o Ifthe resultant sum 2nN L/ AF is positive, the dtspiacement A is in
the same direction as the unit load. If a negative value results, A
is opposite to the unit load.

o When applying 1+A = Zna AT L, realize that if any of the
members undergoss an increase in femperature, AT will be
positive, whereas a decrease in tempemmre results in a negative
value for AT.

o For1+A = Zn AL, when a fabrication error increases the length
of a member, A L is positive, whereas a decrease in length is negative.

» When applying any formula, attention should be paid to the units
of each numerical quantity, In particular, the virtual nnit load can
be assigned any arbitrary unit {IN, kN, etc.}, since the n forces will
have these sare units, and as a resuft the units for bothi the virtual
unit load and the n forces will cancel from both sides of the
equation.
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Determine the vertical displacement of joint C of the stecl truss shown
in Fig. 9-8a. The cross-sectional area of each member is A = 300 mm*
and E = 200 GPa.

Solution
~0333kN

ﬁ\\’\?
/Q i

Virtual Forces n, Only a vertical 1-kN load is placed at joint C, and
the force in each member is calculated using the method of joints. The
results are shown in Fig. 9-8b. Positive numbers indicate tensile forces
and negative numbers indicate compressive forces.

0333 kN|

Renl Forces N.  The real forces in the members are calculated using T 0333 KN  0667kN | 0.667 kN i&

the method of joints. The results are shown in Fig. 98¢, 0.333 kKN T 0.667 KN
Virtual-Work Equation. Arranging the data in tabular form, we have virtual forces n
Member n (kN) N (kN) L{m) »n NL (kN%m) (b)

AR 8333 20 3 20

BC 0.667 20 3 40

CD 0.667 20 3 40

DE —0.943 —28.3 4,24 113

—20kN

FE —0.333 ~20 3 20 2

EB -0.471 o 424 0

BF 0.333 20 3 20

AF —0.471 —28.3 424 56.6

CE 1 20 3 60

33606 T 20N | 20kN 20kN
269.6 KNEm 20kN 20 kN 20kN 20kN
nNL 2 .
Thus 1EN-Ag = E R = AE real forces N
Converting the units of member length to inches and substituting the )
numerical values for A and E, we have - Fig, 9-8
396.6 kN*m
1kN-Ag, =

" [300(107%) m2[[200(105) kN /m?]
A, = 0.00616 m = 6,16 mm - Ans.
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The cross-sectional area of each member of the truss shown in Fig. 9-9a
is A=409mm? and E =200 GPa. (a) Determine the vertical
disptacement of joint C if a 4-kIN force is applied to the truss at C. (b)
T no loads act on the truss, what would be the vertical displacement of
joint C if member AB were 5 mm too shori?

Solution
Part (a)

Virtual Forces n. Since the vertical displacement of joint C is to be
determined, a virtual force of 1 kN is applied at C in the vertical
direction. The units of this force are the same as those of the real
loading. The support reactions at A and B are calculated and the n
force in each member is determined by the method of joints as shown
on the free-body diagrams of jeoints 4 and B, Fig. 9-9b.

0.833 kN 0.833 kN
13 3
A 0.667 kN 0.667 kN «——X 5

]

0.5 kN virtual forces n 0.5 kN
B
Ay
Real Forces N. 'The joint analysis of A and B when the real load of
4 kN is applied to the truss is given in Fig, 9-9¢.
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2.5kN 25kN

4kN 4 kN ZkN 2kN B

LSkN 1.5 kN LSkN real forces N 151N
(c)

Virtual-Work Equation. Since AFE is constant, each of the terms
nNL can be arranged in tabular form and computed. Here positive
numbers indicate tensile forces and negative nmumbers indicate
compressive forces.

Member n (kN) N (kN) L {m) n NL (kN?+m)

AB 0.667 2 8 10.67
AC ~{1.833 2.5 5 ~10.41
CRB -0.833 -2.5 5 1041
$10.67
Thus,
nNL 1067kN%'m
1 kN . Acv - E AE - AE

Substituting the values A = 400 mm? = 400(10°°%) m?, £ — 200 GPa
= 200(10°) kN/m?, we have

10,67 kN?+m
1kN-Ae =
“ " 400(10 ) m3(200(10¢) kN/m?)
g, = 0.000133 m = 0.133 mm Ans.

Part (b). Here we must apply Eq. 9-17. Since thie vertical displacement
of Cisto be determined, we cant use the results of Fig, 9-75. Only member
AB undergoes a change in length, namely, of AL = —0.005 m., Thus,

1-A=Z3nAL
1N+ A = (0667 kN)(—0.005 m)
Ac, = —0.00333 m = —3.33 mm Ans.

The negative sign indicates joint C is displaced upward, opposite to
the 1-kN vertical load. Note that if the 4-kN load and fabrication
error are both accounted for, the resultant displacement is then
Ag, = 0.133 ~ 333 = —3.20 mm {(upward).
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Determine the vertical displacement of joint C of the steel truss shown
in Fig. 9-10a. Due to radiant heating from the wall, member AD is
subjected fo an increase in temperature of AT = +60°C. Take
o = 1.08(107°)/°C and E = 200 GPa.The cross-sectional area of each
member is indicated in the figure.

500 kN—d T e 300 kN

1KkN|: imokN

400KN|
0.75 kN 300 kKN——=l " A 1)
o 0
Y
400 kN
(a) virtual forces n real forces N
(®) (©
Fig. 9-10
Solution

Virtual Forces n. A vertical 1-kN load is applied to the truss at joint
C, and the forces in the members are computed, Fig. 9-10b.

Real Forces N, Since the n forces in members AB and BC are zero,
the N forces in these members do nof have to be computed. Why? For
completion, though, the entire real-force analysis is shown in Fig, 9-10c.

Virtual-Work Equation. Both loads and temperature affect the
deformation; therefore, Egs. 9-15 and 9-16 are combined, Working in
units of kips and inches, we have

N
1-A¢g, = EHA;‘ + Zna AT L

0.75(600)(1.8) (1)(400)(2.4)
1200(1075)[200(10%)] 1200(10~%)[200(10%]
[ (125)50)0) )
900(10~6){200(10%)]
Ag, = 000193 m = 193 mm Ans,

+ (D[LOS(L07%)](60)(24)
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9-5 Wiethod of Virtual Work: Beams and Frames

The method of virtual work can also be applied to deflection problemts
involving beams and frames. Since strains due to bending are the primary
cause of beam or frame deflections, we will discuss their effects first.
Deflections due to shear, axial and torsional loadings, and temperature
wilt be considered in Sec. 9-6.

The principle of virtual work, or more exactly, the method of virtuat force,
may be formulated for bearm and frame deflections by considering the beam
shown in Fig. 9-11a. Here the displacement & of point A is to be determined.
To compute A a virtual unit load acting in the direction of A is placed on
the beam at A, and the internal virmal toment m is determined by the
method of sections at an arbitrary location x from the left support, Fig. 9-115.
When the real loads act on the beam, Fig. 9-1la, point A is displaced A.
Provided these loads cause linear elastic material response, then from
Fq. 82, the element dx deforms or rotates de = (M/EI) dx.* Here M is real loads
the internial moment at x caused by the real loads. Consequently, the external (a)
virtual work done by the unit load is 1+ A, and the internal virtual work
done by the moment m is m df = m(M/EI) dx. Summing the effects on
all the elements dx along the beam requires an integration, and therefore
Eq. 9-13 becomes

1 ijl\l

(9-18)

where

1 = external virtual unit load acting on the beam or frame in the
direction of A.

n = internal virtual moment in the beam or frame, expressed as a .
function of x and caused by the external virtual unit load. virtual loads

= external displacement of the point caused by the real loads acting ®)
on the beam or frame. Fig. 9-11
M = internal moment in the beam or frame, expressed as a function of
x and caused by the real loads.
E = modulus of elasticity of the material.

I = moment of inertia of cross-sectional area, computed about the
neutral axis.

="

In a similar manner, if the tangent rotation or slope angle § ata point
on the beam’s elastic curve is to be determined, a unit couple moment
is applied at the point, and the corresponding internal moments 17 have
to be determined. Since the work of the unit couple is1+0, then

e - LﬁlaM
”“f”‘E‘? * ¢-19)

*Recall that if the materiai is strained beyond its elastic limit, the principle of virtual
work can stitl be applied, although in this case a nonlinear or plastic analysis must be used.
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real loads

{a)

virtual foad

(b)

Fig. 9-12

When applying Eqs. 9-18 and 9-19, it is important to realize that the
definite integrals on the right side actually represent the amount of
virtual strain energy that is stored in the beam. If concentrated forces or
couple moments act on the beam or the distributed load is discontinuous,
asingle integration cannot be performed across the beam’s entire length.
Instead, separate x coordinates will have to be chosen within regions that
have no discontinuity of loading. Also, it is not necessary that each x
have the same origin; however, the x selected for determining the real
moment M in a particular region must be the same x as that selected for
determining the virtual moment m or mj, within the same region. For
example, consider the beam shown in Fig. 9-12. In order to determine
the displacement of D, four regions of the beam must be considered, and
therefore four integrals having the form [(mM/EI) dx must be
evaluated, We can use xy to determine the strain energy in region AB,
x; for region BC, x; for region DE, and x4 for region DC. In any case,
each x coordinate should be selected so that both M and mi (or my) can
be easily formulated.

Integration Using Tables. When the structure is subjected to a
relatively simple loading, and yet the solution for a displacement requires
several integrations, a tabular method may be used to perform these
integrations. To do so the moment diagrams for each member are drawn
first for both'the real and virtuat loadings. By matching these diagrams
for m and M with those given in the table on the inside front cover, the
integral fmM dx can be determined from the appropriate formula.
Examples 9-6 and 9-8 illustrate the application of this method.
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PROCEDURE FOR: ANALYSIS

The following procedure may be used to determme the dlsplacement
and/or the slope at a point on the elastic curve ofa beam or irame-'.f__
using the method of vutuai work R G s

Virtual Mamems m or ng S ;

s Place a unit load on the beam or frame at the pomt and in the_?_"
direction of the desued d;splacement A o

o Tf the slope is to be determmed place a umt couple moment at',:-.
the point. L : : e '

¢ Establish appropnate x coerdmates that are vahci thhm reglons.'.'
of the beam or frame where there 1s no d1scontmu1ty of real or .
virtual load. : e

o 'With the virtual load in p]ace and al! the real loads removed from B
the beam or frame, calculate the internal moment 1 or ma asa-
function of each x coordinate. _ . : .

o Assume m or mi, acts in the conventlonal pos1t1ve duecttou as
indicated in F}g 4—1 - '

Real Mamenrs

o Using the same x coordmates as those estabhshed for 1 or mg, :
determine the internal moments M caused only by the real foads. -

o Since m or my was assumed to act in the conventional positive
direction, it is inportant that positive M acts in this same direction. -
This is necessary since positive or negative internal work depends
upon the directional sense of load (defined by Lm or 1), and:
displacement (defined by :i:M dx/EI)

Virtual-Work Equation

o Apply the equation of virtual work to determine the desired
dlsplacement A or rotation §. It is important to retain the
algebraic sign of each mtcgral calculated within 1ts spemﬁed
region.

e If the algebraic sum of all the integrals for the entire beam or
frame is positive, A or & is in the same direction as the virtual
unit load or unit couple moinent, respectively. If a negative value
results, the direction of A or # is opposxte to that of the umt load_
or unit couple moment. - . :
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12

kN/m
T

=

A

Determine the displacement of point B of the steel beam shown in
Fig. 9-13a. Take E = 200 GPa, / = 500(10°) mm".

12 kN/m

@)
o ‘
= (| ==
virtual unit forccv |-fx A
®
Solution

Virtual Moment m. 'The vertical displacement of point B is obtained
by placing a virtual unit load of 1 kN at B, Fig. 9-13b. By inspection
there are no discontinuities of loading on the beam for both the real
and virtual loads, Thus, a single x coordinate can be used to determine
the virtual strain energy. This coordinate will be selected with its origin
at B, since then the reactions at 4 do not have to be determined in
order to find the internal moments m and M. Using the method of
sections, the internal moment m is formulated as shown in Fig. 9-13b.

Real Moment M. Using the samte x coordinate, the internal
momnent M is formulated as shown in Fig. 9-13¢. :

Virtual-Work Equation. The vertical displacement of B is thus

b mM 0 1x)(~6x%) dx
1KN-Ap = L Z dx = L LLEI_)~
1KN- Ap = 15(10%) kN2« m?
EI
or .
15(10°%) KN - A

A8 ™ 300(108) kN/o(S00(10°) mm) (102 m*/sam®)

= (.150 m == 150 mm Ans.
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Determine the tangential rotation at point A of the steel beam shown
in Fig, 9-14a. Take E = 200 GPa, I = 60(10%) mm®.

6 kN/m

Solution

Virtual Moment my The tangential rotation of point A is obtained
by placing a virtual unit couple of 1 kN - m at A, Fig. 9-14b. A single
+ coordinate can be used to determine the virtual strain energy. This
coordinate will be selected with its origin at A, in order to find the
internal moments 71, and M. Using the method of sections, the internal
moment 11, is formulated as shown in Fig. 9-14b.

Real Moment M. Using the same x coordinate, the internal moment
M is formulated as shown in Fig. 0-14c.

Virtual-Work Equation. The tangential rotation at A is thus

L mghl dx
EI “*

(LKN-m)-8, = J
(1}

675 .
~ 200(105) kN/m*(60(10°) mm*) (1012 m*/mm?*)

or

8,4 = 0.000563 rad Ans.

virtual unit couple

{b)

Fig. 9-14

6 kN/m

real load

(@
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Determine the slope @ at point B of the steel beam shown in Fig. 9-15a.
Take E = 200 GPa, I = 60(10°) mm®,

Solution

Virtual Moment mg  The slope at B is determined by placing a
virtual unit couple moment of 1 kN -m at B, Fig. 9-15b. Here two x
coordinates must be selected in order to determine the total virtual
strain energy in the beam, Coordinate x; accounts for the strain energy
within segment AB and coordinate x, accounts for that in segment
BC. The internal moments m, within each of these segments are
computed using the method of sections as shown in Fig, 9-155.

virtual unit couple
(®)
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3KN, . 3KN

t S5m t X3
Real Moments M. Using the same coordinates x; and x,, the internal real load
moments M are computed as shown in Fig, 9-15¢. ©

Virtual-Work Fquation. The slope at B is thus given by

1.8 J L nipM d
. B el 't
A Ef

_ F(O)Hxl) dy Js(l){ws(s + x)}dxy
- 0 El 0

Bl

112.5 kN - m2 e (o)
125 KN -
5= 7l L

1

We can also evaluate the integrals fmM dx graphically, using the I x (m)
table given on the inside front cover of the book. To do so it is first
necessary to draw the moment diagrams for the beams in Figs. 9-15b ()
and 9-15¢, These are shown in Figs. 9-15d and 9-15¢, respectively.
Since there is no moment st for 0 = x < 5 1m, we use only the shaded
rectangular and trapezoidal areas to evaluate the integral. Finding
these shapes in the appropriate row and column of the table, we have

10
J M dx = Smg(My + Mp)L = 3(1)(—15 - 30)5
5

= ~112.5kN?-m® ' M (kNm)
This is the same value as that determined in Eq. (1). Thus,
~112.5 kN? » m? 5 0 m)
200(10%) kN/m?[60(10%) mm*](10 2 m*/mm*)
fg = —0.00938 rad Ans.

The negative sign indicates 8 is opposite to the direction of the virtual
couple moment shown in Fig. 9-155. (&)

(1kN-m)-8; =
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Determine the displacement at D of the steel beam in Fig, 9-16a. Take
E = 200 GPa, I = 300(10%) mm".

30 kN

120 kNm

H3m.-

@

Fig, 9-16
Solution

Virtual Moments m.  The beam is subjected to a virtual unit load at I
as shown in Fig. 9-16b. By inspection, three coordinates, such as xy, xy,
and x5, must be used to cover all the regions of the beam, Notice that
these coordinates cover regions where no discontinuities in either real
or virfual load occur. The internal moments » have been computed in
Fig. 9-16b using the method of sections.

1kN

P

175 kN
1kN
nip =—Lr;
1KN
i x,+ 4.5
my=0.T50, — 4.5 ( T e =
1) o x
175 kN 075 kN ®,
virtual loads N

(b}
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30kN

an =

A 120 kN-m
M ( Tl_’-.;;,: S J (VL -
~ V”I-——XI“T

35kN SkN
real loads

(©)

lj IM3= 120 — 5x,
qu V3

Real Moments M. The reactions on the beam are computed first;
then, using the same x coordinates as those used for m, the internal
moments M are determined as shown in Fig. 9-16c.

Virtual-Work Equation. Applying the equation of virtual work to
the beam using the data in Figs. 9-16b and 9-16¢, we have

L
mf
1 . AD = J '_“d.\'
y EI
_ J“—‘ (~le)(0) dy r (0.75%, — 4.5)(35%;) dv,
A El A EI
. J 3(=0.75%3)(120 — 5x3) ds
A ET
0 4725 37125 84375 kNem?
AD = T - - = -
EI EI EI EI
or
A ~843.75 kN-m’
2 [200(10% kN /m?][300(10°)(10'%) m"]
= —00141m = —14.1 mm- Ans,

The negative sign indicates the displacement is upward, opposite
to the downward unit load, Fig. 9-16b. Also note that my; did not
actually have to be calculated since M, = 0.
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Determine the horizontal displacement of point C on the frame shown
in Fig. 9-174. Take [ = 200 GPa and I = 235(10%) mm* for both members.

@
Fig. 9-17

Solution

Virtual Momenis m. For convenience, the coordinates x; and x; in
Fig. 9-17a will be used. A horizontal unit load is applied at C, Fig. 9-17b.
Why? The support reactions and internal virtnal moments are
computed as shown.

LN 1kN I

125kN 125 kN 5
virtual loadings

®)
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M, =;11—2.5x2

Nyl Femmre

vzl“""2
1125 kN
e 24m—
ru . - ERAEATES |
|
|
— 1125 kN
M, = 180z, - 30 {
N, |
180 kN >
I
==
1 Hism
bt
(b
180 kN«J—-T -
112.5 kN
real loadings
{c)

Real Moments M. In a similar manner the support reactions and
real moments are computed as shown in Fig. 9-17¢.

Virtual-Work Equation. Using the data in Fig, 9-17b and 9-17¢, we
have

3kN-m

3kN-m

EI

1ode, = r‘mM de = J 3 (Le)(180x, — 30xfy dxy J 241 25%,)(112.5%;) dxy
i] (4]

EIT El

10125 648  1660.5 kN-m®

o=@ TE T B 0

1f desired, the integrals [mM/dx can also be evaluated graphically
using the table on the inside front cover. The moment diagrams for the
frame in Fig. 9-17b and 9-17¢ are shown in Fig. 9-17d and 9-17e,
respectively. Thus, using the formulas for similar shapes in the table yields

JmM dx = 3 (RT0EG) + T (3}270)(24)

= 10125 + 648 = 1660.5 kN*m’
This is the same as that calculated in Eq. (1). Thus
_ 1660.5 kN-m>
* " [200(10% KN/m2)[235(10%)(10712) m]
0.0353 m = 35.3 mm Ans.

Ag

270 kN-m

ZI0 kN-m

3m

24m

()

2.4m

(&
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Determine the tangential rotation at point C of the frame shown in
Fig. 9-184. Take E = 200 GPa, I = 15(10°) mm*.

Fig. 9-18

virtual loads

®)

Solution

Virtual Moments my. The coordinates x; and x; shown in Fig. 9-18a
will be used. A unit couple moment is applied at C and the internal
moments n, are calcutated, Fig. 9-18b.

Real Moments M. In a similar manmer, the real moments M are
calculated as shown in Fig. 9-18¢. '

Virtual-Work Equation, Using the data in Fig, 9-18b and 9-18¢, we

have
6 = JLMM: J3(—1)(—2.5x1) dxy r(l)(m) dx,

ET “7 EI ., El
5o 1125 15 2625 KN+ m?
¢ EI EI EI
or
real loads 0 . 26.25 kN « m? kN
© € = 200(10%) kN/m?{15(10%) mm*}(107? m*/mm*)

= (,00875 rad Ans.
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96 Virtual Strain Energy Caused by Axial Load, Shear, Torsion,
and Temperature

Although deflections of beams and frames are caused primarily by bending
strain energy, in some structures the additional strain energy of axial load,
shear, torsion, and perhaps temperature may become important. Bach of
these effects will now be considered.

Axial Load. Frame members can be subjected to axial loads, and the
virtual strain energy caused by these loadings has been established in
Sec. 9-4. For members having a constant cross-sectional area, we have
nNL
U, =
AE

(9-20)

where

1 = internal virtual axial load caused by the external virtual unit load.
N = internal axial force in the member caused by the real loads.

E = modulus of elasticity for the material.

A = cross-sectionat area of the member.

I. = member’s length,

Shear. Inorder fo determine the virtual strain energy in a beam due (o
shear, we will consider the beam element dx shown in Fig, 9-19. The
shearing distortion dy of the element as caused by the real loads is
dy = y dx. If the shearing strain v is caused by linear elastic material
response, then Hooke’s law applies,y = /G. Therefore,dy = (/G) dx.
We can express the shear stressas T = K (V] A), where K is a form factor
that depends upon the shape of the beam’s cross-sectional area A, Hence,
we can write dy = K(V/GA) dx. The internal virtual work done by a
virtual shear force v, acting on the element whife it is deformed dy, is
therefore dU, = vdy = v(KV/GA) dx. For the entire beam, the virtuat
strain energy is determined by integration.

L v
U, = L K(g%) dx (9-21)
where
» = internal virtual shear in the member, expressed as a function of x
and caused by the external virtual unit load.
V = internal shear in the member, expressed as a function of x and dIA

caused by the real loads.
A = cross-sectional area of the member.
K = form factor for the cross-sectional area:

K = 1.2 for rectangular cross sections.

K = 10/9 for circular cross sections.

K = 1for wide-flange and I-beams, where A is the area of the web.
G = shear modulus of elasticity for the material.

Fig. 9-19
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Fig. 9-20

Torsion.  Often three-dimensional frameworks are subjected to torsional
loadings. If the member has a circular cross-sectional area, no warping of
its cross section will occur when it is loaded. As a result, the virtual strain
energy in the member can easily be derived. To do so consider an element
dx of the member that is subjected to an applied torque T, Fig. 9-20.This
torque causes a shear strain of y = (cdf)/dx. Provided linear elastic
material response occurs, then y = 7/G, where 1 = T¢/J. Thus, the angle
of twist 40 = (y dx)/c = (v/Ge) dx = (T/GJT) dx. If a virtual unit load
is applied to the structure that causes an internal virtual torque f in the
member, then after applying the real loads, the virtual strain energy in the
meraber of length dx wiltbe dU, = t d6 = T dx/GJ. Integrating over the
length L of the member yields

_{TL

‘T Gr (9-22)

where

¢ = internal virtual torque caused by the external virtual unit load,
T = internal torque in the member caused by the real loads.
(G = shear modulus of elasticity for the material,

J = polar moment of inertia for the cross section, J = we¥/2, where ¢
is the radius of the cross-sectional area,

L = member’s length,

The virtual strain energy due to torsion for members having noncircular
cross-sectional areas is determined using a more rigorous analysis than
that presented here,

Temperature. In Sec. 94 we considered the effect of a uniform
temperature change AT on a truss member and indicated that the member
will elongate or shorten by an amount AL = o AT L. In some cases,
however, a structural member can be subjected to a temperature difference
across ifs depth, as in the case of the beam shown in Fig, 9—21q. If this
occurs, it is possible to determine the displacement of points along the
clastic curve of the beam by using the principle of virtual work. To do so
we must first compute the amount of rotation of a differential element dx
of the beam as caused by the thermal gradient that acts over the beam’s
¢ross section. For the sake of discussion we will choose the most common
case of a beam having a neutral axis located at the mid-depth {¢) of the
beam. If we plot the temperature profile, Fig, 9-215, it will be noted that
the mean temperature is 7, = (7; + T)/2. If T} > T3, the temperature
difference at the top of the element causes sirain elongation, while that at
the bottom causes strain contraction. In both cases the difference in
temperature is AT, = 7y — 7T, = T,, — T5. Since the thermal change of
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length at the top and bottom is §x = a AT, dx, Fig. 9-21c, then the
rotation of the element is

a6 = a AT, dx

If we apply a virtual unit load at a point on the beam where a
displacement is to be determined, or apply a virtual unit couple moment
at a point where a rotational displacement of the tangent is to be
determined, then this loading creates a virtual moment m in the beam
at the point where the element dx is Jocated. When the temperature
gradient is imposed, the virtual strain energy in the beam is then

L
ma AT, dx
Uemp = J' e - (9-23)
0

where

m = internal virtual moment in the beam expressed as a function of x
and caused by the external virtual unit load or unit couple moment.

coefficient of thermal expansion.

AT, = temperature difference between the mean temperature and the
temperature at the top or bottom of the beam.,

I

o

I

¢ = mid-depth of the beam.

Unless otherwise stated, this text will consider only beam and frame
deflections due to bending. 1a general, though, beam and frame members
may be subjected to several of the other loadings discussed in this section.
However, as previously mentioned, the additional deflections caused by
shear and axial force alter the deflection of beams by only a few percent
and are therefore generally ignored for even “small” two- or three-
member frame analysis of one-story height. If these and the other effects
of torsion and femperature are to be considered for the analysis, then
one simply adds their virtual strain energy as defined by Egs. 9-20
through 9-23 to the equation of virtual work defined by Eq. 9-18 or
9-19. The following examples illustrate application of these equations.

temperature profile

(b}

positive rotation

-

A
(/ ‘r)s\i
VA

357
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Determine the horizontal displacement of point C on the frame shown
in Fig. 9-224. Take E = 200 GPa, G = 80 GPa, I = 235(10°%) mm*, and
A = 50(10°) mm? for both members. The cross-sectional area is
rectangular. Include the internal strain energy due to axial load and
shear.

Fig. 9-22

Solution
Here we must apply a horizontal unit load at C. The necessary free-
body diagrams for the reat and virtual loadings are shown in Fig. 9-22b

and 9-22¢.
M,=112.5x, V= 1125
oy o m= o«
= 1| wfdr— = 1 kN I'—-’-’z
F—x 112.51N
1.25 kN [ 24m .
- -1 KN e B
1
] |
125 kN ! 1125 kN
4
[ = 1123]
Sm [34, = 1800 — 32| 3180 kN
my =1 M X — 3y
[ =1e] | |
= == ]
| - T ! f15m
X1 g 60.1:1'!"!")7 X3 1= ;
LN LkN [ 180 kn<—h) - 180 2y« I
125kN 125 kN 12.5kN 112.5kN Y
virtual loadings reat loadings
(b} (©
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Bending. The virtual strain energy due to bending has been
determined in Example 9-8. There it was shown that

_ JLmM dx  1660.5 kKN*m’ 1660.5 kN*m’
b EI EI [200(106) kN /m2][235(10°)(10~") m?]
= 0.0353 kN'm = 35.3 kN-mm
Axial load, From the data in Fig, 9-22b and 9-22¢, we have

nNL
Vo= 2"4E

1.25 kN(112.5 kN)(3 m) 1 kN(0)(2.4 m)
[SO(10%)(107%) m?|[80(105KN/m?}  [50(10%)(10"5) m?[[80(108)kN /m?]

= 0.000105 kN-m = 0.105 kN-mm
Shear  Applying Eq. 9-21 with K = 12 for rectangular cross

sections, and using the shear functions shown in Fig, 9-22b and 9-22¢,
we have

L
WV

U, = J K(-—) dx
§ ) GA

_ f 3 1.2(1)(180 — 60x,) dx; N J2-41.2(—1.25)(—112.5) dx,
A GA A GA

i 729 kN*'m
8010 kN /m2)[50(10%)(107%) m?%

= (.000182 kN'mm = 0.182 kN-mm
Applying the equation of virtual work, we have
1kN +A¢, = 353 kN'mm + 0.105 kN-mm + 0.182 kN-mm

Ap, = 3559 mm Ans.

Inchuding the effects of shear and axial load confributed only a 0.8%
increase in the answer to that determined only from bending.




360

CHAPTER ¢ Deflections Using Energy Methods

The beam shown in Fig. 9-23¢ is used in a building subjected to two
different thermal environments. [f the temperature at the top surface
of the beam is 25°C and at the bottom surface is 70°C, determine the
vertical deflection of the beam at its midpoint due to the temperature
gradient. Take o = 11.7(107%)/°C.

Solution
Since the deflection at the center of the beam is to be determined, a
virtual unit load is placed there and the internal virtual moment in
the beam is calculated, Fig. 9-235. ’
"The mean temperature at the center of the beam is (70° + 25°)/2
= 47.5°C, so that for application of Eq. 9-23, AT, = 47.5°C — 25°C
= 22.5°C. Also, ¢ = 250 mm/2 = 125 mm. Applying the principle of
virtual work, we have

Lma AT, dx
[

1N’Acvi J
0

> J ts0mm (1y)11.7(1076)/°C(22.5°C) .
- X
0 125 mm

N
Ag, = 237 mm Ans.

The result indicates a very negligible deflection,
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9-7 Castigliano’s Theorem

1n 1879 Alberto Castigliano, an Ialian raflroad engineer, published a book
inn which he outlined a method for determining the deflection or slope at
a point in a structure, be it a truss, beam, or frame,. This method, which is
referred to as Castigliano’s second theorem, or the method of least work,
applies only to structures that have constanf temperature, unyielding
supports, and linear elastic material response. If the displacement of a
point is to be determined, the theorem states that it is equal to the first
partial derivative of the strain energy in the structure with respect to a
force acting at the point and in the direction of displacement. In a stmilar
manner, the slope at a point in a structure is equal to the first partial
derivative of the sirain energy in the structure with respect to a couple
moment acting at the point and in the direction of rotation.

To derive Castigliano’s second theorem, consider a body (structure}
of any arbitrary shape which is subjected to a series of n forces 7, B
..., P, Since the external work done by these loads is equal to the
internal strain energy stored in the body, we can write

U = U,
The external work is a function of the external loads (U, = Z [ P dx). Thus,
Uri = Ue = f(Plv PZ!"'an)

Now, if any one of the forces,say P, is increased by a differential amount

dP, the internal work is also increased such that the new strain energy

becomes

aU;

U +dU=U; + ﬁdP,- (9-24)
]

This value, however, should not depend on the sequence in which the n
forces are applied to the body. For example, if we apply d7; to the body
first, then this will cause the body to be displaced a differential amount
d4; in the direction of dP. By Eq. 9-3 (U, = PA), the increment of
strain energy would be %d P, 4 A,. This quantity, however, is a second-order
differential and may be neglected. Further application of the loads P, B,
..., P,, which displace the body Ay, Ay, ..., A, yields the strain energy.

U+ dU = Uy + dPA; (9-25)

Here, as before, U; is the internal strain energy in the body, caused by
the loads P, By, ..., P, and dU; = dF:A,; is the additional sirain energy
caused by dP. (Eq. 9-4,U, = PA")

In summary, then, Fq. 9-24 represents the strain energy in the body
determined by first applying the loads Py, P, ..., Py, then dP;, and Eq. 9-25
represents the strain energy determined by first applying 4 F; and then the
loads P, B, ..., P,. Since these two equations must be equal, we require
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al;
aF;
which proves the theorem; i.e., the displacement A; in the direction of F is
equal to the first partial derivative of the strain energy with respect to F.*

It should be noted that Eq. 9-261s a statement regarding the structure’s
compatibility, Also, the above derivation requires that only conservative
forces be considered for the analysis. These forces do work that is
independent of the path and therefore create no energy loss. Since forces
causing a linear elastic response are conservative, the theorem is
restricted to linear elastic behavior of the material, This is unlike the
method of virtual force discussed in the previous section, which applied
to both elastic and inelastic behavior.

A= (9-26)

9-8 Castigliano’s Theorem for Trusses

The strain energy for a member of a truss is given by Egq. 9-9,
U; = N*L/2 AE. Substituting this equation into Eq, 9-26 and omitting
the subscript 7, we have
_ o NL
AP~ 1AE

It is penerally easier to perform the differentiation prior to summation.
In the general case I, A, and E are constant for a given member, and
therefore we may write

A= EN(%)B% (9-27)

where
A = external joint displacement of the truss.
P = external force applied to the truss joint in the direction of A.

N = internal force in a member caused by both the force P and the loads
on the truss.

L = length of a member.
A = cross-sectional area of a member.
E = modulus of elasticity of a member,

#(Castigliano’s first theorem is similar to his second theorem; however, it relates the load
F; 1o the partial derivative of the strain energy with respect to the corresponding
displacement, that is, F; = 6{%/3A;. The proof is similar to that given abgve and, like the
method of virtual displacement, Castigliano’s first theorem applies to both elastic and
inelastic material behavior. This theorem is another way of expressing the equilibrinm
requirements for a structure, and since it has very limited use in structural analysis, it will
not be discussed in this book.
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This equation is similar to that used for the method of virtual work,
Eq. 9-15 (1A = EnNL/AE), except n is replaced by dN/9P. Notice
that in order to determine this partial derivative it will be necessary
to treat P as a variable (not a specific numerical quantity), and
furthermore, each member force N must be expressed as a function
of P. As a result, computing aN/aP generally requires slightly more
calculation than that required to compute each n force directly. These
terms will of course be the same, since 1 or 3¥/aF is simply the change
of the internal member force with respect to the load P, or the change in
member force per unit load.

PROCEDURE FOR ANALYSIS

The foltowing procedure provides a method that may be used to
determine the dlsplacement of any 30111t ofa fruss usmg Castlghano s
theorem. .

External Force P

o Place a force P on the fruss at the joint where the desired
displacement is to be determined. This force is assumed to have
a variable magnitude and should be directed along the line of
action of the dlspIacement - :

Internal Forces N

o Determine the force N in each member caused by both the real
(numerical) loads and the variable force P. Assume tensile forces
are positive and compressive forces are negative,

o Compute the respective partial derivative aN/aP for each
member.

o After N and aN/8P have been determined, assign P its numencal
value if it has replaced a real force on the truss. Otherwise, set P
equal to zero.

Castigliano’s Theorem

o Apply Castigano’s theorem to determine the desired
displacement A. It is important to retain the algebraic signs for
corresponding values of N and 8N /9P when substituting these
terms into the equation.

s Ifthe resultant sum ZN(3N/0P)L/AE is positive, A isin the same
direction as P. I a negative value results, A is opposite to P.

363
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‘ 5 B
E—4:1:1—-]———-4:13—A—T

0.5P +15kN
)

Ny =0833P — 25kN
313
4N eB A
Nig = 0.667P + 2 kN

0.5P — 1.5kN

Ny = 0.833P + 25 kN
3

3 B
Nyg = 0.667F +2kN
0.5P + 1.5kN
(©

Fig. 924

Determine the vertical displacement of joint C of the truss shown in
Fig. 9-24a. The cross-sectional area of each member is A = 400 mim?
and E = 200 GPa.,

Solution

External Force P A vertical force P is applied to the truss at joint C,
since this is where the vertical displacement is to be determined,
Fig. 9-24b.

Internal Forces N. ‘'The reactions at the truss supports at A and B are
determined and the results are shown in Fig. 9-24b. Using the method
of joints, the N forces in each member are determined, Fig. 9-24¢.* For
convenience, these results along with the partial derivatives aN /o are
listed in tabular form as follows:

aN aN
Member N p N@=0 L N(:}};)L
AB 0.667P T 2 0.667 7 8 10.67
AC  —(0.833P —2.5) —0.833 2.5 5 -1042
BC —(0.833P +25) ~0833  -25 5 1042
3 = 1067kN'm

Since P does not actnally exist as a real load on the truss, we require
P = 0 in the table above.

Castigliano’s Theorem. Applying Eq. 9-27, we have

aNY L 1067kN.m
ACa_EN(aP)E_ AE

Substituting A = 400 mm?® = 400(107%) m?, £ = 200 GPa = 200(10%) Pa,
and converting the units of N from kN to N, we have
A 10.67(10°*) N+ m

& 7 400(10°%) m3(200(10%) N/m?)

= 00600133 m = 0.133 mm Ans,

This solution should be compared with the virtual-work method of
Exarpple 9-2.

R
#[t may be more convenient te analyze the iruss with just the 4-kIN load on it, then
analyze the truss with the P load on it. The results can then be added together to give
the N forces.
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Determine the horizontal displacement of joint D. of the truss shown
in Fig. 9-25a. Take E = 200 GPa. The cross-scctional area of each
member is indicated in the figure.

Pliy
=
1+
2
4

45 + 0.75P 9 + 0.75P 45

45 kN
(a) )

Fig. 9-25
Solution

External Force P.  Since the horizontal displacement of I is to
be determined, a horizontal variable force P is applied to joint D,
Fig. 9-25b.

Internal Forces N. Using the method of joints, the force N in cach
member is computed.* The results are shown in Fig. 9-25b. Arranging
the data in tabular form, we have
anN
N{ ——
i (6 7 )L

0

0

0
468.75
202.50

aN
Member N 3P N(P=10)
AB —60 0 —-60
BC —60 0 —60
CD 75 G 75
DA 75 + 1.25P 1.25 75
BD ~(90 + 0.75F) 075 -90

WA L B o] P

Castigliano’s Theorem. Applying Eq. 9-27, we have

Ap =S N(%})’_)L 040404+ 46875 kN'm N 2025 kNm

= 0.00784¢ m = 7.84 mm Ans,

*As in the preceding example, it may be preferable to perform a separate analysis
of the truss loaded with 45 kN and loaded with P and then superimpose the results.

AE 385(107%) m’200(109KN/m?]  577.5(107%) m2[200(10%)kN /m?]
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Determine the vertical displacement of joint C of the truss shown in
Fig. 9-26a. Assume that A = 300 mm” and £ = 200 GPa.

Solution

Fivternal Force P The 20-KN force at Cis replaced with a variable force
P at joint C, Fig, 9-26b.

Tnternal Forces N. The method of joints is used to determine the
foree N in each member of the truss. The results are summarized in
Fig. 9-26b. The required data can be arranged in tabulated form as

follows:
Memb N o N(P=20kNy L N ( )L
“ ap 9P
AB 0.333P + 13.33 0.333 20 3 20
BC 0.667F 1+ 6.67 0.667 20 3 40
CD 0.667P + 6.67 0.667 20 3 40
DE —(0.943P + 943) —(.943 —2828 4243 1132
EF —(0.333P + 13.33) —0.333 —-20 3 20
FA —(D471P + 18.86) —0471 —72828 4243 56.6
BF 0.333P + 13.33 0.333 20 3 20
BE —0471P + 943 0471 0 4,243 0
CE P 1 20 3 60
2 = 3697 kN'm

Castigliano’s Theoreni.  Substituting the data into Fq.9-27, we have

aNy L 360.7 kN'm
EN(BP>AE ET

F—{0333F + 33NE
> i
2,

%, Converting the units of member length to millimeters and substituting
& g the numerical value for AE, we have
o i Z
*C
A D
03337 ¥ 13.33| 0.G67P + 6.67 | 065TP ¥ 667 3 kN-m) (1000 mm
T ¥ | E 1 TP A, = (369.7 m)(1000 Jm} — 616 mm Ans.
0333P11333kN 20kN P 0.667P+6.67 kN [300(10 %) m?[200(10°) kN /m?]
(1)

_ The similarity between this solution and that of the vutual work
Fig.9-26 method, Example 9-1, should be noted.
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9-9 Castigliano's Theorem for Beams and Frames

The internal bending strain energy for a beam or frame is given by £q.9-11
(U= [M%dx/2EI). Substituting this equation into Fq. 926
{&; = oU,/dF;) and omitting the subscript #, we have '

8 J LM dx
apP o 2ET
Rather than squaring the expression for internal moment M, integrating,

and then taking the partial derivative, it is generally easier to differentiate
prior to integration. Provided E and I are constant, we have

oM\ dx
A= L M(ap)m (9-28)

where

A = external displacement of the point caused by the real loads acting
on the beam or frame.

P = external force applied to the beam or frame in the direction of A.

M = internal moment in the beam or frame, expressed as a function of
x and caused by both the force P and the real loads on the beam.

E = modulus of elasticity of beam material.
I = moment of inertia of cross-sectional area compuied about the
neutral axis.
If the slope § at a point is to be determined, we must find the partial
derivative of the internal moment M with respect to an exfernal couple
monent M' acting at the point, ie.,

L
5= J’ 4 i( oM ) dx (9-29)
1]

aM') EI

The above equations are similar to those used for the method of virtual
work, Egs. 9-18 and 9-19, except oM /o P and 9M /aM’ replace m and my,
respectively. As in the case for trusses, sliphtly more calculation is
generally required to determine the partial derivatives and apply
Castigliano’s theorem rather than use the method of virtual work. Also,
recall that this theorem applies only to material having a linear elastic
response. If a more complete accountability of strain energy in the
structure is desired, the strain energy due to shear, axial force, and torsion
must be included. The derivations for shear and torsion follow the same
development as Eqs. 9-21 and 9-22. The strain energies and their
derivatives are, respectively,
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Lys2 L
: al/,
UsﬂKJ V2dx ﬁi:[ v (av)d
o 2AG P , AG\AP

L2 au, L T
U‘iJde ',=JT(a)dx
, G apP IG

These effects, however, will not be included in the analysis of the
problems in this text since beam and frame deflections are caused mainly
by bending strain energy. Larger frames, or those with unusual geometry,
can be analyzed by computer, where these effects can readily be
incorporated into the analysis. :

_.i’PROCEDURE FOR ANALYSIS

"_"Tne followmg procedure prowdes a method that may be used to' _
determine the deflection andfor siope ata pomt in'a beam or frame |
' usmg Castlghano s theorem ' :

: .E.xtemal Fm'ce Por Couple Moment M

“Place a force P on the beam ‘or frame at the pomt and in the-

- direction of the desued chsplacement

%4

“If the slope is to be determmed pIace a coup!e moment M' at
- the point. : :

It is assumeei that both P and M ! have a vanable magmtude

;'Intemal Moments M .

“‘Establish appropnate X coordmates that are vahd mthm regions '
© of the beam or frame where there is no- dlscontmmty of force
distributed load, or couple moment.

Calculate the internal moment M as a ﬁmcton of P or M" and'

. each x coordinate, Also, compute the partial derivative aM, /aP or

aMfaM’ for each coordinate x.

After M and 3M/aP or 0M /oM’ have beent deterrmned ass1gn P

or M' its numerical value if it hds replaced a reai force or couple _
: _moment Otherwme set P or M' equal to zero. o

Castigl lano’s Tl:em et

-]

' Apply Eq: 928 or 9 29 to determme the destred dlsplacement A
or slope 4. Tt is important to retain ‘the algebram sigos for_'
corresponding values of M and BM/BP or dM[oM":, . :

"If the resultant sum of all the definite mtegrals is posmve A or
9 is in the same duecnon as ¥ or M' ' : )



Section 9-9  Castigiliano’s Theorem for Beams and Frames

369

Determine the displacement of point B of the beam shown in Fig. 274,
Take E = 200 GPa, I = 500(10%) mm®*.

Salution

External Force P. A vertical force P is placed on the beam at B as
shown in Fig. 9-27b.

Infernal Moments M. A single x coordinate s needed for the solution,
since there are no discontinuities of loading between A and B, Using the
method of sections, Fig. 9-27¢, we have

CFEM =0 —M — {IZ.Y)(%) - Px=0
aM
= —fyL — h —
M 6x Px P X
Setting P = 0 yields
aM
M= —6x* [;713 = -x

Castigliano’s Theorem. Applying Eq. 9-28, we have

Lo raM\ dx 10 (—6x2)(—x) dx
AB - JM — - - -
L "Nop JEI T ), EI

 15(10%) kN - m®
EI
or
Ao 15(10°) kN «m’
7 200(10%) KN/m?[500(10%) mm*|(1072 m*/mm*)
= {.150 m = 150 mm Ans.

The similarity between this solution and that of the virtual-work method,
Example 9-4, should ke noted.
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Determine the slope at point B of the beam shown in Fig. 9-28a. Take
E = 200 GPa, I = 60(10°) mm*,

3kN
l . solution
T_/_s m External Couple Moment M’. Since the slope at point B is to be
determined, an external couple M’ is placed on the beam at this point,
(2) Fig. 9-28b.

Internal Moments M. Two coordinates, x; and x;, must be used to
determine the internal moments within the beam since there is a
discontinuity, M, at B. As shown in Fig. 9-28b, x; ranges from A to B
KN and x; ranges from B to C. 1Jsing the method of sections, Fig, 9-28¢, the
. internal moments and the partial derivatives are computed as follows:

M
AT == L For xy:
= g s
R —x— 7, +EM = 0; M) +3x; =0
¢ - i‘/fl = —3X1
) oMy
M
For xy
IEN 1 kN L+Eﬂ/f = U .!1/12 - M+ 3(5 + 1'2) =10
M, F w G M, =M —3(5+ x)
hl ) I —— i — il _
Fndv,  —sm—n v aM’
© Castiglieio’s Theorem. Setting M’ = () and applying Eq.9-29, we have
L
. aM \ dx
Fig. ¢-28 = [l Bhnbiel
% L M(BM')EI
B Js(wle){()) dx; N Jséa(s +x)(1ydy;  1125KkN-m?
., EI A EI EI
or
-112.5 kN m?

b =
5 7 200(10%) kN/m?[60{10°) mm*}(107% m*/mm")
= —(1L00938 rad Ans.

The negative' sign indicates that 6 is opposite to the direction of the
couple moment M'. Note the similarity between this solution and that
of Example 9-6.
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Determine the vertical displacement of point C of the beam shown

- 8 kN 20 kN
in Fig. 9-29a. Take E = 200 GPa, I = 150(10°) mmt*, Njm

Solution

Evternal Force B A vertical force P is applied at point C, Fig. 9-29b.
Later this force will be set equal to a fixed value of 20 kN, (@)

Tnternal Momenis M, In this case two x coordinates are needed for
the integration, Fig. 9-29b, since the load is discontinuous at C. Using 8 kN/m
the method of sections, Fig. 9-29¢, we have

o

I+EM =0, —(24 + 05P)x; + 8x (—2_) + M, =0

24 +0.5P &+ 0.5P

My = (24 + 0.5P)x; — 4x} ®)

My

3P DX
For xy:
FEM =0 —My + (8 + 05P)x; =0

M, = (8 + 05P)x;
M-
TPZ = 0.5)62
Castigliano’s Theorem. Setting P = 20kN and applying Eq. 5-28
yields
L

oM\ dx

AC‘. = L ﬂf[(—é“P—)E &ii_
) J4{341‘1 - 4xh(O5x) dx F (18,)(0.5%2) dixz | P ==
N EI » EI 1n_x1_ v, v,
_ 247kN-m® | 102KN m®  426.7 kN -n’ 24 + 05P
Er EI EI
O]
or
Fig. 9-29

A = 426.7 kN -’
7 200(106) kKN/m150(10%) mm*}(10*2 m*/mm*)

=0.0142m = 142mm Ans.
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Determine the slope at point C of the two-member frame shown
in Fig. 9-30a. The support at A is fixed. Take E = 200 GPa,
30KN/m I = 235(10%) mm*.

Solution

FExternal Couple Moment M’. A variable moment M’ is applied to
the frame at point C, since the slope at this point is to be determined,
Fig, 9-30b. Later this moment will be set equal to zero.

Internal Moments M. Due to the discontinuity of internal loading
at B, two coordinates, x; and x;, are chosen as shown in Fig, 9-300.
Using the method of sections, Fig. 9-30c, we have

Yor xi:
LFEM =0 —~My — 30y, (%) — M =0
30 kN/m M= - (15x1 + ")
) adM;
[/ A M
For x:
AZ / +EM =0 —M, ~ 108 (xpcos60° +1.8) — M' =0
' M, = —108 (3 cos 60° + 1.8) — M’
() My _
aM’
108 kN Castigliano’s Theorem. Setting M' = Oand applying Eq.9-29 yields

L
aM \ dx
- [lsdendy, [ 0% o EIEL
]

0 ET El
_ 23328 KN'm? , 8262 kN-m?  1059.48 kN-m’

x;c0s60° +1.8m

©

El EI EI
Fig. 9-30

or

%

1059 kN-m? |
= (0.0225 rad Aus.

% = 200(10%) KN/mA[235(10°) (107 12) m]
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PROBLEMS

9_§, Use the methed of virtual work and
determine the vertical displacement of joint B of
the truss. Fach steel member has a cross-sectional
area of 300 mm?®. E = 200 GPa.

9-2. Solve Prab. 9-1 using Castigliano’s theorem.

9-3. Use the method of virtual work and determine the
horizontal displacement of joint B of the truss. Bach steel
member has a cross-sectiopal area of 300 mm?.
E = 200 GPa.

*9.4. Solve Prob. 9-3 using Castigliano’s theorem.

Probs. 9-1/9-2/9-3/9-4

9-5, Usc the method of virtual work and determine the
horizontal displacement of point B. Each steel member
has a cross-sectional area of 1200 mm? E = 200 GPa.
9-6. Solve Prob. 9-5 using Castigliano’s theorem.

97, TUlse the method of virtual work and determine the
vertical displacement of point B. Fach steel member has
a cross-sectional area of 1200 mm?. E = 200 GPa,

*9_8. Solve Prob. 97 using Castipliano’s theorem.

B 0N

24m

A

Probs. 9-5/9-6/9-7/9-8

9.9, TUse the methed of virtnal work and determine the
vertical displacement of joint B. For each steel member
A = 900 mm?* E = 200 GPa.

9_10, Solve Prob. 9-9 using Castigliano’s theorem.
9-11. Use the method of virtual work and determine the
vertical displacement of joint E. For each steel member
A = 500 mm®, E = 200 GPa.

*9.12, Solve Prob. 9-11 using Castigliano’s theorem,

| \-%2.4 m jL 24m .

Probs. 9-9/9-10/9-11/9-12

0_13. Use the methad of virtual work and determine the
horizontal displacement of point €. Each stee} member
has a cross-sectional area of 400 mm?. E = 200 GPa.
0_14. Solve Prob. 9-13 using Castigliano’s theorem.
9_15, Use the method of virtual work and determine the
vertical displacement of point D. Each A-36 steel member
has a cross-sectional area of 400 mm?. E = 200 GPa.

Probs. 9-13/9-14/9-15
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*9-16. Use the method of virfual work and determine
the vertical displacement of point 4. Each steel member
has a cross-sectional area of 1800 mm?. E = 200 GPa.

9-17. Solve Prob. 9-16 using Castigliano's theorem.

9-18, Use the method of virtual work and determine the
vertical displacement of point B. Each steel member has
a cross-sectional area of 1800 mm? E = 200 GPa.

9-19. Solve Prob. 9-18 using Castigliano’s theorem.

;.-C B

Probs. 9-16/9-17/9-18/9-19

"9-20. Use the method of virtual work and determine
the vertical displacement of point A, Each steel member
has a cross-sectional area of 400 mm”. E = 200 GPa,

9-21. Solve Prob. 3-20 using Castigliano’s theorem.

89-22. Use the method of virtual work and determine the
vertical displacement of point B. Each A-36 steel member
has a cross-sectional area of 400 mm® E = 200 GPa

9-23. Solve Prob. 9-22 using Castigliano’s theorem.

30 kN

Probs, 9-20/9-21/9-22/9-23

"9-24. Use the method of virtual work and determine the
vertical deflection at C. Member EB has been fabricated
5 mm too short. The cross-sectional area of each member is
indicated in the figure. £ = 200 GPa. Assume all members
are pin connected at their end points

10kN 15kN

Prob. 9-24

9-25. Remove the loads on the truss in Prob. 924 and
determine the vertical displacement of point B if members
AB and BC experience a temperature increase of AT =
110°C. Take E = 200 GPa and o = 1.8(107%) /°C.

9-26. Remove the loads on the truss in Prob. 9-24 and
determine the vertical displacement of point of B if
member EB is fabricated 19 mm too long.

£ 1200mm* P

10kN 15kN

Probs, 9-25/9-26




9-27. Use the method of virtual work and determine the
vertical displacement of point B. Each steel member has
a cross-sectional area of 2700 mm?, E; = 200 GPa,
*9_28, Solve Prob, 927 using Castigliano’s theorem. -
9.29, Use the method of virtual work and determine the
vertical displacement of point E. Each steel member has
a cross-sectional area of 2700 mm2. E = 200 GPa.

0-30. Solve Prob, 9-29 using Castigliano’s theorem.

F E D

! 2.4m

r20 kN
Probs, 9-27/9-28/9-29/9-30

931, Use the method of virtual work and determine the
vertical displacement of joint C. Each steel member has a
cross-sectional area of 1500 mm?.

*9_32, Solve Prob. 9-31 using Castigliano’s theorem.

30 kN 40 kN 30 kN
Probs, 9-31/9-32

933, Use the method of virtual work and determine the
vertical displacement of joint H. Each steel member has
a cross-sectional area of 1500 mm’.

9-34, Solve Prob. 9-33 using Castigliano’s theorem.

I H G F

215 B :
i""* 41m * 4m 4m 4m —4
kN 40 kN 30kN

Prob. 9-33/9-34
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9-35. TUse the method of virteal work and determine the
horizontal deflection at C. The cross-sectional area of each
member Is indicated in the figure, Assume the members
are pin connected at their end points. E = 200 GPa.
*9.36. Solve Prob, 935 using Castigliano’s theorem.

Prabs. 9-35/9-36

9.-37. Use the method of virtual work and determine the
vertical displacement of joint A of the truss, Each member
has the cross-sectional area shown, Take E = 200 GPa.
9-38. Solve Prob. 5-37 using Castigliano’s theorem.

35kN 1SkN

Probs. 9-37/9-38
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939, Determine the horizontal deflection at €. Use the
method of virtual work, Assume the members are pin
connected at their end points. AE is constant.

‘940, Remove the loads on the truss in Prob. 9-39 and
determine the horizontal displacement of point € if
members AR and BC experience a terperature increase
of AT = 110°C. Take A = 1200 mm? and E = 200 GPa.
Also, & = (1.8)107%/°C.

9-41. Remove the loads on the truss in Prob, 9-39 and
determine the horizontal displacement of point C if
member CD is fabricated 12 mum too short.

I 24m

Probs, 9-3%/9-40/9-41

9-42, Remove the loads on the truss in Prob. 9-44 and
determine the vertical displacement of joint 4 if members
AB and BC experience a temperature increase of
AT = 110°C. Take A = 1200 mm® and E = 200 GPa. Also,
a = 12.0(107% /°C.

943, Remove the loads on the truss in Prob. 944 and
determine the vertical displacement of joint A if member
AE is fabricated 12 mm tco short.

*9-44, Use the method of virtual work and determine
the vertical displacement of joint A. Assume the members
are pin connected at their end points. Take A = 1200 mm?
and E = 200 GPa, for each member. :
945, Solve Prob. 944 using Castigliano’s theorem.

SkN

Probs, 5-42/9-43/9—44/9-45
9-46. Use the method of virtual work and determine the

displacement at point C, EI is constant.
947, Solve Prob. 96 using Castigliano’s theorem.

P P

I T
—iC—L

Probs. 9-46/9-47

*9.48. Use the method of virtual work and determine
the displacement of point C. EI is constant.

949, Solve Prob. 9-48 using Castigliano’s theorem.
9-50. Use the method of virtual work and determine the
slope at point C. ET is constant.

9-51, Use the method of virtual work and determine the
slope at point A. EI is constant.

Probs, 9-48/9-49/9.-50/9-51



*9.52. The cantilevered beam is subjected to a couple
moment My applied at its end. Use the method of virtual
work and determine the displacement of the beam at B, Ef
is constant,

*9.53, Solve Prob. 9-52 using Castigliano’s theorem.

= L ‘JI

Probs, 9-52/9--53

9-54. The steel beam has a moment of inertia of
I = 125(10°) mm®, Use the method of virtual work and
determine the displacement at D. E = 200 GPa.

955 The steel beam has a moment of inertia of
I = 125(10%) mm*. Use the method of virtual work and
detenmine the stope at E.

"9-56, Salve Prob. 9-55 using Castigliano’s theorem.
9-57. ‘'Fhe structural steel beam has a moment of inertia
of I = 125(10% mm®. Use the method of virtual work and
determine the slope of the beam at B. E = 200 GPa.

10kN-m
EN

Probs. 9-54/9-55/9-56/9-57

9-58. Use the method of virtual work and determine the
displacement at point B. The moment of inertia of the
center portion DG of the shaft is 27, whereas the end
segments AD and GC have a moment of inertia I The
modulus of elasticity for the material is E.

Prob. 9-58

PROBLEMS « 377

9-59. Use the method of virtual work and determine the
displacement of point C of the beam made from steel,
E = 200 GPa, I = 100(10%) mm®,

*9460. Use the method of virtual work and determine

- the slope a1 A of the beam made from steel. E = 200 GPa,

I = 100(10%) mm*.
9-61. Solve Prob. 9-60 using Castigliano’s theorem.

40 kN 40 kN

L .|

Ll.Sm f-1.5 m——1.5 m—} 1.5m-|

Probs. 9-59/9-60/9-61

9-62. Use the method of virtual work and determine the
slope of point C of the steel beam. E = 200 GPa,
I = 9.50(10%) mm?.

9-63. Solve Prob. 9-62 using Castigliano’s theorem.

A B C))R kN-m

I 4m 1 4m |

Probs, 9-62/9-63

*9_64. Use the method of virtual work and determine
the displacement at € of the steel beam. £ = 200 GPa,
I = 70(10% mm*,

9-65, Use the method of virtual work and determine the
slope at A of the steel beam. E = 200GPa,
I = 70(10°) mm*.

9-66. Solve Prob. 9-65 using Castigliano’s theorem,
0-67. Use the methed of virtual work and determine the
slope at B of the steel beam. E =200 GPa,
I = 70(10%) mm*.

2 kN/m

10m —5m

Probs, 2-64/9-65/9-66/9-67
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*9-68. Use the method of virtual work and determine
the displacement at A, E = 13.1 GPa.
9-69. Solve Prob. 9-68 using Castigliano’s theoram.

8kN

9-73. Use the method of virtual work and determine the
displacement at point C. ET is constant.

9-74. Salve Prob. 9-73 using Castigliano’s theorem.
975, Use the method of virtual work and determine the
slope at B. EI is constant,

180mm | [=
-

120 mm
Probs, 9-68/9-69

9-70. Use the method of virtual work and determine the
slope at C. £ = 13.1 GPa.
8 kN

ISGmmI 7
-

120 mm
Prob, 9-70

9-71. Use the method of virtual work and determine the
slope and displacement at A. £ = 11 GPa,
"9-72. Solve Prob. 9-71 using Castigliano’s theorem.

200 mm

-
200mm | [

Probs, 9-71/9-72

Probs. 9-73/9-74/9-75

"9-76. The bottom of the beam is subjected to a
temperature of 7, = 120°C, while the temperature of its
top is T, = 10°C. If &r = 11.7(107%)/°C, determine the
vertical displacement of its end B due to the temperaiure
gradient. The beam has a rectangular cross section with a
depth of 350 mum.

Prob. 9-75

9-77. 'The top of the beam is subjected to a temperature
of 7, = 200°C, while the temperature of its bottom is
Ty = 30°C. o = 12(107%)/°C, determine the vertical dis-
placement of its end C due to the temperature gradient.
The beam has a depth of 350 mm,

Prob. 9-77




9-78. Beam AB has a square cross section of 100 mm by
100 mm. Bar CD has a diameter of 10 mm. If both
members .are made of steel, determine the vertical
displacement of point B due to the loading of 10 kIN. Use
the method of virtuat work, £ = 200 GPa.

9-79. Beam AB has a square cross section of 100 mm by
100 mm. Bar CD has a diameter of 10 mm, If bath
members are made of steel, determine the slope at A dus
to the toading of 10 kN. Use the methaod of virtual work.
E = 200 GPa.

'9-80. Solve Prob. 9-79 using Castigliano’s theorem.

10 kN

Probs, 9-78/9-79/9-80

981, The L-shaped frame is made from two segments,
each of length I and flexural stiffness £ If it is subjected
to the uniform distributed load, determine the horizontal
displacement of the end €. Use the method of virtual work.
9-82. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EJ. If it is subjected
to the uniform distributed load, determine the vertical
disptacement of point B. Use the method of virtual work.
9-83. Solve Prob. 9-82 using Castigliano’s theorem.

Probs. 9-81/9-82/9-83

PROBLEMS « 379

*9-84. Use the method of virtual work and determine
the horizontal and vertical displacements of point C. There
is a fixed support at A and fixed joint at B. EJ is constant.

9-85. Solve Prob. 9-84 using Castigliano’s theorem.

o

Probs, 9-84/9-85

9-86. Use the method of virtual work and determine the
horizontal dispiacement of point A on the angle bracket
due to the concentrated force P. The bracket is fixed
connected to its support. ET is coastant. Consider only the
effect of bending.

9-87. Solve Prob, 386 using Castigliano's theofem,

P A

Probs. 9-86/9-87
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*9_g8. The frame is made from two segments, each of 6-91, Use the method of virtual work and determine the
length L and flexural stiffness £1. If it is subjected to the Xertical deflection at the rocker support D, EI is constant.
uniform  distributed load, determine the vertical 9-92. Solve Prob. 9-91 using Castigliano’s theorent.

displacement of point C. Consider only the effect of
bending. Use the method of virtual work.
989, Solve Prob. 9-88 using Castigliano’s theorem.

Probs, 9-91/9-92

9_93. Use the method of virtual work and determine the
Probs. 9-880-83 slope at A. E = 200 GPa. The moment of inertia of each

segment of the frame is indicated in the figure, Assume D

is a pin support.

994, Solve Prob. 9-93 using Castigliano’s theoremt.

9_90. The frame is made from two segments, each of 60 kN

length L and flexural stiffness EI I it is subjected to the

uniform  distributed load, determine the horizontal %1.Sm4i—1.5m
displacement of point B. Consider only the effect of B : e =C

bending. Use the method of virtual work.

I,5= 240(10¢) mm*

36m

Ipp= 240(10%) mm*

Proh, 9-9% Probs. 9-93/9-94



9.95. Use the method of virtual work 4nd deterine the
horizontal deflection at €. EI is constant. There is a pin at
A. Assume C is a roller and B is a fixed joint.

#9_06, Solve Prob. 9-95 using Castigliano’s theorem.

6 kN/m

Probs, 9-95/9-96

0-97. The frame is subjected to the load of 20 kN.
Determine the vertical displacement at C. Assume that the
members are pin connected at A, C, and E, and fixed
connected at the knee joints B and D. EI is constant. Use
the method of virtual work.

9.98, Solve Prob. 9-97 using Castigliano’s theorem.

I—'2_4 m

Probs. 9-97/9-98

PROBLEMS « 381

9-99, The beni rod has an E = 200 GPa, G = 75 GPa,
and a radius of 30 mm. Use the method of virtual work
and determine the vertical deflection at C. Include the
effects of bending, shear, and torsional sirain energy.

*9-100. Solve Prob. 9-99 using Castigliano’s theorem.

2kN

Probs. 9-99/9-100



The welded joints of the beams and columns of this building framework make this
a statically indeterminate structure.
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In this chapter we will apply the force or flexibility method to analyze statically
indeterminate trusses, beams, and frames. At the end of the chapter we will present
amethod for drawing the influence line for a statically indeterminate beam or frame.

10-1 Statically Indeterminate Structures

Recall from Sec. 2-4 that a structure of any type is classified as statically
indeterminate when the number of unknown reactions or internal forces
exceeds the number of equilibrium equations available for its analysis.
In this section we will discuss the merits of using indeterminate structures
and two fundamental ways in which they may be analyzed. Realize that
most of the structures designed today are statically indeterminate. This
indeterminacy may arise as a result of added supports or members, or
by the general form of the structure. For example, reinforced concrete
buildings are almost always statically indeterminate since the columns
and beams are poured as continuous members through the joints and
OVET Supports.
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Advantages and Disadvantages. Although the analysis of a stati-
cally indeterminate stiucture is more involved than that of a statically
determinate one, there are usually several very important reasons for
chioosing this type of structure for design. Most important, for a given load-
ing the maximum stress and deflection of an indeterminate structure are
generally smaller than those of its statically determinate counterpart. For
example, the statically indeterminate, fixed-supported beam in Fig. 10-1a
will be subjected to a maximum moment of M., = PL/8, whereas the
same beam, when simply supported, Fig. 10-1b, will be subjected to twice
the moment, that is, M., = PL/4. As aresult, the fixed-supported beam
has one fourth the deflection and one half the stress at its center of the
one that is simply supported.

Another important reason for selecting a statically indeterminate struc-
ture is because it has a tendency to redistribute its load to its redundant
supports in cases where faulty design or overloading occurs. In these cases,
the structure maintains its stability and collapse is prevented. This is par-
ticularly important when sudden lateral loads, such as wind or earthguake,
are imposed on the structure. To illustrate, consider again the fixed-end
beam in Fig. 10-1a. As P is increased, the beam’s material at the walls and
at the center of the beam begins to yield and forms localized “plastic
hinges,” which causes the beam to deflect as if it were hinged or pin con-
nected at these points. Although the deflection becomes large, the walls
will develop horizontal force and moment reactions that will hold the
beam and thus prevent it from totally collapsing, In the case of the sim-
ply supported beam, Fig. 10-1b, an excessive load P will cause the “plas-
tic hinge” to form only at the center of the beam, and due to the large ver-
tical deflection, the supports will not develop the horizontal force and
moment reactions that may be necessary to prevent total collapse.

Although statically indeterminate structures can support a loading with
thinner members and with increased stability compared to their statically
determinate counterparts, there are cases when these advantages may instead
become disadvantages. The cost savings in material must be compared with
the added cost necessary to fabricate the structure, since oftentimes it becomes
more costly to construct the supports and joints of an indeterminate struc-
ture compared to one that is determinate, More important, though, because
statically indeterminate structures have redundant support reactions, one has
to be very careful to prevent differential displacement of the supports, since
this effect will introduce intemal stress in the structure, For examptle, if the
wall at one end of the fixed-end beam in Fig. 10-1a were to settle, stress would
be developed in the beam because of this “forced” deformation. On the other
hand, if the beam were simply supported or statically determinate, Fig. 10-15,
then any seftlement of its end would not cause the beam to deform, and there-
fore no stress would be developed in the beam, In general, then, any defor-
mation, such as that caused by relative support displacement, or changes in
member lengths caused by temperature or fabrication errors, will introduce
additional stresses in the structute, which must be considered when design-
ing indeterminate structures.
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Fig. 16-1

Vethods of Analysis. When analyzing any indeterminate structure, it
is necessary to satisfy equilibrium, compatibility, and force-displacement
requirements for the structure. Equilibrium is satisfied when the reactive
forces hold the structure at rest, and compatibility is satisfied when the
various segments of the structure fit together without intentional breaks
or overlaps. The force-displacement requirements depend upon the way the
material responds; in this text we have assumed linear elastic response. In
general there are two different ways to satisfy these requirements when
analyzing a statically indeterminate structure: the force or flexibility
method, and the displacement or stiffrness method.

Force Method. The force method was originally developed by James
Clerk Maxwell in 1864 and later refined by Otto Mohr and Heinrich
Miiller-Breslau. This method was one of the first available for the analysis
of statically indeterminate structures. Since compatibility forms the basis
for this method, it has sometimes been referred to as the compatibility
method or the method of consistent displacements. This method consists of
writing equations that satisfy the compatibility and force-displacement
requirernenis for the structure in order to determine the redundant forces.
Once these forces have been determined, the remaining reactive forces on
the structure are determined by satisfying the equilibrium requirements.
The fundamental principles involved in applying this method are easy to
understand and develop, and they will be discussed in this chapter,

Displacement Method. The displacement method of analysis is based
on first writing force-displacement relations for the members and then
satisfying the equilibrium requirements for the structure. In this case the
unknowns in the equations are displacements. Once the displacements are
obtained, the forces are determined from the compatibility and force-
displacement equations. We will study some of the classical techniques
used to apply the displacement method in Chapters 11 and 12, A matrix
formulation of the method is given in Chapters 14,15, and 16.

Each of these two methods of analysis, which are outlined in Fig. 10-2,
has particular advantages and disadvantages, depending upon the geometry
of the structure and its degree of indeterminacy. A discussion of the
usefulness of each method will be given after each has been presented.
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- [ Fquations Used Coefficients of
Unknowns™ | ¢ Solution. -+ the Unknowns
\ “Foree Method -~ | - Forces | Compatibitiey - | Fledbility Coefficients
S : e ot andForcersplacement S .
BN R AR - Equilibrium | ¢ . s s
Displacement Method | Displacements and Force DLsplacement Shﬁl}_ess_t’.‘oefﬁ_ctems
Fig. 10-2

10-2 Force Method of Analysis: General Procedure

@)

actual beam

(®)

redundant B, applied

()

Perhaps the best way to illustrate the principles involved in the force
method of analysis is to consider the beam shown in Fig. 10-3a. If its
free-body diagram were drawn, there would be four unknown support
reactions; and since three equilibrium equations are available for
solution, the beam is indeterminate to the first degree. Consequently,
one additional equation is necessary for solution. To obtain this equation,
we will use the principle of superposition and consider the compatibility
of displacement at one of the supports. This is done by choosing one of
the support reactions as “redundant” and temporarily removing its effect
on the beam so that the beam then becomes statically determinate and
stable. This beam is referred to as the primary structure. Here we will
remove the restraining action of the rocker at B. As a result, the load P
will cause B to be displaced downward by an amount Az as shown in
Fig. 10-3b. By superposition, however, the unknown reaction at B, i.e.,
B,, causes the beam at B to be displaced Ajp upward, Fig. 10-3¢c. Here
the first letter in this double-subscript notation refers to the point (B)
where the deflection is specified, and the second letter refers to the point
{(B) where the unknown reaction acts. Assuming positive displacements
act upward, then from Figs. 10-3a through 10-3¢ we can wnte the
necessary compatibility equation at the rocker as

(+T) 0= _AB + ABB

Let us now denote the displacement at B caused by a unit load acting
in the direction of B, as the linear flexibility coefficient fgp, Fig. 10-2d.
Using the same scheme for this double-subscript notation as above, fzp
is the deflection at B caused by a unit load at B. Since the material behaves
in a linear-elastic manner, a force of B, acting at B, instead of the unit
load, will cause a proportionate increase in fpp. Thus we can write

Asp = Byfag
When written in this format, it can be seen that the linear flexibility
coefficient fgp is a measure of the deflection per unit forc\e, and so its
units are m/N, mm/N, etc. The compatibility equation above can therefore
be written in terms of the unknown 5, as

0:7AB+ByBB
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Using the methods of Chapter 8 or 9, or the deflection table on the inside
front cover of the book, the appropriate load-displacement relations for
the deflection'A g, Fig. 10-3b, and the flexibility coefficient fgg, Fig. 10-34,
¢an be obtained and the solution for B, determined, that is, By, = Ap/feg.
Once this is accomplished, the three reactions at the wall A can then be
found from the equations of equilibrium.

As stated previously, the choice of the redundant is arbitrary. For
example, the moment at A, Fig. 10-4a, can be determined directly by
removing the capacity of the beam to support a moment at A, that is, by
replacing the fixed support by a pin. As shown in Fig. 1045, the rotation
at A caused by the load P is 8,4, and the rotation at A caused by the
redundant M 4 at A is 84,1, Fig. 10-4¢. If we denote an angular flexibility
coefficient o 4 4 as the angular displacement at A caused by a unit couple
moment applied to A, Fig. 1044, then

aa = Moy

Thus, the angular flexibility cocfficient measures the angular displacement
per unit couple moment, and therefore it has units of rad /N-m or rad /kN-m,
etc. The compatibility equation for rotation at A therefore requires

(r‘+) 0=9A+A/IAC(AA
In this case, M4 = —8,4/a 44, a negative value, which simply means that
M, acts in the opposite direction to the unit couple moment.

P

actual beam

(a)

8y .
primary structure

®)

Q’AA = ﬂan’M
redundant M, applied
©

ey
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CHAPTER 10 Analysis of Statically Indeterminate Structures by the Force Method

Apg B}fBB ﬂrC.B = B}fCB Alge = CnyC N~ C;fcc: o
redundant B, applied redundani C, applied
(c) {d)
Fig. 16-5

A third example that illustrates application of the force method is given
in Fig. 10-5a. Here the beam is indeterminate to the second degree and
therefore two compatibility equations will be necessary for the solution.
We will choose the vertical forces at the roler supports, B and C, as
redundants, The resultant statically determinate beam deflects as shown
in Fig. 10-5b when the redundants are removed. Each redundant force,
which is assumted to act downward, deflects this beam as shown in Fig, 10-5¢
and 10-5d, respectively. Here the flexibility coefficients* fzg and fop are
found from & unit load acting at B, Fig. 10-5¢; and f and fpe are found
from a unit load acting at C, Fig. 10-5f. By superposition, the compatibility
equations for the deflection at B and C, respectively, are

{(+1) 0= Ap + B,fpp + Cyfac
(+1) 0= ac+ Byfcs + Cyfec

Once the load-displacement relations are established using the methods
of Chapter 8 or 9, these equations may be solved simultaneously for the
two unknown forces B, and C,.

Having illustrated the application of the force method of analysis by
example, we will now discuss its application in general terms and then we
will use it as a basis for solving problems involving trusses, beams, and frames.
For all these cases, however, realize that since the method depends on
superposition of displacements, it is necessary that the material remain
linearelastic when Ioaded. Also, tecognize that any external reaction or
internal loading at a point in the structure can be directly determined by
first releasing the capacity of the structure to support the loading and then
writing a compatibility equation at the point. See Example 10-5.

(10-1)

Y

*frg is the deflection at B caused by a unit load at B; fi-p the deflection at C caused by
a unit load at B.
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PROCEDURE FOR ANALYSIS

The. fco]lowmg pmcedure prov1des a general method for determmmg--::,
the reactions or internal loadings of statlcaﬂy mdetermmate st.ructures_
using the forcc or ﬂe)nbﬂlty method of analysm :

szcrple of Superpas:{wn Determme the number of degrees n to
which the structure is indeterminate. Then ' specify the n. unknown_'
redundant forces or moments that Trust be removed f:rom the structure -
in order to make i statically determinate and stable. Usmg the pnncxple .
of superposition, draw the statically. mdetermmate structure and show -
it to be equal to a serdes -of correspoudmg statlca]ly determmate_ B
structures, The primary structure supports the same ‘external foads as
the statically indeterminate structure, and each of the other structires
added to the primary structure. shows the structure loaded with a
separate redundant force or moment. Also, sketch the eIast:c curve on
each structure and indicate symbolically the displacement or rotanon
at the point of each redundant force or moment. - ' '

Compatibility Equations. Write a compatibility equation for-the
displacement or rotation at each point where there is a redundant force
or moment. These equations should be expressed in terms of the
unknown redundants and their corresponding ﬂelelhty coefficients
obtaired from unit loads or unit couple momcnts that are coﬂmear with
the redundant forces or moments.

Determine all the deflections and flexibility coefﬁcxents usmg the
table on the inside front cover or the methods of Chapter 8 or 9.*
Substitute these load-displacement relations into the compatibility
equations and solve for the unknown redundants. In particular, if a
numerical value for a redundant is negative, it indicates the redundant
acts opposite to its corresponding unit force or unit couple moment,

Equilibrium Equations. Draw a free-body diagram of the structure,
Since the redundant forces and/or moments have been calculated, the
remaining unknown reactions can be deiermined from the equations
of equilibrium,

It should be realized that once all the support reactions have been
obtained, the shear and moment diagrams can then be drawn, and the
deflection at any peint on the structure can be determined wusing the
same methods outlined previously for statically determinate structures,

*It is suggested that if the M/EI diagram for a beam consists of simple segments, the
moment-area theorems or the conjugate-beam method be used. Beams with complicated
M/ET diagrams, that is, those with many curved segments {parabolic, cubic, ete.), can be
readily analyzed using the method of virtual work or by Castigliano’s second theorem.




300 . CHAPTER 10 Analysis of Statically Indeterminate Structures by the Force Method

10-3 Maxwell's Theorem of Reciprocal Displacements; Betti’s Law

When Maxwell developed the force method of analysis, he also published
a theorem that relates the flexibility coefficients of any two points on an
elastic structure—Dbe it a truss, a beam, or a frame. This theorem is referred
to as the theorem of reciprocal displacements and may be stated as follows:
The displacement of a point B on a structure due to a unit load acting af
point A is equal to the displacement of point A when the unit load is acting
at POl.Mf B, that E:S', fBA = fAB'

Proof of this theorem is easily demonstrated using the principle of
virtual work. For example, consider the beam in Fig. 10-6. When a real
unit load acts at A, assume that the internal moments in the beam are
represented by m 4. To determine the flexibility coefficient at B, that is,
fra, 2 virtual unit load is placed at B, Fig. 10-7, and the internal moments
my are computed. Then applying Eq. 9-18 yields

HIgM 4
= | ——"d>
fBa J EI X

Likewise, if the flexibility coefficient f4p is to be determined when a real
unit foad acts at B, Fig. 10-7, then m g represents the internal moments
in the beam due to a real unit load. Furthermore, m1,4 represents the
internal moments due to a virtual unit load at A, Fig. 10-6. Hence,

M Hlg
= d:
fan J El X
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Both integrals obviously give the same result, which proves the theorem.
The theorem also applies for reciprocal rotations, and may be stated as
follows: The rotation at point B on a structire due to a unit couple moment
acting at point A is equal to the rotation at point A when the unit couple
moment Is acting at point B. Furthermore, using 2 unit force and unit
couple moment, applied at separate points on the structure, we may also
state: The rotation in radians at point B on a structure due to a unit load
acting at point A is equal to the displacement at point A when a unit couple
moment is acting at point B.

As a consequence of this theorem, some work can be saved when
applying the force method to problems that are statically indeterminate
to the second degree or higher. For example, only one of the two
flexibility coefficients fze or feop has to be calculated in Bgs. 10-1, since
fae = fep Furthermore, the theorem of reciprocal displacements has
applications in structural mode!l analysis and for constructing influence
lines using the Miiller-Breslau principle (see Sec. 10-10).

When the theorem of reciprocal displacements {s formalized in a more
general sense, it is referred to as Betti’s lmw. Briefly stated: The virtual
work 8U, 5 done by a system of forces XPg that undergo a displacement
caused by a system of forces ZP 4 is equal to the virtual work /5 4 caused
by the forces TP, when the structure deforms due to the system of forces
2Py In other words, U5 = 8Ug,4. The proof of this statement is similar
to that given above for the reciprocal-displacement theorem.

391

10-4 Force Method of Analysis: Beamns

The force method applied to beams was outlined in Sec. 10~2. Using the
“procedure for analysis” also given in Sec. 10-2, we will now present
several examples that illustrate the application of this technique.

These bridge girders are staticaily indeterminate since they
are continuous over their piers.
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Determine the reaction at the roller support B of the beam shown in
Fig. 10-8a. EI is constant.

S0kKN

actual beam

®

Fig. 16-8 (o)

primary structure ¢ : redundant B, applied B,

Solution

Principle of Superposition. By inspection, the beam is statically
indeterminate to the first degree. The redundant wil be taken as B,
so that this force can be determined directly. Figure 10-8b shows
application of the principle of superposition. Notice that removal of
the redundant requires that the roller support or the constrajning
action of the beam in the direction of B, be removed. Here we have
assumed that B, acts upward on the beam.

Compatibility Equation, Taking positive displacement as upward,
Tig. 10-8b, we have

(+1 0=—Ap+ B,fps L

The terms A g and f are easily obtained using the table on the inside
front cover. In particular, note that Ag = Ac + 8c(6 m). Thus,

P(L/2Y  P(L{2Y (L
8= 357 T 2EI (E)

3 z 4
50 kN _ (S0KkN)(6m)°  (SOKN)(6m) _ 9000 &N +m

S LA R 3EI o™ BV

2N e b 6m—] _pr?_1(12mp 576w’

© Substituting these resulis into Eq. (1) yields

2000 576
(+1) O=-"7 F By(ﬁ) B, =156kN Ans.
93.8 If this reaction is placed on the free-body diagram of the beam, the
reactions at A can be obtained from the three equations of equilibrium,
o () Fig. 10-8c. . Y
Having determined all the reactions, the moment diagram can be
constructed as shown in Fig. 10-3d.

M (KN-m)

()
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Determine the moment at the fixed wall for the beam shown in
Fig. 10-9a. EI is constant.

—3m

actual beam

(@)

Fan= Muctgs

primary structure redundant 31, applied

(&)

) Fig. 10-9
Solution

Principle of Superposition, The redundant here will be taken as M,
since this moment can then be determined directly. Application of the
principle of superposition is shown in Fig. 10-95. Here the capacity
of the beam to support a moment at A has been removed. This requires
substituting a pin for the fixed support at A. We have assumed M,
acts counterclockwise.

Compatibility Equation. Taking positive rotation as counterclockwise,
Fig. 10-9b, we have
(L+) 0 =104+ Maxsa M
The terms 8,4 and a4 4 can be determined from the table on the inside
front cover. We have 4
g ML _30KN-m(3m) 15 kN-m> 15 kN.m(’ = .
47 6EI 6EI El ¥ 3m .

15N © 15 kN
ML _13m) _1m A (o)

“AAT3E7 T "3BT EI S

Substituting these results into Eq. (1) yields \\\l x (m)
15 ( 1 )

({+} 0= I + M4 i M,y =~-15kN-m Ans. (@) 230
The negative sign indicates that M, acts opposite to that showa in

Fig. 10-9b, When this reaction is placed on the beam, the other reactions

can be determined from the equations of equilibrium, Fig, 10-9¢. The

moment diagram is shown in Fg. 10-94.
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Draw the shear and moment diagrams for the beam shown in Fig, 10-10a.
The support at B settles 40 mm. Take E = 200 GPa, I = 500(10%) mm*,

100 kN 100 kN B,

I8

iz = By fag

actual beam primary structure redundant B, applied
() - {b)
Fig, 10-10

Solution

Principle of Superposition. By inspection, the beam is indeterminate
to the first degree. The center support B will be chosen as the redundant,
so that the roller at B is removed, Fig. 10-10b. Here B, is assumed to act
downward on the beam.

Compatibility Equation. With reference to point B in Fig. 10-10b,
using units of meters, we require

(+1) 0.04 = Ag + B,fps (1)

Here we will use the conjugate-beam method to compute Ag and fgp
since the moment diagrams consist of straight line segments. For Ap,
verify the calculations shown in Fig. 10-10c. Note that

800 1000
+ ZMp =10 ~Mp +— (2.667) —-—(8) =0
L B y Mp EI( ) EI()

5866.67 _ 5867

Mp = -~ —
i El EI
EL j—}- 2 My L AE
-7 : __________ B U7
' — -  A— T | ——
s 2m \! 5333 m ! gm I
75 kN 25k ¥ 2667m 3333 m
! SKN - g 2667 m 1o e
Ef conjugate beam BT “EL

©
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32
EI -,
1lkN _”14_@”
G T RS o
|
I____ 2m i $m 8m ) 8m 1
5 kN Q5 kN 16 16
El conjugate beam El

@

Verify the calculations in Fig. 10-10d for calculating fgg. Note that

100 kN

16 16
.= 0 —mp +— 2607} — —(@8)=0
F EMp = 0; mp + EI( 7) Fi (8)
g = — 85.33_ 8533 A= 6306KN ZL8T5KN €= 1406 kN
EI EI fe)
Substituting these results into Eq. {1}, we have
5866.67 { 85.33) VN
04 = + By
001 =5 64.06
it 8 16 . (m)
Expressing the units of F and I in terms of k and ft, we have ased— T a0
M(kN-m)

(0.04 m)[(200)(10%) kN /m?[{500(10%}(10™2) m*]
= 5866.67 + B,(85.33)

B, = —21.875 kN

Equilibrivm Equations. The negative sign indicates that B, acts upward
on the beam. From the free-body diagram shown in Fig. 10-10¢ we have

I+ 3M, =0 ~100(4) + 21.875(8) + C,(16) = 0
C, = 14.06 kN

+H1ZE, = 0; A, — 100 + 21.875 + 14.06 = 0
A, = 6406 kN

Using these results, verify the shear and moment diagrams shown
in Fig. 10-10f.

2563 '
17,3
- . x {m)

4 8 16

3]
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Draw the shear and moment diagrams for the beam shown in
Figure 10-11a. EI is constant. Neglect the effects of axial load.

Solution

Principle of Superposition. Since axial load is neglected, the beam is
indeterminate to the second degree. The two end moments at A and B
will be considered as the redundants. The beam’s capacity to resist these
moments is removed by placing a pin at A and a rocker at B.The principle
of superposition applied to the beam is shown in Fig. 10-115.

Compatibility Equations. Reference to points A and B, Fig. 10-11b,

requires
(r+) 0 =04+ Mgosq + Mpagp 3]
(4+) 0=8g+ Maapgy + Mpapp %)

30 kN/m

@)

actual beam

30 kN/m

0aa = Maoa
redundant moment M4 applied

#as= Mzotan \
redundant moment Mg applied Y

)]
Fig. 10-11
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The required slopes and angular flexibility coefficients can be determined
using the table on the inside front cover. We have _
_ 3wL?  3(30)(6) _ 15L9
A 128EI 128E1 El
_ Twl®  7(30)6)* _ 1181
BT 384Kl 384E] EY
L_ML_1© _ 2
AT 3Er 3EI EI
o ML _ 16) 2
B8 3EI  3EI  EI
ML 1(6) _ 1
@43 T 6EI  6EI  EI
Note thatap, = 45, 2 consequence of Maxwell's theorem of reciprocal
displacements.
Substituting the data into Eqs. (1) and (2) yields
151.9 2 1
e — —|+ Mo —
0 7 + My (EI) Mpg (EI)
1181 1 2
= — =+ Myt
0 7, + My (EI) i B(EI)
Canceling 7 and solving these equations simultancously, we have
My= —619 kN-m My = ~281 kN'm
Using these results, the end shears are calculated, Fig. 10-11¢, and the
shear and moment diagrams plotted.
V(KN
e \
N 6 x {m)
2.44
30 kN/m M (KNem) -16.9
731kN 169 kN
Q TLi I Blt ) 212
619 kN-mr 1 '23.1 KNem 109 /\m P
I 3m ] 3m ) 244 x{m)
—28.1
—61.9 (¢}
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Determine the reactions at the supports for the bearm shown in Fig, 10-122.
EIis constant.

Solution

Principle of Superposition. By inspection, the beam is indeterminate
to the first degree. Here, for the sake of illustration, we will choose the
internal moment at support B as the redundant. Consequently, the beam
is cut open and end pins or an internal hinge are placed at B in order to
releasc only the capacity of the beam to resist moment at this point, Fig.
10-125. The internal moment at B is applied to the beam in Fg. 10-12c.

Compatibility Equations, Yrom Fig. 10-12a we require the relative
rotation of one end of one beam with respect to the end of the other
beam to be zero, that is,

(f"i‘) 93 + 1‘&'36(33 = 0
where

fp = 0% + 8%
and

agg = opp + oER

2 kKN/m ~ 25KN
Y
= B - X
I jom il 1.5 m I 1.5 m*i

actual beam

primary structire
&)
+

Mpa'pp Mpo'ag

redundant My applied
Fig. 10-12 (<)
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The slopes and angular flexibility coefficients can be determined
from the table on the inside front cover, that is,
o = wl? _ 2(3.6)° _ 3.888 kN-m’
BT o4R1 - 24EI EI
oo = PLT _ 25(3)* _ 1406 kN-m®
By6EI 16ET EI
_ML_136) _12m
*BB T 3E] T 3EI EI
_— ML 1(3) )
B8 3g1  3EI EI
Thus
3.488 kN-m® | 1.406 kN-m? (1 2m 1 m)
+ M +—)=
T EI TR A
Mg = —2.406 kN'm
The negative sign indicates My acts in the opposite direction to
that shown in Fig. 10-12¢. Using this result, the reactions at the
supperts are calculated as shown in Fig, 10-124, Furthermore, the
shear and moment diagrams are shown in Fig, 10-12e.
2.5 kN
2kN/m
W 2.406 kN-m 2,400 kN'm
f 1
A (N
427%N  427kN) 205kN  205kN
2.93 kN 632 kN 045 kN
A D c
@
V (kN) M (kN-m)
215
x (m)

146 36 ~0.45

2'93 2-05
0.67
51 66 @ , 36 T
e 1.46 \/5.1 5.6

—4.27
(e}
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10-5 Force Method of Analysis: Frames

The force method is very useful for solving problems involving statically
indeterminate frames that have a single story and unusual geometry, suct
as gabled frames. Problems involving multistory frames, or those with ¢
high degree of indeterminacy, are best solved using the stope-deflection
moment-distribution, or the stiffness method discussed in later chapters

The following examples iHlustrate the application of the force methoc
using the procedure for analysis outlined in Sec. 10-2.

actual frame

(@)

Determine the support reactions on the frame shown in Fig. 10-13a.
ET is constant.

Solution

Principle of Superposition. By inspection the frame is statically
indeterminate to the first degree. We will choose the horizontal
reaction at B to be the redundant, Consequently, the pin at B is
replaced by a rolter, since a roller will not constrain B in the horizontal
direction. The principle of superposition applied to the frame is
therefore as shown in Fig. 10-135.

Compaiibility Equation. Reference to point B in Fig. 10-13b requires
(5) 0= Ag + Byfnn 0

primary structure F A redundant B FB%H
applie

Fig. 10-13
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The terms Ay and fiz will be computed using the method of virtual 8 kN/m
work. The frame’s x coordinates and internal moments are shown in 11 l l 1 l l l l 1—1—1
Fig. 10-13¢ and 10-134. It is important that in each case the selected ' y A ]
coordinate x; or x, be the same for both the real and virtual loadings. 2 ;le‘"l 1My = 20, — 4]
Also, the positive directions for M and m must be the same.
For Ap we require application of real loads, Fig. 10-13c, and a
virtual unit load at B, Fig. 10~13d. Thus, Mz =0
Al = JI‘Mm = r(zo.rl — 4x9)(0.8x) dx; N J“ouxz) dx; T
B BT L EI . EI o
Cc
_les7 1667 20kN
EI EI 1kN %
For fpp we require application of a real unit load and a virtual unit - 1— :
load acting at B, Fig. 10-134. Thus, 0_81;13“4
f - JLm:n dr = JS(O.&X‘I)Z d.l’l x J4(1x2)2 de
BR = | oy dx
BT A EI b EI "jr
267 213 _ 480 %
= + —— = —_—
ET ' EI EI FLN
Substituting the data into Eq. (1) and solving yields 08 kN
166.7 48.0
= ——+4 B B, = ~34TkN A (@
0 T1 :( I ) . 3.47 Ans,

Equilibrium Egquarions. Showing B, on the free-body diagram of
the frame in the correct direction, Fig. 10-13e, and applying the
equations of equilibrium, we have

L3E =0 Ay~ 347 =0A, = 347kN Ans.
i+ M, = 0;-40(2.5) + By(5) — 347(4) = 0 B, = 228kN Ans.
+12F, =10, A, —40+228=04, = 17.2kN Ans
40 kN
____________________ ,
A i i :1

4 2.5m -—+— 25m
A

¥

347kN

e}
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Determine the moment at the fixed support A for the frame shown
in Fig. 10~14a. EJ is constant. :

Solution (a} Fig. 10-14
Principle of Superposition. The frame is indeterminate to the first
degree. A direct sclution for M 4 can be obtained by choosing this as
the redundant, Thus the capacity of the frame to support a moment
at A is removed and therefore a pin is used at A for support. The
principle of superposition applied to the frame is shown in Fig, 10-145.

Compatibility Equarion. Reference to point A in Fig, 10-14b requires
{r+) 0 =104+ Macaa )

As in the preceding example, 8,4 and a4, will be computed using
the method of virtual work. The frame's x coordinates and internal
moments are shown in Fig. 10-14c and 10-144.

. redundant \M.,1
actual frame primary structure applied

()
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)
For 8, we require application of the real Ioadé, Fig. 10-14¢, and a 100 kN
virtual vnit couple moment at A, Fig. 10-144. Thus, Ny
AN L6TxN
. Vi3
0= J Momg dx ’;‘} dx [31, = 1345, - 07527

i}

f2‘4 (0.13351)(1 - 0278Y1) dx1
Q

= | [, =013,

. 15 (1.34x, — 0.75x2)(0.222x,) dx,
A EI

. 0208 " 0124 _ 0333
El EI EI

For a4 4 we require application of a real unit couple moment and
a virtual unit couple moment acting at A, Fig. 10-144. Thus,

0.167 kN

LS

L
Hghtg
g ™ EJ dx
, El

_ r4(1 — 0.278x;)? dx, N J 300.222x,) dx,

A EI ) El

_ 1155 | 0555 121

Er ET EI
0.278 kN

Substituting these results into Eq. (1) and solving yields

121
+ MA'(_E?T) My = —0.275 kN'm Ans.

0333
0= EI

The negative sign indicates M 4 acts in the opposite direction to that
shown in Fig. 10-145,




404 - CHAPTER 10 Analysis of Statically Indeterminate Structures by the Force Method

10-6 Force Method of Analysis: Trusses

Fig. 10-15

The degree of indeterminacy of a truss can usually be determined by
inspection; however, if this becomes difficult,use Eq.3-1,5 + r > 2f. Here
the unknowns are represented by the number of bar forces (b) plus the
support reactions {r}, and the number of available equilibrium equations is
2j since two equations can be written for each of the {J} joints.

The force method is quite suitable for analyzing trusses that are
statically indeterminate to the first or second degree. The following
examples illustrate application of this method using the procedure for
analysis outlined in Sec. 10-2.

actual truss

Determine the force in member AC of the truss shown in Fig. 10-15a.
AE is the same for all the members.

Solution

Principle of Superposition, By inspection the truss is indeterminate
to the first degree.* Since the force in member AC is to be determined,
member AC will be chosen as the redundant. This requires “cutting”
this member so that it cannot sustain a force, thereby making the truss
statically determinate and stable. The principle of superposition
applied to the truss is shown in Fig. 10-15b.

Compatibility Equation. With reference to member AC in Fig.
10-15b, we require the refative displacement A 4¢, which occurs at the
ends of the cut member AC due to the 2-kN load, plus the relative
displacement Facfac ac caused by the redundant force acting alone,
to be equal to zero, that is,

0= Auc+ Facfacac W

primary structure redundant B¢ applied
(v) K

#Applying Eq.3-1,b +r > 2for6 +3 > 2(4),9 > 8,9 — 8 = Istdegree.
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Heze the flexibility cocfficient fac acTepresents the relative displacement
of the cut ends of member AC caused by a “real” unit load acting at the
cut ends of member AC. This term, fac ac,and A 4o willbe computed using
the methed of virtuat work. The force analysis, using the method of joints, ‘ +2 2KN
is summaarized in Fig. 10-15¢c and 10-154. D T Iromalt

For A ¢ we require application of the real load of 2 kN, Fig. 10-15¢, :
and a virtual unit force acting at the cut ends of member AC, Fig, 10-154. 13 P +
Thus, _

2kN B
nNL ?
Bac = E AE . 15kN 1.5 kN

2[(—0.3)(2)(2.4)] N [(—0.6)(0)(1.8)] N [(—0.6)(1.5)(1.8)]
AE AFE 1 AE

. 290, OO
AE AE

16.8

AE

For fac ac We require application of real unit forces and virtual
unit forees acting on the cut ends of member AC, Fig. 10-15d. Thus,

fsem L
AC AC AE

afegea]. [ cogen] {2

10.37
AE

Substituting the data into Eq. (1) and solving yields

B 16.8 10.37 F
AFE AE AC
Feo = 162 kN (T) : Ans.

Since the numerical result is positive, AC is subjected to tension as
assumed, Fig. 10-15b. Using this resuit, the forces in the other members
can be found by equilibrium, using the method of joints.
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Determine the force in each member of the truss shown in Fig, 10164« if
the turnbuckle on member AC is used to shorten the member by 12.5 mm.
Each bar has a cross-sectional area of 125 mm?, and E = 200 GPa.

actual truss primary structure redundant F 4~ applied

(2)
Fig. 10-16 )

Solution

Principle of Superposition.  This truss has the same geometry as that
in Example 10-8. Since AC has been shortened, we will choose it as
the redundant, Fig. 10-164.

Compatibility Equation. Since no external loads act on the primary
structure (truss), there will be no relative displacement between the
ends of the sectioned member caused by load; that is, A 4 = 0. The
flexibility coefficlent f4¢ 4 has been computed in Example 10-8, so

10.37

fac ac = AT

Assuming the amount by which the bar is shortened is positive, the
compatibility equation for the bar is therefore

10.37

00125m =0 + F,
m AE TAC
24.1 kN (C) Realizing that fac 4c is a measure of displacement per unit force, we
have
1637 m
0.0125m =0 + Fio
ik (@) (125 mm?)[200 kN/mm?]
E Thus,
Fae = 3014 kN = 30.1 kN (T) Ans,

Since no esternal forces act on the truss, the external re;‘ctions are
zero. Therefore, using F - and analyzing the truss by the method of
(¢} joints yields the results shown in Fig. 10-16ec.
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10-7 Composite Structures

Composite structures are composed of some members subjected only to axial
force, while other members are subjected to bending. If the structure is
statically indeterminate, the force method can conveniently be used for its
analysis. The following example illustrates the procedure.

The beam shown in Fig. 10-17a is supported by a pin at A and two

pin-connected bars at B. Determine the force in member BD. Take

E = 200 GPa, I = 300(10%) mm* for the beam, and A = 1800 mm?

for each bar, - o - o o o
60 kN/m

" redundant

primary
’ FBD appiied

structure

Solution (b)

Fig, 10-17

Principle of Superposition. By inspection, the beam is indeterminate
to the first degree. For solution the force in member BD is chosen as the
redundant. This member is therefore sectioned to eliminate its capacity
to sustain a force, The principle of superposition applied to the structure
is shown in Fig. 10-175.

Compatibility Equation. With reference to the relative displacement
of the cut ends of member BD, Fig. 10-17h, we require

0= Agp + Fapfepep ity

The method of virtual work will be used to compute App and fpp zo.
The necessary force analysis is shown in Fig. 10-17¢ and 10-17d.




ﬁ,

408 -

* 1800(200)

m?dx n’L

EI

L
fBD:J
0

AE

"
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3 {0 dx . {(—0.816)%(1.8/cos 30%) N (1P(1.8/cos 45% _

465KN .-y, ;
IS N 112 kN
30kN —= —-l v =0
1]
© (d)
For App we require application of the real loads, Fig. 10~17¢, and
a virtual unit load applied to the cut ends of member BD, Fig. 10-174.
Here we will only consider the bending strain energy in the beam and,
of course, the axial strain energy in the bars, Thus,
L m rNL (3 (30x — 3333x%)(0y dx  (—69.3)(—0.816)(1.8/cos 307}  (0)(1)(1.8/cos 45°)
ABD = d.r + 2— = + +
L EI AE Erl AE AE
117.5
=0 + 0 = 0.0003264 m = 0.326 mm

Yor fgp pp we require application of a real unit load and a virtual unit
load at the cut ends of member BD, Fig, 10-174. Thus,

3.93

Er

= =1, =Y m kN
AE AE 1800(200) 10921077 m/
Substituting the data into Eq. (1) yields

0 = App + Fapfap e

0 = 0.0003264 + Fgp(1.092) (1075

Fap= ~299kN =299kN (C)  *,

Using this result, draw the free-body diagram of the beam and show
that Fgc = 44.9 kN (C), A, = 1.31 kN, and 4, = 30.0 kN.

Ans.
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10-8 Additional Remarks on the Force Method of Analysis

Now that the basic deas regarding the force method have been developed,
we will proceed to generalize its application and discuss its usefulness.

‘When computing the flexibility coefficients, fi; {or ), for the structure,
it will be noticed that they depend only on the material and geometrical
properties of the members and not on the loading of the primary structure.
Hence these values, once determined, can be used to compute the reactions
for any loading.

For a structure having »n redundant reactions, R,, we can write »n
compatibility equations, namely:

Ap+ fuR + foRy + o+ fiaRy =0
Ay + Ry + fuRa + o+ fruRy =0

Ay + fuBy + fafy + 0 + fuuRy = 0

Here the displacements, Ay, ..., A,, are caused by both the real loads
on the primary structure and by support settlement or dimensional
changes due to temperature differences or fabrication errors in the
members. To simplify computation for structures having 2 large degree
of indeterminacy, the above equations can be recast into a matrix form,

fu o S R Ay
o/ f fong, Rog _D’J‘:‘ZT (10-2)
fao f 0 fm Ra Ay
or simply A
fR = -

In particular, note that fi; = fi; (fiz = fa, etc.), a consequence of Maxwell’s
theorem of reciprocal displacements {or Betti’s law). Hence the flexibility
matrix will be symmetric, and this feature is beneficial when solving large
sets of linear equations, as in the case of a highly indeterminate structure.
Throughout this chapter we have determined the flexibility cocfficients
using the method of virtual work as it applies to the entire structure. It
is possible, however, to obtain these coefficients for each member of the
structure, and then, using transformation equations, to obtain their values
for the entire structure, This approach is covered in books devoted to
matrix analysis of structures, and will not be covered in this text.*

*See, for example, H. C. Martin, Tntroduction to Matrix Methods of Stuctural Analysis,
McGraw-Hill, New York.
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Although the details for applying the force method of analysis using
computer methods will also be omitted here, we can make some general
observations and comments that apply when using this method to solve
problems that are highly indeterminate and thus involve large sets of
equations. In this regard, numerical accuracy for the solution is improved
if the flexibility coefficients located near the main diagonal of the f matrix
are larger than those located off the diagonal. To achieve this, some thought
should be given to selection of the primary structure. To facilitate
computations of fy;, it is also desirable to choose the primary structure so
that it is somewhat symmetric. This will tend to yield some flexibility
coefficients that are similar or may be zero. Lastly, the deflected shape of
the primary structure should be sinilar to that of the actual structure. If
this cccurs, then the redundants will induce only smiall corrections to the
primary structure, which results in a more accurate solution of Eq. 10-2.

10-9 Symmetric Structures

A structural analysis of any highly indeterminate stiucture, or for that
malter,even a statically determinate structure, can be simplified provided
the designer or analyst can recognize those structures that are symmetric
and support either symmetric or antisymmetric loadings. In a general
sense, a structure can be classified as being symmetric provided half of
it develops the same internal loadings and deflections as its mirror image
reflected about its central axis. Normally symmetry requires the material
composition, geometry, supports, and loading to be the same on each
side of the structure. However, this does not always have to be the case.
Notice that for horizontal stability a pin is required to support the beam
and truss in Figs. 10-184 and 10-185. Here the horizontal reaction at the
pin is zero, and so both of these structures will deflect and produce the
same internal loading as their reflected counterpart. As a result, they can
be classified as being symmetric. Realize that this would not be the case
for the frame, Figs. 10-18e¢, if the fixed support at A was replaced by a
pin, since then the deflected shape and internal loadings would not be
the same on its left and right sides.

axis of symmetry

(a)

axis of symmetry

(b

Fig. 10-18
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Sometimes a symmetric structure supports an antisymmetric loading,
that is, the loading on its reflected side has the opposite direction, such
as shown by the two examples in Fig. 10-19. Provided the structure is
symmetric and its loading is either symmetric or antisymmetric, then a
structural analysis will only have to be performed on half the members
of the structure since the same (symmetric) or opposite (antisymmetric)
results will be produced on the other half If a structure is symmetric and
its applied loading is unsymmetrical, then it is possible to transform this
loading into symmetric and antisymmetric components. To do this, the
loading is first divided in half, then it is reflected to the other side of the
stricture and both symmetric and antisymmetric components are
produced. For example, the loading on the beam in Fig. 10202 is divided
by two and reflected about the beam'’s axis of symmetry. From this, the
symmetric and antisymmetric components of the load are produced as
shown in Fig, 10-20b. When added together these components produce
the original loading. A separate structural analysis can now be performed
using the symmetrical and antisymmetrical loading components and the
results superimposed to obfain the actual behavior of the structure.

I

axis of symmetry

(c)

Fig. 10-18

4 kN

symmetric loading

1kN/m

Antisymmetric loading

Fig. 10-19

1kN/m

4 kN

axisymmetric loading

(&)

Fig. 10-20
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10-10

Influence Lines for Statically Indeterminate Beams

actual beam
(@)

primary structure

(b)

In Sec. 6-3 we discussed the use of the Miiller-Breslau principle for drawing
the influence line for the reaction, shear, and moment at a point in a statically
determinate beam. In this section we will extend this method and apply it
to statically indeterminate beams.

Recall that, for a beam, the Miiller-Breslan principle states that the
influence line for a function (reaction, shear, or moment) is to the same scale
as the deflected shape of the beam when the beam is acted upon by the
function. To draw the deflected shape properly, the capacity of the beam
to resist the applied function must be removed so the beam can deflect
when the function is applied. For statically determinate beams, the deflected
shapes (or the influence lines) will be a series of straight line segments. For
statically indeterminate beams, curves will result. Construction of each of
the three types of influence lines (reaction, shear, and moment) will now
be discussed for a statically indeterminate beam. In each case we will
illustrate the validity of the Milller-Breslau principle using Maxwell’s
theorem of reciprocal displacements.

Reaction at A. To determine the influence line for the reaction at.4 in
Fig. 10-21a, a unit load is placed on the beam at successive points, and at
each point the reaction at A must be computed. A plot of these results
yields the infiuence line. For example, when the load is at point D.
Fig. 10-21a, the reaction at A, which represents the ordinate of the influence
line at D, can be determined by the force method. To do this the principle of
superposition is applied as shown in Figs. 10-21a through 10-21¢. The com-
patibility equation for point A isthus 0 = fup + Ayfasor A, = —fap/faa
however, by Maxwell's theorem of reciprocal displacements fap = —fna
Fig. 10-214, 50 that we can also compute A, (or the ordinate of the influence
line at D} using the equation

(o

By comparison, the Miiller-Breslau principle requires removal of the
support at A and application of a vertical unit load. The resulting deflection
curve, Fig. 10-214, is to some scale the shape of the influence line for 4,
From the equation above, however, it is seen that the scale factor is 1/f,4 4

(©)

Fig. 10-21



Shear at E. If the influence line for the shear at point E of the beam
in Fig. 10-22¢ is to be determined, then by the Miiller-Breslau principle
the beam is imagined cut open at this point and a sliding device is inserted
at F, Fig, 10-22b, This device will transmit a moment and normal force but
no shear, When the beam deflects due to positive unit shear loads acting
at E, the slope on each side of the guide remains the same, and the
deflection curve represents to some scale the influence line for the shear
at £, Fig, 10-22¢. Had the basic method for establishing the influence line
for the shear at E been applied, it would then be necessary to apply a unit
load at each point D and compute the internal shear at E, Fig. 10-22a.
This value, Vg, would represent the ordinate of the influence line at D.
Using the force method and Maxwell's theorem of reciprocal displacements,
as in the previous case, it can be shown that

Ve = (}gi;)f DE

"This again establishes the validity of the Miiller-Breslau principle, namely,
a positive unit shear load applied to the beam at £, Fig, 10-22¢, will cause
the beam to deflect into the shape of the influence line for the shear at E.
Here the scale factor is (1/fzg).

Fig. 10-22

.
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(®) Fig, 10-23 (o}

Moment at £.  The influence line for the moment at £ in Fig. 10-23q
can be determined by placing a pin or hinge at E, since this connection
transmits normal and shear forces but cannot resist a moment, Fig. 10-23b.
Applying a positive unit couple moment, the beam then deflects to the
dashed position in Fig. 16-23¢, which yields to some scale the influence
line, again a consequence of the Miiller-Breslau principle. Using the force
method and Maxwell’s reciprocal theorem, we can show that

1
e = (G o

The scale factor here is (1/agg).

PROCEDURE FOR ANALYSIS
=¥ The oﬂomﬁg pfocedure | provi es'a-me hod fqr

“énce line for the reaction; shear -Of morment at:
. 3the Vmﬂer Breslau'techmque

S Quahmnve Brﬂuence Lme i
ATthE pomt on the beamfor which the mﬂuence lirie 13 10 be determmed i
“.placea Eonnéction that WLH remove the capaolty of the beani to support
* the function of the influence line. If the funiction is a vertical reaction, vise
“a vertical rofler guide; if the function is shear, use a sliding device; ot if

: the function is moment use a pm or hmge. Placé a umt Ioad at the con-:___ :
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10-11 Qualitative Influence Lines for Frames

The Miiller-Breslau principle provides a guick method and is of great
value for establishing the general shape of the influence line for building
frames. Once the influence-line shape is known, one can immediately
specify the location of the live loads so as to create the greatest influence
of the function (reaction, shear, or moment) in the frame. For example,
the shape of the influence line for the positive moment at the center [
of girder FG of the frame in Fig. 10-24a is shown by the dashed lines,
Thus, uniform loads would be placed only on girders AB, CD, and FG
in order to create the largest positive moment at [. With the frame loaded
in this manner, Fig. 10-24b, an indeterminate analysis of the frame could
then be performed to determine the critical moment at 7,

(@) M)
Fig. 10-24

Influence lines for the continuous girder
of this trestie were constructed in order to
properly desiga the girder,
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Draw the influence line for the vertical reaction at A for the beam in
Fig. 10-25a. EI is constant, Plot numerical values every 2 m.

Solution

The capacity of the beam to resist the reaction A, is removed. This is done
using a vertical roller device shown in Fig. 10-25b. Applying a vertical unit
load at A yields the shape of the influence line shown in Fig. 10-25c.

In order to determine ordinates of the influence line we will use the
conjugate-beam method. The reactions at A and B on the “real beam,”
when subjected to the unit load at A, are shown in Fig. 10-25b. The
corresponding conjugate beam is shown in Fg, 10-254. Notice that the
support at A’ remains the same as that for A in Fig, 10-25b. This is because
a vertical roller device on the conjugate beam supports a moment but
no shear, corresponding to a displacement but no slope at A on the real
beam, Fig. 10-25¢. The reactions at the supporis of the conjugate beam
have been computed and are shown in Fig. 10-254. The displacements
of points on the real beam, Fig. 10-255, will now be computed.

1kN

gualitative influence line
for reaction at A

Q)

1kN

conjugate beam
{d)

Fig. 10-25
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a7

For B, since no moment exists on the conjugate beam at B,
Fig, 10-254, then

AB = .("'[B' = 0
For I, Fig. 10-25e:

18 1 2) (2) 34.67
My = 0; Ap =My = —(2) ~ = [ =] @ &)=
ZMp b= D EI() Z(EI()3 EI

For C', Fig. 10-25f.

18 1 4)‘ (4). 61.33
Mo =0 A= Mo = 2 () — = [—t{DH-—-]= =
M C C El() 2(EI()3' I
For A’, Fig. 10-254:
72
A =" § =
A fiA EI

Since a vertical 1-kN load acting at A on the beam in Fig. 10-253q will
cause a vertical reaction at A of 1 kN, the displacement at A, Ay =72 /EI
should correspond to a numerical value of 1 for the influence-line ordi-
nate at A. Thus, dividing the other cornputed displacements by this factor,
we obtain

A

1
0.852
0.481

¥

WO =

A plot of these values yields the influence line shown in Fig. 10-25g.

AJ'
2 ) 6

quantitative influence line
for reaction at A

®

Mg

Ve
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Draw the influence line for the shear at D for the beam in Fig. 10-264.
ET is constant. Plot numerical values every 3 m.

Fig. 10-26

Sojution
The capacity of the beam to resist shear at D is removed. This is done
using the roller device shown in Fig, 10-26b. Applying a positive unit
shear at D yields the shape of the influence line shown in Fig. 10-26c.
The support reactions at 4, B, and C on the “real beam” when subject-
ed to the nnit shear at D are shown in Fig, 10-26b. The corresponding con-
jugate beam is shown in Fig. 10-264. Here an external couple moment Mp
must be applied at £’ in order to cause a different internal moment just to
the left and just to the right of I, These internal moments correspond to
the displacements just to the left and just to the fight of 1D on the real beam,
Tig. 10-26¢. The reactions at the supports A’, B, C' and the external
moment My on the conjugate beam have been computed and are shown
in Fig. 10-26e. As an exercise verify the calculations,

1EN 1IN
3kN‘m f FkN‘m

1kN 1EN 2N LEN 1k
real beam qualitative influence line
(b} for shear at D

© -

conjugate beam (e}
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Since there is a discontinuity of moment at I’ the internal moment
just to the left and right of D' will be computed. Just to the left of I,
Fig. 10-26f, we have

85.5

; _ A _ _ 45 30 B
EJ‘JID'L — 0, ADL = I'VID'L = 'E‘ (1) - “E? (3) = — —E'E—
Just to the right of I¥', Fig. 10-26g, we have
4.5 30 144 58.5
SMy = O An =My = 22 ——3) + — = —
pe= 0 Mg = My = ) = O+ = Ty
From Fig. 10-26e, :
AA:Z‘IAJ=O AB:A/IB':O A(_':.I"IC-'ZO

For point E, Fig. 10-26b, using the method of sections at the correspond-
ing point £' on the conjugate beam, Fig. 10-26k, we have
4.5 6 13.5
1) -3 = ——
El W Ef @ EI

The ordinates of the influence line are obtained by dividing each
of the above values by the scale factor Mp. = 144/EIL We have

EME':D; AE:ﬂrﬁ{E':

X VD

A 0

D, —059%
Dr 0.406
B 0

E —0.0938
C 0

A plot of these values yields the influence line shown in Fig. 10-26i.

Va

N 9 12
i} 3 T i x
|\l —0.0938

—0.594

quantitative inffuence line
for shear at I

@
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Draw the influence line for the moment at I for the beam in Fig, 10-27a.
EI is constant. Plot numerical values every 3 m, '

Fig. 10-27

Solution
A hinge is inserted at D in order to remove the capacity of the beam
to resist moment at this point, Fig. 10-27h. Applying positive unit
couple moments at D yields the influence line shown in Fig. 10-27¢.
The reactions at A, B, and € on the “real beam” when subjected to the
unit couple moments at D are shown in Fig, 10-275. The corresponding
conjugate beam and its reactions are shown in Fig. 10-274. It is suggested
that the reactions be verified in both cases. From Fig. 10-274, note that

A_A:I"IA':O AB:MB':O Aciﬂ’fcrﬂo

1kN-m 1kN-m

0,333 kN 0.667 kN 0.333 kN

real beam

()

qualitative influence tine for moment at D 1 16
{c) - EI El R El
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For point IV, Fig. 10-27e:

15 6 19.5

Iy = 0; Ap = Mpy = -2 (1) + —(3) = ==

ZMp =0 o= Mp =2 (1) AT
For poiat E’, Fig. 10-27f

15 2 45

I = O e Mo = =2 () - 2 (3) = —

2Mp =0; Mg = Mg =5 W) A7}

The angular displacement app at D of the “real beam” in Fig. 10-27¢
is defined by the reaction at I’ on the conjugate beam. This factor,
D'y = 16/El is divided into the above values to give the ordinates of
the influence line, that is, ’

Mp

0
1219
0

—0.281
0

O

A plot of these values yields the influence line shown in Fig. 10-27g.

Mp

1219
l 9 12
I X

3 6 ]

—0.28L

quantitative influence line
for moment at D

(&)
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PROBLEMS

10-1. Determine the reactions at the supports and then
draw the moment diagram for the beam, Assume the
support at A is fixed and B is 2 roller. £7 is constant.

w~

Prob. 10-1

10-2, Determine the reactions at the supports. E is
constant. The support at B s fixed.

L .

Proh. 10-2

10-3. Determine (ke reactions at the supports. Assume
the support at A is fixed and B is a roller. Ef is constant.

Prob. 10-3

*184. Determine the reactions at the supports. Assume
the support at A is fixed and Bis arolfer. Take £ = 200 GPa,
The moment of inertia for each segment is shown in the
figure.

25kt

N 30 kN/m l

NI

Lig = 360(10%) mm*

6m ! 4 m

Prob. 104

16-5. Determine the reactions at the supports. Assume C
is a roller, The moment of inertia for each segment is shown
in the figure.

60 kN/m

1A 1= 1200109 mm

3m 3m |

Prob. 10-5

10-6, Determine the reactions at the supports. Assume A
is fixed. EI is constant,

5EN/m

L
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16-7. Determine the reactions at the support&'Assume 10-10, Determine the reactions at the supports.
the support at A is fixed and B is a roller. Assume A is a pin and B and C are rolless. EJ is constant.

L
Prob. 107 Prob. 10-10
*10-8, Determine the reactions at the supports and then 10-11. Determine the reactions at the supports.
draw the bending-moment diagram. Assume A is a pin Assume 4 is pinned and B and C are ro[lers.'I:he moment
and B and C are rollers. ET is constant. of inertia of each span is listed in the figure. Take
E = 200 GPa.
6 kN/m I2kN/m

| T
] 36m |

Prob. 1-11
10-9, Determine the support reactions. Assume B is a *10-12. Determine the reactions at the suppouts.
pin and A and C are rollers, £l is constant, Assume A is a pin and B and C are rollers. EI is constant.

4 kN/m

|

=

Ffim 3m
I

Prob, 10-9 Prob. 112

I 15m |~ 20m
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10-13, Determine the reactions at the supports, then draw *10-16. Two boatds each having the same EI and
the moment diagram for the beam. The support at B seitles length I. are crossed perpendicular to each other as
downward 60 mm, Teke E = 200 GPa. [ = 240(10°) mm*. shown. Determine the vertical reactions at the supports.

Assume the boards just touch each other before the
load P is applied.

Prob. 10-13

10-14, Determine the internal moments acting in the beam
at supports B and C, The wall at A moves upward 30 mm.
Assume the support at A is a pin. Take E = 200 GPa, Prob. 10-i6
I = 90(10%) mm.

40kN 10-17. Determine the reactions at the fixed supports, 4
AL and B. EI is constant.

L 10m | 1Gm ! Sm

Prob. 10-14
Prob. 10-17
10-15. Draw the moment diagram for the beam. ET is 10-18. Draw the moment diagram for the fixed-enc
constant, Assume the support at A is fixed and B and C beam. EI is constant,

are rollers.

45 kN/m

30 kN/m

IEREN

3m E_j 3m

Prob, 10-15 Prob. 18-18
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10-19. Determine the reactions at-the supports, then 10-21. Determine the reactions at the supports,
draw the moment diagrams for each member. Assume 4 Assume C is fixed. ET is constant.
and € are pins and the joint at B is fixed connected. El is
constant, . l 4m
ABRE 8
2m
20 kN
2m
Prob. 1-19 1
Prob, 1021
*10-20. Determine the reactions at the supports. 10-22. Determine the reactions at the fixed support A
Assume A is a roller, C is fixed, and B is a fixed joint. E and rocker C. The moment of inertia of each segment is
is constant. listed in the figure. Take E = 200 GPa.
27 kN 8 kN/m

2 kN

Prob, 10-20 Proh, 10-22
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10-23, Determine the reactions at the supports if )
the support at € moves upward 4 mm. Assume A is fixed 10-25. Determine the force in each member of the truss.

and B is a fixed joint. Take E = 200 GPa.
I = 240010 mm*,

Prob. 10-23

| 09m i 0.9m i

*10-24. Determine the reactions at the supports 4 and Prob. 10-25
D, The moment of inertia of each segment of the frame :
is listed in the figure. Take E = 200 GPa.

AE is constant.

50 kN /m 10-26. Determine the force in bar BC. AE is constant.

< 10KN 10-27. Determine the force in bar B, AE is constant.
Iae = 3200105 mm* B I 4m I
2kN e
Lyp = 2400105 mm*
Im
Icp = 240¢10%) mm*
Im
.
| 5

| 3m ! ’ SkN

Prob. 1024 Probs. 10-26/27



*10-28. Determine the force in each member of the
truss. The cross-sectional area of each member is indicated
in the figure. & = 200 GPa. Assume the members are pin
connected at their ends.

0.9 m

30 KN

Prob. 10-28

10-29. Determine the force in each member of the pin-
connected truss. AE is constant,

Prob. 10-29

ProrLems -« 427

10-30. Determine the force in each member of the truss.
AE is constant. Assume the members are pin connected
at their end points.

Prob, 10-30

10-31. Determine the force in member EC of the truss.
AE is constant,

I0kN

Prob. 10-31
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*10-32. Petermine the force in member AD of the truss.
Take E = 200 GPa. The cross-sectional area of each
member is shown in the figure. Assume the members are
pin connected at their end points.

Prob. 10-32

10-33. Determine the force in member BG. AE is
constant. Assume the members are pin connected at their
end points.

20kN 20 kN 20 kN

Prob. 10-33

10-34. The cantilevered beam is supported at one end
by a 25-mm suspender rod AC and fixed at the other end
B.Determine the force in the rod due to a uniform loading
of 60 kN/m. E = 200 GPa for both the beam and rod.

45m

Igc = 140(10%) mm*

6m -l

Prob. 10-34

10-35, The beam is fixed at A and supported at its other
end by a tie rod BC. Determine the reactions at 4, and the
force in the tie rod. Take E = 200 GPa, I = 55(10%} mm*
for the beam, and A = 600 mm? for the bar. Assume the
rod is 5-m long, and neglect the thickness of the beam and
its deformation due to axial force.

Zm 2m
{ ; .
S0kKN

Proh. 16-35



*10-36. The trussed beam supports a concentrated force
of 400 kN at its center, Determine the force in each of the
three struis and draw the bending-moment diagram for the
beam. The strufts each have a cross-sectional area of
1250 mm? Assume they are pin-connected at their end
points. Neglect both the depth of the beam and the effect of
axial compression in the beam. Take E = 200 GPa for both
the beam and steuts. Also, for the beam I = 150(10%) mm®,

400 kN

PROBLEMS « 429

10-38. The trussed beam is used to support a uniform
load of 75 kN /m. Determine the forces developed in each
of the five struts, The cross-sectional area of each stryt
is 1800 mm? and for the beam, I = 240(10%) mm*. Also,
E = 200 GPa. Neglect the thickness of the beam and
assume the struis are pin connected to the beam. Also,
neplect the effect of axial compression in the beam.

75 KN/m

3.6m 36m

——

Prob. 18-36

1037, Determine the force in members AB, BC and BD
which is used in conjunction with the beam to carry the 30-k
Ioad. The beant has a moment of inertia of 7 = 240{10%) mm?*,
the members AB and BC each have a cross-sectional area of
1250 mm?, and BD has a cross-sectional area of 2500 mm?.
Take E = 200 GPa. Neglect the thickness of the beam and
its axial compression, and assume all members are pin-con-
nected. Alse assume the support at Fis a pinand Eis a roller,

Prob. 10-37

Prob, 10-38

10-39. The cantilevered beam AB is additionally sup-
ported using two tie rods. Determine the force in each of
these rods. Neglect axial compression and shear in the
beam. For the beam, I, = 200(10%) mm®, and for each tie
rod, A = 100 mm?, Take £ = 200 GPa.

80 kN

Prob. 139
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*10—40. Draw the influence lne for the moment at

point C. Plot numerical values every 5 m. £Iis constant.
Assume the support at A is fixed and B is a roller.

Prob, 1040

10-41. Draw the influence line for the shear at point B.
Plot numerical values every 5 m. Assume the support at
A is a roller and C is fixed. ET is constant.

10-42. Draw the influence line for the reaction at
point A. Plot numerical values every 5 m. Assume the
support at A is a rolter and C is fixed. EI is constant.

= 10m | 10m i

Probs, 10-41/42

10-43, Draw the influence line for the reaction at B. Plot
numerical values every 5 m. ET is constant.

i-——lSm } 15m l

Prob. 10-43

*10-44, Sketch the influence line for the moment at D
using the Miiller-Brestau principle. Determine the maximum
positive moment at 3 due to a uniform live load of 5 kN/m.
Elis constant, Assume A is a pin and B and C are rollers.

¥ 10m

Prob. 10-44

10-45, Sketch the influence line for the shear at B.If a
uniform lve load of 6 kN/m is placed on the beam,
determine the maximum positive shear at B. Assume the
beam is pinned at A, ET is constant.

10-46. Sketch the inftuence line for the moment at B. 1f
a uniform live load of 6 kN/m is placed on the beam,
determine the maximum positive moment at B. Assume
the beam is pinned at A. EJ is constant.

o

Probs, 10-45/46

10-47. Sketch the influence line for (a) the vertical
reaction at C, (b) the moment at B, and (c) the shear at E,
In each case, indicate on a sketch of the beam where a
uniform distributed live load should be placed so as to
cause a maximum positive value of these functions. Assume
the beam is fixed at I

Prob. 1047
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*10-48. Use the Miller-Breslau pririciple to sketch the 10-51.  Use the Miiller-Breslau principle to sketch the
general shape of the influence line for (a} the moment at general shape of the influence line for (a) the moment
A, and (b) the shear at B. at 4 and (b) the shear at B,

P Prob, 10-51

Prob. 10-48 *10-52. Use the Miilter-Brestau principle to sketch the

general shape of the influence line for (a) the moment

10-49. Use the Miiller-Brestau principle to sketch the at A and (b) the shear at B,

general shape of the influence line for {a) the moment
at A, and (b) the shear at B,

Prob. 10-52

10-53. Use the Miiller-Breslau principle to sketch the

general shape of the influence line for (a) the moment
10-50. Use the Miiller-Breslau principle to sketch the at A and (b) the shear at B,
general shape of the influence line for (a) the moment A
at A and (b) the shear at B. _ { I

Prob. 10-49

Prob. 30-50 Prob, 10-53




The members of this concrete building are all fixed connected, so the
framework is statically indeterminate. It can be analyzed using the method
of slope deflection.



CHA”ER ‘Displacement Method of Analy31s
| * Slope Deﬂectxon Equations

In this chapter we will briefly outline the basic ideas for analyzing structures
using the displacement method of analysis. Once these concepts have been
presented, we will develop the general equations of slope deflection and then
use them to analyze statically indeterminate beams and frames,

11-1 Displacement Method of Analysis: General Procedures

All structures must satisfy equilibrium, load-displacement, and
compatibility of displacements requirements in order to ensure their
safety. It was stated in Sec. 10-1 that there are two different ways to
satisfy these requirements when analyzing a statically indeterminate
structure. The force method of analysis, discussed in the previous chapter,
is based on identifying the unknown redundant forces and then satisfying
the structure’s compatibility equations. This is done by expressing the
displacements in terms of the loads by using the load-displacement
relations. The solution of the resuitant equations yields the redundant
reactions, and then the equilibrinm equations are used to determine the
remaining reactions on the structure.

The displacement method works the opposite way. It first requires
satisfying equilibrium equations for the structure. To do this the unknown
displacements are written in terms of the loads by using the load-
displacement relations, then these equations are solved for the
displacements. Once the displacements are obtained, the unknown loads
are determined from the compatibility equations using the load-
displacement relations. Every displacement method follows this general
procedure. In this chapter, the procedure will be generalized to produce
the slope-deflection equations. In Chapter 12, the moment-distribution
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Fig. 11-1

method wilt be developed. This method sidesteps the calculation of the
displacements and instead makes it possible to apply a series of
converging corrections that allow direct calculation of the end moments.
Finally, in Chapters 14, 15, and 16, we will illustrate how to apply this
method using matrix analysis, making it suitable for use on a computer.

In the discussion that follows we will show how to identify the
unknown displacements in a structure and we will develop some of the
important load-displacement relations for beam and frame members. The
results will be used in the next section and in later chapters as the basis
for applying the displacement method of analysis,

Degrees of Freedom. When a structure is loaded, specified points on
it, called nodes, will undergo unknown displacements. These displacements
are referred to as the degrees of freedom for the structure, and in the
displacement method of analysis it is important to specify these degrees
of freedom since they become the unknowns when the method is applied.
The number of these unknowns is referred to as the degree in which the
structure is kinematically indeterminate.

To determine the kinematic indeterminacy we can imagine the structure
to consist of a series of members connected to nodes, which are usually
located at joints, supports, at the ends of a member, or where the members
have a sudden charige in cross section. In three dimensions, each node on
a frame or beam can have at most three linear displacements and three
rotational displacements; and in two dimensions, each node can have at
most two linear displacements and one rotational displacement
Furthermore, nodal displacements may be restricted by the supports, o1
due to assumptions based on the behavior of the structure. For example
if the structure is a beam and only deformation due to bending is
considered, then there can be no Hnear displacement along the axis of
the beam since this displacement is caused by axial-force deformation

To clarify these concepts we will consider some examples, beginning with
the beam in Fig. 11-1a. Here any load P applied to the beam will cause
node A only to rotate (neglecting axial deformation}, while node B i
completely restricted from moving. Hence the beam has only one unknowr
degree of freedom, 8 4, and is therefore kinematically indeterminate to the
first degree. The beam in Fig. 11-1b has nodes at 4, B, and C, and so has
four degrees of freedom, designated by the rotational displacements 64
g, B¢, and the vertical displacernment Ac. Tt is kinematically indeterminate
to the fourth degree. Consider now the frame in Fig. 1i-1c. Again, if we
neglect axial deformation of the members, an arbitrary loading P appliec
to the frame can cause nodes B and C to rotate, and these nodes can be
displaced horizontally by an equal amount. The frame therefore has three
degrees of freedom, 8p, ¢, A g, and thus it is kinematically-indeterminate
to the third degree.

In summary, specifying the kinematic indeterminacy or the number oi
unconstrained degrees of freedom for the structure is a necessary firsi
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step when applying a displacement method of analysis. It identifies the
pumber of unknowns in the problem, based on the assumptions made
regarding the deformation behavior of the structure. Furthermore, once
these nodal displacements are known, the deformation of the structural
members can be completely specified, and the loadings within the
members oblained.
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As indicated previously, the method of consistent displacements studied
in Chapter 10 is called a force method of analysis, because it requires
writing equations that relate the unknown forces or moments in a
structure. Unfortunately, its use is limited to structures which are not
highly indeterminate. This is because much work is required to set up the
compatibility equations, and furthermore each equation written invalves
all the unknowns, making it difficult to solve the resulting set of equations
unless a computer is available. By comparison, the slope-deflection
method is not as involved. As we shall see, it requires less work both to
write the necessary equations for the solution of a problem and to solve
these equations for the unknown displacements and associated internal
loads. Also, the method can be easily programmed on a computer and
used to analyze a wide range of indeterminate structures.

The slope-deflection method was originally developed by Heinrich
Manderla and Otto Mohr for the purpose of studying secondary stresses
in trusses. Later, in 1915, G. A. Maney developed a refined version of
this technique and applied it to the analysis of indeterminate beams and
framed structures.

General Case. The slope-deflection method is so named since it relates
the unknown slopes and deflections to the applied load on a structure. In
order to develop the general form of the slope-deflection equations, we will
consider the typical span A B of a continuous beam as shown in Fig. 11-2,
which is subjected to the arbitrary loading and has a constant E1. We wish
to relate the beam’s internal end moments M 45 and Mp, in terms of its
three degrees of freedom, namely, its angular displacements 8 4 and 6,
and linear displacement A which could be caused by a relative settlement
between the supports. Since we will be developing a formula, moments
and angular displacenents will be considered positive when they act
clockwise on the span, as shown in Fig. 112, Furthermore, the linear
displacement A is considered positive as shown, since this displacement
causes the cord of the span and the span’s cord angle i to rotate clockwise.

The slape-deflection equations can be obtained by using the principle of
superposition by considering separately the moments developed at each
support due to each of the displacements, 8 4, 85, and A, and then the loads.

Elisconstant _
positive sign convention

Fig, 11-2
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real beam

(a)
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V=40, conjugate beam

&)

Fig. 11-3

Angular Displacement at A,0,. Consider node A of the member shown it
Fig. 11-3a to rotate 8 4 while its far-end node B is held fixed. To determine the
moment M, needed to cause this displacement, we will use the conjugate
beam methad, For this case the conjugate beam is shown in Fig. 11-3b, Notics
that the end shear at A’ acts downward on the beam, since 8 4 is clockwise
The deflection of the “real beam” in Fig. 11-3a is to be zero at A and B, an
therefore the corresponding sum of the moments at each end A’ and B" 0
the conjugate beam must also be zero. This yields

n £_[1(MBA) ]2;:

SUE s - B e =
o |1 Mpal, |L 1(MAB) ]ZL

(tEMp =0, [2( ET )L]:‘S [2 I L 3 + 0, =0

from which we obtain the following load-displacement relationships.

My =0

- 4ET
MAH =04 (111
L .
Mpa = =704 (112

Angular Displacement at B, 8. In asimilar manner, if end B of the bean
rotates to its final position 8, while end A is held fixed, Fig. 11-4, we cai
relate the applied moment Mg, to the angular displacement 6 and th
reaction moment M 4z at the wall. The results are

E

MBA = '-4_133 G
L

SRR 7 Bl

J'I/IA_B = Tﬂg (11-—4
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Fig. 1~

Relative Linear Displacement, A. If the far node B of the member is
disptaced relative to A4, so that the cord of the member rotates clockwise
{positive displacement) and yet both ends do not rotate, then equal but
opposite moment and shear reactions are developed in the member,
Fig. 11-5a. As before, the moment M can be related to the displacement A
using the conjugate-beam method. In this case, the conjugate beam,
Fig. 11-5b, is free at both ends, since the real beam (member) is fived
supported, However, due to the displacement of the real beam at B, the
moment at the end B’ of the conjugate beam must have a magnitude of A
as indicated.* Summing moments about B', we have

wemp =0 [Say(Z)] - [J(5e)] - a o

(11-5)

By our sign convention, this induced moment is negative since for
equilibrium it acts connterclockwise on the member.

real beam conjugate beam

(a) : (b

Fig. 11-5

#*The moment diagrams shown on the conjugate beam were determined by the method
of superposition for a simply supported beam, as explained in Sec. 4-5.
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real beam canjugate beam

(a) b

Fig. 11-6

Fixed-End Moments. In the previous cases we have considere
refationships between the displacements and the necessary moments M 4
and Mg, acting at nodes A and B, respectively, In general, however, th
linear or angular displacements of the nodes are caused by loadings actin
on the span of the member, not by moments acting at its nodes. In orde
to develop the slope-deflection equations, we must transform these spa.
loadings into equivalent moments acting at the nodes and then use th
load-displacement relationships just derived. This is done simply by findin
the reaction moment that each load develops at the nodes. For exampl
consider the fixed-supported member shown in Fig. 1164, which i
subjected to a concentrated load P at its center. The conjugate beam {o
this case is shown in Fig. 11-6&. Since we require the slope at each end t
be zero,

1/ PL 1/ M
HEE =0 e A5 () o

This moment is called a fived-end moment (FEM), Note that accordin
to our sign convention, it is negative at node A {counterclockwise) an
positive at node B {clockwise). For convenience in solving problem:
fixed-end moments have been calculated for other loadings and ar
tabulated on the inside back cover of the book. Assuming these FEM
have been computed for a specific problem (Fig. 11-7), we have

_ﬂffAB = (FEM)AB IMBA = (FEI\/I)BA (11‘6

Fig. 11-7
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Slope-Deftection Equation,  If the end moments due to each displacement
{Eqs. 11-1 through 11-5) and the loading (Eq. 11-6} are added together,
the resultant moments at the ends can be written as

My 2E(£)[29,; 05— 3(%)] - (EM)
(11-7)

I A

Since these two equations are similar, the result can be expressed as a
single equation. Referring to one end of the span as the near end (N)
and the other end as the far end (F), and letting the member stiffness be
represented as k = [/L, and the span’s cord rotation as  (psi) = A/L,
we can write

: JWN B 2Ek(23N + 61:.‘

Fdr Intemal Span or End Span 'wﬂh Far End leed a8

where

My = internal moment in the near end of the span; this moment
is positive clockwise when acting on the span.

E, k = modulus of elasticity of material and span stiffness k = /L.

B, 87 = near- and far-end slopes or angular displacements of the
span at the supports; the angles are measured in radians and

are positive clockwise.

ir = span rotation of its cord due to a linear displacement, that
is, ¢y = A/L; this angle is measured in radians and is positive
clockwise.
(FEM)y = fixed-end moment at the near-end support; the moment is

positive clockwise when acting on the span; refer to the table
on the inside back cover for various loading conditions.

From the derivation Eq. 11-8 is both a compatibility and load-
displacement relationship found by considering only the effects of
bending and neglecting axial and shear deformations, It is referred to
as the general slope-deflection equation. When used for the solution
of problems, this equation is applied swice for each member span
(A B); that is, application is from A to B and from B to A for span
AB in Fig. 11-2.

-
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Pin-Supported End Span. Occasionally an end span of a beam or
frame is supported by a pin or roller at its far end, Fig. 11-84. When this
oceurs, the moment at the roller or pin must be zero; and provided the
angular displacement 85 at this support does not have to be determined,
we can modify the general slope-deflection equation so that it has to be
applied only once to the span rather than twice. To do this we will apply
Eq.11-8 or Egs. 11-7 to each end of the beam in Fig. 11-8. This results in
the following two equations:

My = 2Ek(28y + 0p — 30) + (FEM)y
0 = 2Ek(26r + 6y — 3¢) + 0

Here the (FEM)y is equal to zero since the far end is pinned, Fig. 11-8b.
Furthermore, the (FEM)y can be obtained, for example, using the table
in the right-hand ¢olumn on the inside back cover of this book.
Multiplying the first equation by 2 and subtracting the second equation
from it eliminates the unknown 0 and yields

(11-9)

(11-10)

Since the moment at the far end is zero, only one application of this
equation is necessary for the end span. This simplifies the analysis since
the general equation, Eq. 11-8, would require nvo applications for this
span and therefore involve the (exira) unknown angular displacement
&y (or 0p) at the end support.

To summarize application of the slope-deflection equations, consider the
continuous beam shown in Fig. 11-9 which has four degrees of freedom.
Here Eq. 11-8 can be applied twice to each of the three spans, i.e,, from
AtoB,Bto A, Bto C,Cto B, to D,and D to C.These equations would
involve the four unknown rotations, 8 4, 0, 6¢, @p. Since the end moments
at A and D are zero, however, it is not necessary to determine 8,4 and 8p.
A shorter solution occurs if we apply Eq. 11-10 from B to A and C to D
and then apply Eq. 11-8 from B to C and C to B. These four equations
will involve only the unknown rotations f5 and 8.

Fig. 11-9
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91-3 Analysis of Beams

PROCEDURE FOR ANALYSIS

_Degree,s' of Freedont.”::T.abel dll the. supports and joints’(nodes) in.
‘order to- xdenhfy the spans of the beam orframe between the nodes.
_ -By drawing the’ ‘deflectéd shape of the structurc it will be possﬁ:io
o identifythe number of degrees of freedom Here. oach podé-can:
‘possibly have an angnlar':dlsplacement and a linear d1splacement
“Conipatibility at the nodés is maintained proyided the members that
‘are flxed connected to a node’ undergo the same displacemems as’;
' Af:these c_iisplac ' m_ents are unknown,'and in ‘general t '
; convenience assume they act in the positive direction”:
ember. or joint, Fig. 1152,

]

S lape—Daﬂecnon Equations. : The slope- deﬂechon ‘equations relate.
"the unknown moments apphed fo the nodes to the displacements of =
the nodes for any span of the structure, If a foad exists on the span, .-
compute the FEMs using the. table given on the ms1de back caver,
Also, if a node has a linear displacement, A, compute i = ‘AJL for
‘the adjacent spans. Apply Fq.11-8 t0 each end of the span, thereby -
_-generatmg two slope- deﬂec’uon equatlons for each span, ‘However, =
“if -2 spanat the.end of a continuous beam or frame is pin’ supported
apply Eq. 11-10 onlyto the. restrained. end reby eneratmg one -
'slope deﬂectlon equatlon for the ‘$pan; :

'Ethbrmm Equatzom Wnte an equlhbnum equatxon for each'___
‘unkniowsn degree’ of freedom for the structure. Each ‘of ‘ these
'equatlons ‘shoutd ‘be expressed in terms of unknown ‘internal -
‘moments as specified by the. sEope—deﬂectlon equations, For beams
and frames write the moment equation of ethbnum at ‘each -
“support, and for frames: also write joint moment equations of
“equilibrium. If the frame sidesways or deflects honzontally, column
~shears should be related to the momeuts at the ends of the: colum
_' Thls is dlscusseci in Sec.11-5." '

Subsnmte the; slope deﬂectlon equatxons into the: equilibrivm :
' equauons and solve foi the unknown joint. chspiacements These
“results are then substituted into the slope-defiection equations to I
“deternine the internal moments at the ends of each member. If
“any ‘of the resulfs are negarwe, thcy ‘indicate’ cozmterclockwwe
“rotation;. ‘whereas posmve moments and dlsplacoments are .
-"apphed clockw:se T A , E
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Draw the shear and moment diagrams for the beam shown mmFg 11-10q.
Elis constant. o o S
6K20/m . B

Fig. 11-10
Solution ] N ] : _
Slope-Deflection Equations, Two spéﬁs'must be considered in this
problem. Since there is no span having the far end pinned or roller
supported, Eq. 11-8 applies to the solution. Using the formulas for

the FEMS tabulated for the triangular loading given on the inside back
cover, we have :

2 66y S
(FEM) pc = —% - go) = 72kN.m.
_wL*  6(6)
(FENI)CB = TO" = 20 = 10.8kN'm

Note that (FEM)p. is negative since it acts counterclockwise on the
bearn at B. Also, (FEM) 15 = (FEM) 4 = 0 since there is no Ioad on
span AB.

In order to identify the unknowns, the elastic curve for the heam
is shown in Fig. 11-10b. As indicated, there are four unknown internal
moements. Only the slope at B, g, is unknown. Since A and € are
fixed suppoits, 8,4 = #- = 0. Also, since the supports do not settle,
nor are they displaced up or down, ¥is5 = g = 0. For span AB,
considering A to be the near end and B to be the far end, we have

I El Lo
Now, considering B to be the near end and A to be the far end, we have
i
Mpy = 25(5)[293 +0-300)}+0= %93 2)

In a similar manner, for span BC we have

Mye = 25@)[233 +0 - 3(0)] - 72 = 3‘?—193 72 N

Mey = 2E(~é){2(0) + 85— 3(0)] + 10.8 = %93 + 108 @
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Equilibrivm Egquarions. The above four equations contain five
unknowns. The necessary fifth equation comes from the condition of
moment equilibrium at support B. The free-body diagram of a
segment of the beam at B is shown in Fig. 11-10¢. Here M 34 and Mg,
are assumed to act in the positive direction to be consistent with the
slope-deflection equations.* The beam shears contribute negligible
moment about B since the segmenlt is of differential length. Thus,

FEMp =0 Mgy + Mge =0 (5
To solve, substitute Egs. (2) and (3) into Eq. (5), which yields
_on
BT EI
Resubstituting this value into Egs. (1)-(4) yields
Mgy =154 kN-m

Mps = 3.09kN-m
Mpe = —3.09kN-m
ﬂ':[CB = 1286kN-m

The negative vatue for Mp, indicates that this moment acts
counterclockwise an the beam, not clockwise as shown in Fig. 11-105.

Using these results, the shears at the end spans are determined
from the equilibrium equations, Fig. 11-104. The free-body diagram
of the entire beam and the shear and moment diagrams are shown in

Vo, Mg,

(=)

Mg, | Vg,

B,

(0)

6 kN/m

Fig. 11-10e.

1.54 kN-mm

B, =0579kN
[

A, = 0579 kN 8m 3.09kNm

B, =437

l;ﬁ m 12.86 kN-m

3.09 kN-m

kN

(d)

6kN/m
C, =13.63kN

"

154 kN'm

1363 kN

AT

0.579 xN
¥ (k)

—
—

12.86 kN-m
495 kN

4.37

3[\10.95 14

x {m)

—0.57%

-13.63
x {m)

*Clockwise on the beam segment, but—by the principle of action, equal but opposite
reaction—counterclockwise on the support.

-12.86
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1
!

Draw the shear and moment diagrams for the beam shown in Fig. 11-11a.
ET is constant.

60 kN

40 kN/m
¥

(@
Fig. 11-11

Solution

Slope-Deflection Equations. Two spans must be considered in this
problem. Equation 11-8 applies to span AB. We can use Eq. 11-10
for span BC since the end C is on a roller. Using the formulas for the
FEMs tabulated on the inside back cover, we have

w1 ”
(FEM) 4p = =~ = 15 (40)(6)* = ~120 kN'm
_wl? 1 -
(FEM)pg = == 5 (40)(6)" = 120 kN'm
3PL 3(60%(2)
= -t = - R 27 5 KNm
(FEM)c 16 16

Note that (FEM),p and (FEM)pc are negative since they act
counterclockwise on the beam at A and B, respectively. Also, since
the supports do not settle, i 45 = 5 = 0. Applying Eq. 11-8 for span
APB and realizing that 8, = 0, we have

My = 25(%)(2@, + 8 — 3) + (FEM)y

Myp = 2F (%) [2(0) + 65 — 3(0)] — 120
Mup = 0.3333EI6, — 120 ) @
Mgy = 2E (%) [285 + 0 — 3(0)] + 120
Mg, = 0.66TEIfg + 120 (2)
Applying Eq. 11-10 with B as the near end and C as the far end, we have
My = 3E(§;)(9N ~§) + (FEM)y

Mpe = 3E (‘53(9}3 - 0) — 225 ""\

Mge = L5EIog — 22.5 (3)

Remember that Eq. 11-10 is nor applied from € (near end) to B
(far end).
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Equitibrium Equations. The above three equations contain four Myc
unknowns. The necessary fourth equation comes from the conditions (A— V)
of equilibrivm at the support B, The free-body diagram is shown in Mas
Fig. 11-115. We have By
FEMp = 0; Mpa + Mpe =0 )] )
To solve, substitute Egs. (2) and (3) into Eq. (4), which yields
45
Oy = — ——
"7 E

Since 85 is negative (counterclockwise) the elastic curve for the beam
has been correctly drawn in Fig. 11-11a. Substituting 85 into Eqgs.
(1)-(3), we get

—135 kN-m

1l

ﬂ/IAB
MBA = G0 kN'm

Mpe = —90 kN'm

Using these data for the moments, the shear reactions at the ends
of the beam spans have been determined in Fig. 11-11¢. The shear
and moment diagrams are plotted in Fig. 11-11d.

u=127.561?;‘:“f“t “““ f) -75&

135kme3m—ﬁ3m4%ka 90kNm

‘le=15kN
Tm

V (kN)
) iy
1275 ©
75
15 m
3.1875 57 8
125
M (kN-m)
68.2
. x
31875 * (m)
~135

CY
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Determine the moment at A and B for the beam shown in Fig. 11-12a,
The support at B is displaced (settles) 80 mm. Take £ = 200 GPa,
I = 5(10°) mm*,

()
Fig, 11-12

Solution

Slope-Deflection Equations. Only one span (AB) must be
considered in this problem since the moment M g, due to the overhang
can be calculated from statics. Since there is no loading on span AB,
the FEMs are zero. As shown in Fig. 11-12h, the downward
displacement (settlement) of B causes the cord for span AB to rotate
clockwise. Thus,

E
e B Yap = Wps = O'OEm ~ 0.02 rad
The stiffness for AB is
() 1 5(10%) mm*(10712) m*/mm®
k= L 4m
Applying the slope-deflection equation, Eq. 11-8, to span A B, with
#4 = 0, we have

= 1.25(107%) m?

I
My = 2E(E)(2BN + 8p — 3%) + (FEM)y

Mp = 2(200(10%) N/m?)[1.25(107%) m*][2(0) + 65 — 3(0.02)} + 0 (1)

Mpy = 2{200(10%) N/mH)[1.25(1075) m®}[265 + 0 — 3(0.02)] + 0 (2)
Vs, SOOON Equilibrium Equations. The free-body diagram of the beam at
= l)gmﬂ NG m) support B is shown in Fig. 11-12¢. Moment equitibrinm requires

| +ZMg =0, My — 8000N(3m) =0
Substituting Eq. (2} into this equation yields
1(10%05 — 30(10%) = 24(10°%) 7

8p = 0054rad

Thaus, from Egs. (1) and (2),
Map = —3.00kN-m
JWBA = 240kN-m
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Determine the internal moments at the supports of the beam shown
in Fig. 11-13a. The support at C is displaced (settles) 30 mm. Take
E = 200 GPa, I = 600(10%) mm*.

20 kN/m

] 6m L 45m

% 1 - : R g ~trep b
72 m ] . I . B$ 0 o 5 %

+dge € Vo

@ | ®)
Fig. 11-13

Solution

Slope-Deflection Equations. Three spans must be considered in this
problem. Equation 11-8 applies since the end supports A and D are
fixed. Also, only span AB has FEMs.

wl? 1 9
_ - oz s 2)° = —86. kN
wi? 1
(FEM)g, = ET ST (20)(7.2)* = 86.4 KN'm

As shown in Fig. 11-13b, the displacement (or settlement) of the
support C causes §zc to be positive, since the cord for span BC rotates
clockwise, and ip to be negative, since the cord for span CD rotates
counterclockwise. Hence,

0.03
Ype = M = (.005 rad I,I!CD = - o
6m 4.5m

= —0.00667 rad

Also, expressing the units for the stiffness in meters, we have

= 6———_0(106)(10_12) = 83.33(107%) w?

AB T 79
0 6 -1z
kyc = S00QOI0 1) 2(10 ) . 100(107%) m’

600010%(107%)
°" T as

Noting that §,4 = #p = 0 since A and D are fixed supports, and
applying the stope-deflection Eq. 11-8 twice to each span, we have

= 133.33(107%) m°
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For span AB:

M4 = 2[200(10°)83.33(107 9120} + 65 — 3(0)} — 86.4 -
Mg = 33333305 — 864 W
Mg = 2[200(10%{83.33(107%)[285 + 0 — 3(0)] + 864
@) My, = 66666.705 + 86.4 (2)

For span BC: : C e
Mpc = 2[200¢10%)[100(1076)]265 + 6 — 3(0.005)] + 0
Mpe = 800008y + 400008, — 600 (3)
Meg = 2[200(105[100(1075)]26¢ + 85 — 3(0.005)] + 0
Mg = 800006¢ + 400006 — 600 4

For span CD:
Mep = 2[200(10%[133(10 %26 + 0 — 3(—0.00667)] + 0
Mep = 106666.76¢ + 0 + 1066.7 (5)
Mpe = 2[200(10%[133.33(109]2(0) + 6. — 3(—0.00667)] + 0
Mpe = 5333336, + 10667 (6)

Equilibrium  Equafions. These six equations contain eight

Vs, Mpe Vg Mep . ey & )
B c unknowns. Writing the moment equilibrium equations for the
(J lj (\T =1 l\) supports at B and C, Fig. 10-13¢, we have
Vet 1T Ma I Veo o +3Mp =0 Mpa + Mpe = 0 0
¥
L+E.ﬂ/l€ = 0; MCB + AJCD =0 (8)

(e}
In order to solve, substitute Egs. (2) and {3) into Bq. (7), and Egs. (4)
and (5) into Eq. (8). This yields

B + 3.66705 = 0.01284
=B ~ 0.21485 = 0.00250
Thus,
fp = 0.00444 rad 8 = —0.00345 rad

The negative value for 8¢ indicates counterclockwise rotation of the
tangent at C,Fig. 11-13a. Substituting these values into Eqgs. (1)-(6) viclds

Myg = 616 kN-m Ans.
Mgy = 383 kN'm Ans.
Mpe = —383 kN-m _ Ans,
A/ICB = —§98 kN-m -‘\ CAns,
Mep = 698 kKN-m Ans,

Mpe = 883 kN'm Ans,
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11-4 Analysis of Framesrz No Sidesway

A frame will not sidesway, or be displaced to the left or right, provided
it is properly restrained. Examples are shown in Fig. 11-14. Also, no
sidesway will occur in an unrestrained frame provided it is symmetric
with respect to both loading and geometry, as shown in Fig. 11-15. For
both cases the term ¢ in the slope-deflection equations is equal to zero,
since bending does not cause the joints to have a linear displacement.

The following examples illustrate application of the slope-deflection
equations using the procedure for analysis outlined in Sec. 11-3 for these
types of frames.

Fig. 11-14

i
1
I
!
H
1
i
1
1

1
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24 kN/m

(@

Fig. 11-16

Determine the moments at each joint of the frame shown in Fig. 11-16a.
EI is constant.

Solution

Slope-Deflection Equations. Three spans must be considered in this
problem: AB, BC, and CD. Since the spans are fixed supported at A
and D, Fq. 11-8 applies for the solution,

From the table on the inside back cover, the FEMSs for BC are

Swi2 __S@AEP _
96 96

(FEM)pe = —80KkN-m

SwL?  5(24)(8)
(PEN[)CB = 2% = 96 =80kN'm
Notethat 84 = 0p = Oand ¢ 15 = tfrzc = hep = 0, since no sidesway
will occur.
Applying Eq. 11--8, we have

My = 2Ek(20y + 6 — 3) + (FEM)y

Mg = zp:(f%)[z(m oy~ 3(0)] + 0

A"IAB = 0.1667EIBB (1)
I
-'[‘VIBA = 0.333EI93 (2)

Mpge = ZE(é)[ZBB + 0 — 3(0)] — 80
Mye = 05EI8y + 025EI6 — 80 (3)
Meg = 2E(é)[29c + 05 — 3(0)] + 80
Mcy = 0.5EI6c + 025EI0; + 80 {4)

Mep = 2E(II—2)[29C +0—3(0)] + 0

Mep = 0333E10, : ()

Y
b
Mpe = 0.1667EI6¢ (6)
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Egquilibrivm Equations. The preceding six equations contain eight
unknowns. The remaining two equilibrium equations come from
moment equilibrium at joints B and C, Fig. 11-165. We have

Mygq + Mpe =0 7
Mep + Mep =10 (8}
To solve these eight equations, substitute Egs. (2) and (3} into Eq. (7)
and substitute Eqgs. (4) and (5) into Eg. (8). We get
0.833EI8g + 025EI0. = 80
0.833E18, + 0.25E10 = —80

Solving simultaneously yields

137.1
b= 0 =TT

which conforms with the way the frame deflects as shown in Fig. 11-16a.
Substituting into Eqs. (1)-(6), we get

Mag=229kN-m Ans,
Mgy =457kN'm Ans.
Mpe = —457kN-m Ans.
Mep = 457kN'm Ans.
Mep = —457kN-m Ans.
Mpe = —229kN'm Ans.

Using these results, the reactions at the ends of each member can
be determined from the equations of equilibriom, and the moment
diagram for the frame can be drawn, Fig. 11-16c.

§23kN-m

(

457 KN-m ASTRNMN N 457 kNem

22,9 kN-m A2 9KNm

()
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Determine the internal moments at each joint of the frame shown in
Fig. 11-17a. The moment of inertia for each member is given in the
figure. Take £ = 200 GPa.

30 kN

77 7300105 mum
2.4 m+2_4 ot

45 f
‘B 0(10%) mm*

Fig. 11-17
Solution

Slope-Deflection Equations. Four spans must be considered in this
problem. Equation 11-8 applies to spans AB and BC, and Eq. 11-10
will be applied to CD and CE, because the ends at D and E are pinned.
Computing the member stiffnesses, we have
_160(10%(1071%) _80(10f) (1071

kap= ———— - 3556(107%) m? SR S 11781078
AR 135 (10 m*  kep 15 (107% ny

-12
= 6667010 Y m’ kg ) 72.23(107%) m?

32001051073
kpo = —"-4—

_ 260¢10%)(10
36

The FEMs due to the loadings are

(FEM)BC - *% = —@%—8—) = —18 kKN-m

30(4.8
(FEM)cg = fS_L: - -(8—) ~ 18 kN'm

2 2
Applying Egs. 11-8 and 11-10 to the frame and noting that 84 = 0,
¥ap = ¥c = Ycp = Yeg = 0 since no sidesway occurs, we have
My = 2Ek(20y + 67 — 3¢) + (FEM)y
M5 = 2[200(10%)](35.56) (10 5)[2(0) + 65 — 3(0)] + O

Map = 1422220, 1)
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My = 2[200(105)](35.56)(10’5){29;3 +0-30)] +0

Mgy = 28444.40y ' 2
Mpe = 2{205(105)](66.67)(10’6)[293 + 8. — 3(0)] — 18
Myc = 53333385 + 26666.76; — 18 3
Mep = 2[200(109](66.6T)(1075)[26. + 05 — 3(0)] + 18
Mcg = 26666.705 + 5333336¢ + 18 1CY)
My = 3Ek(By — ) + (FEM)y

Mep = 3[200(10%](17.78)(10 %)[6c — 0] + 0 (5)

Mcp = 1066678,
Mg = 3[200(10%}1(72.22)(10 %[0, — 0] — 81
Mcp = 4333336, — 81 (6)

Equations of Equilibrium. These six equations contain eight
unknowns. Two moment equilibrium equations can be written for
joints B and C, Fig. 11-17h. We have

‘WBA + A’fﬂc ={ (7)
-FVICB + IMCD + JVICE =0 (8)

In order to solve, substitute Egs. (2) and (3) into Eq. (7), and Egs. (6)-(6)
into Eq. (8). This gives

81777.70p + 2666676 = 18
26666,705 + 107333.36, = 63

(b}

Solving these equations simultaneously yields
05 = 3.124(107 % rad 8¢ = 5.792(10 ") rad

These values, being clockwise, tend to distort the frame as shown in Fig.
11-17a. Substituting these values into Eqs. (1)-(6) and solving, we get

Map = 0444 kN-m Ans,
Mga = 0.888 KEN‘m Ans.
Mpe = —0.888 kN'm ) Ans.
Mep = 49,7 kN-m Ans,
Mep = 6,18 kN-m Ans.

Mcg = —559 kIN'm Ans,




454 .« CHAPTER 11 Displacement Method of Analysis: Slope-Deflection Equations

11-5 Analysis of Frames: Sidesway

Fig. 11-18

A frame will sidesway, or be displaced to the side, when it or the loading
acting on it is nonsymmetric. To illustrate this effect, consider the frame
shown in Fig. 11-18. Here the loading P causes unequal moments M o and
Mz at the joints B and C, respectively. M g tends to displace joint B to
the right, whereas Mp tends to displace joint C to the left. Since Mg is
larger than M, the net result is a sidesway A of both joints B and C to
the right, as shown in the figure.* When applying the slope-deflection
equation to each column of this frame, we must therefore consider the
column rotation ¢ (since ¢ = A/L) as unknown in the equation. As a result
an extra equilibrium equation must be included for the solution. In the
previous sections it was shown that unknown angular displacements 8 were
related by joint moment equilibrivun eguations. In a similar manner, when
unknown joint linear displacements A (or span rotations ) occur, we must
write force equilibrinm equations in order to obtain the complete solution.
The unknowns in these equations, however, must only involve the internal
moments acting at the ends of the columns, since the slope-deflection
equations involve these moments. The technique for solving problems for
frames with sidesway is best illustrated by examples.

Determine the moments at each joint of the frame shown in Fig. 11-19a.
El is constant,

Solution

Slope-Deflection Equations. Since the ends A4 and D are fixed,
Eq. 11-8 applies for all three spans of the frame. Sidesway occurs here

m since both the applied loading and the geometry of the frame are

nonsymmetric. Here the load is applied directly to joint B and therefore
no FEMSs act at the joints. As shown in Fig. 11-194, both joints B
and C are assurned to be displaced an equal amount A, Consequently,
rap = Af4 and Ype = A/6. Both terms are positive since the cords of
members AB and CD “rotate” clockwise. Relating i 45 to ¢rpe, we
have frap = (6/Wpc. Applying Eg. 11-8 to the frame, we have

Myp = ZEG)[z(O) + 0y — 3(%%(:)] +0 = EI058 - 225ypc) (1)

My, = ZE(é)[ZBB +0 - 3(%%.;)] +0 = EI(106; - 225050) @)
. %,

Mpe = 25(?«)[295 + 8 — 3{(0)] + 0 = EK0.865 + 0.48,) 3

*Recall that the deformation of all three members due to shear and axial force is neglected.
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; . )
Meg = 2£(?)[zac + 8 — 3(0)] + O = EI0.88 + 0.465) 1) Mo

)‘ .
Mep = 2}3(?)[29C + 0 ~ W] + 0 = EN06670c — 1.0nc) 5

Mpe = 23(‘2‘)[2(9) + 8¢ = Jpc] + 0 = EI(03330; — L0po) (6} ®)

Equations of Equilibrium. The six equations contain nine unknowns.
Two moment equilibrium equations for joints B and C, Fig. 11-196, can
be written, namely,

I"/IBA +MBC:O (7)
Mcg + Mcp =0 ®
Since a horizontal displacement A occurs, we will consider suamming
fc_:gces on the entire frame in the x direction, This yields \
SEF =0 200-V,—Vp=0 ::*'cn
The horizontal reactions or column shears ¥,y and Vp can be related €
to the internal moments by considering the free-body diagram of each
column separately, Fig. 11-19¢. We have
Map + M
EMp=0; Va= —H G
Mpe + M,
M = 0, Vp = — l—Dc——él—CQ
Thus, Vo
Mg+ M, Mpe + M, () ¢
200 + 40— 4+ SR L =0 ) Mpe

In order to solve, substitute Egs. (2) and (3) into Eq. (7), Eqs. (4)
and (5) into Eq. (8), and Eqgs. (1), (2), (5), (6) into Eq. (9). This yiclds
1893 + 0'48C - 225¢’DC - 0
0463 + 14679C - IPDC =0

800

1565 + 0.6676c — 58330pc = 47

Solving simultaneously, we have
Elfg = 243.78 Elf. = 75.66 Elfpe = 20848
Finally, using these results and solving Egs. (1)-(6) yields

Mysp = —347 kN-m Ans,
Mpy = —225 kN-m Ans.
Mpe = 225 kN'm ’ Ans.
Mcp = 158 kN-m Ans.
Mep = —158 kN-m Auns,

Mpe = —183 kN-m Auns.
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(a)

(b}

Determine the moments at each joint of the frame shown in Fig, 11-20a.
The supports at A and D are fixed and joint C is assumed pin connected.

EI is constant for each member.

Solution
Slope-Deflection Equations.  We will apply Eg. 11-8 to member AB

since it is fixed connected at both ends. Equation 11-10 can be applied
from B to Cand from D to C since the pin at € supports zero moment.
As shown by the deftection diagram, Fig, 11-20b, there is an unknown
linear displacement A of the frame and unknown angular displacement
fg at joint B.* Due to A, the cord members AB and CD rotate
clockwise, ¥ = 45 = Ypc = Af4. Realizing that 8,4 = 8 = 0 and

that there are no FEMSs for the members, we have

in = 2E('§‘)(23N + BF - 3{,&) + (FEM)N

Fig. 11-20 I
I
My = 25(5){293 +0—3%) +0 o)
A A I
‘—B-I\\EE Bep _—"‘l ¢ My = 3E(Z)(GN B t;f) - (FEM)N
i I
i ? Mpc = 3E(§)(93 -0 +0 (3)
f ‘93 ',' bep I
! / M =3E(~)0— +0 4
o . Mpe 4 (0 — ) 4
{ / Equilibrium Equations. Moment equilibrivm of joint B, Fig. 11-20c,
| ] requires )
Mg+ Mpz=0 )
If forces are summed for the emtire frame in the horizontal

direction, we have
XsE =0 10— V,—Vpy=0 6)
As shown on the free-body diagram of each column, Fig, 11-20d, we have

_ Mg + Mpy

M ,
SMc = 0; Vp=——2E g
4 )

*The angular displacements 8,5 and .5 at joint C {pin) are not included in the

analysis since Eq. 11-10 is to be used.
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[__;

Thus, from Eq (6),

B’IAB + MBA n A’IDC _‘
4 4

Substituting the slope-deflection equations into Egs. (3) and (7)
and simplifying yields

10 + 0 . (N

3
=24
Op = 49
EIf3 15
g, — ) =
Thus,
240 320

=g VT nEr
Substituting these values into Eqs. {1)-(4), we have
Map=—171kN-m, Mz = —114kN-m Ans. (@)

Mge = HAKNm, Mpe = —11.4kN-m Ans,

Using these results, the end reactions on each member can be
determined from the equations of equilibrium, ¥ig. 11-20e. The
moment diagram for the frame is shown in Fig. 11-20f.

381 kN 381 kN 3.81kN

3_2.86 N
286 kN

114 kN'm 11.4 kN

2.86 kN

714 kN
7114 kN-
A4 kNom 3.81 kN
381 kN
> 286 kN 114
81 kN
11.4 KNm 114
714 kN
2.86 KN
114 N-m
3.81 KN
714 kN
7.1 kN-m 17.1 114

381 kN ) 4
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{a)

Fig. 1121

Explain how the moments in each joint of the two-story frame shown
in Fig. 11-21a are determined, EI is constant.

Solution

Stope-Deflection Equation. Since the supports at A and F are fixed,

Eq. 11-8 applies for all six spans of the frame. No FEMs have to be

calculated, since the applied loading acts at the joints. Here the loading

displaces joints B and E an amount A, and C and D an amount

Ay + Ay As a result, members AB and FE undergo rotations of

Y = Ay/5 and BC and ED undergo rotations of i, = A,/S.
Applying Eq. 11-8 to the frame yields

Mg = 2E(—é—)[2(0) +0p— 3]+ 0 (1}
Mgy = 25@)[293 +0 - 3] + 0 2)

i‘d‘cg = 2K

TN
L] e

[280 + 85 — Juy] + 0 (4)

Mep = 2E{ = {200 + 6, — 3(0)] + O (5)

TN
i )
S’ S

Mpe = 2E(§)[299 + ¢ — 3(0)] + 0 6)
Myg = zg@){zeﬂ + 65— 3(0)] + 0 0
My = 2E(§)[263 1o 3040 - @)
Mgp = E(é)[?@g + 0 — 3] + 0 (9)
Mpg = 25 £)[2913, + 05— 0] + 0 (10)

[2(0) + 6z — 3] + O (11}

h|=~ tn
S

These 12 equations contain 18 unknowns.
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Nap, fMoc 40N
c F [ﬁlD
e i Mpg
Mcp
Mgc Mep
BN BT
B 31\1 h3) | E
I}j e T QE{J RN
~— A Mp YT Ty
M, . :

(&)

Equilibrium FEquations. NMoment equilibrium of joints B, C, D,

and E, Fig. 11-215, requires Vi t[j Vee ﬁg-

Mpa + Mgg + Mye =0 (13) ¥ ¥
Meg + Mep = 0 (14) ©
Mpe + Mpg =0 (15)

Mep + Mg + Mgp = 0 (16)

As in the preceding examples, the shear at the base of all the columns
for any story must balance the applied horizontal loads, Fig. 11-21c.

This yields
_l,
SIRF, = 0; 40 ~ Vgo — Vegp = 0
Mpe + M, Mgp + M
40 + e 7 Meg + 2ED HpE S (17
5 5
+ .
S3F =0 40 + 80 — Vg — Vig = 0
Myg + M, Mer + M
120 + —ABLTRA 4 TS SR g (8)

Sohution requires substituting Eqs. {1)-(12) into Egs. (13)-(18), which
yields six equations having six unknowns, yr, iy, 85, O¢, 0p, and 6g.
These equations can then be solved simultancously. The results are
resubstituted into Eqs. (1)-(12), which yields the moments at the joints.
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Determine the moments at each joint of the frame shown in Fig, 11-22a.
ETis constant for each member,

Ay 60
Ay

(c)

(b}
Fig. 11-22

Solution

Slope-Deflection Equarions. Fquation 11-8 applies to each of the
three spans. The FEMSs are

wll  30(3.6)

FEM = —
( Ysc 2 7

= —-324 kN'm

_wl? 30367
The sloping member AB causes the frame to sidesway to the right
as shown in Fig, 11-22a. As a result, joints B and C are subjected to
both rotational and linear displacements. The linear displacements are
shown in Fig. 11-225, where B moves A; to B’ and € moves Aj to
C’. These displacements cause the members’ cords te rotate Y. ¥
(clockwise} and — ¢, (counterclockwise) as shown.* Hence,
_ Ay _ & _ A
173 hTTig ke

As shown in Fig. 11-22¢, the three displacements can be related. For
example, A; = 0.5A; and A; = 0.866A;. Thus, from fthe above
equations we have

g = ~04Th; gy = 0,433y,

Using these results, the slope-deflection equations for thg‘frame are

*Recall that distortions due to axial forces are neglected and the arc displacements
BB’ and CC’ can be considered as straight lines, since i and 1ir3 are actually very small.
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Moy = 25 (é) [2(0) + 85 — 3] + ()
.M'BA-—ZE(;)QHB'}'O—?’WI]‘I'O ' @)
Mye = 2E (3%) [2605 + 0c — 3(—0417)] — 324 (3)
Mgy = 28 (3—%) [20c + 05 — 3(—0.417¢1)] + 324 (&)
Mep = ( [260c +0 — 3(0433y,)] + 0 )

[2(0) + 8¢ — 3(0433,)] + 0 (6)

|~ c\"w
R N

I‘/IDC = ZE(
These six equations contain nine unknowns.
Equations of Equilibrium, Moment equilibrivm at joints B and C
yields
Mpg+ Mg =0 )
I“L’CD + AdCB = 0 (8)
The necessary third equilibrium equation can be obtained by summing

moments about point O on the entire frame, Fip. 11-224. This
climinates the unknown normal forces N,y and Ny, and therefore

P+ SMp = O;
Mg+ Mpe _(%) (102) (i‘@%fm)(m.z@ ~108(1.8) = 0
— 2AM g — 34M s — 204Mep — 1.04Mpc— 1944=0  (9)

Substituting Eqs. (2) and (3} into Eq. (7), Egs. (4) and (5) into Eqg.
(8), and Egs. (1), (2), {(5), and (6) into Eq. (9) yields

9.72
0.73385 + 0.1670, — 0392y = ==
& Oc - E; 7 I g—l 3 m—l—l 3 m—
0.1670p + 05338, + 0.0784p; = — TET 4
58.32
—1.8408p — 0.5126, + 3.8804y = I Mg _ Map+ Myy n
Solving these equations simultancously yields N, 3
Elgp = 3551 Elfe = —3333 ENjy = 2747
Substituting these values into Egs. (1)-{6), we have .
v, = Mpc+ Mep N
Map=-313kN-m Mp=760kN-m M-p=-342kN-m Ans. o= 8 V\?« g
D¢

Mpgy=—T60kN-m Mp=342KkN'm Mp-=—-230kN-m Ans Np

()
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PROBLEMS

11-1. Determine the moments at A, B, and C. Assume
the support at B is a roller and A and C are fixed. EJ is
constant.

45 kN/m

30 kKN/m

L)

11-2. Determine the moments at 4, B, and €, then draw
the moment diagram. E{ is constant. Assume the support
at B is a roller and A and C are fixed.

30 kN 10 %N /m

Ei

o

2m i

Prob, 11-2

11-3. Determine the moments at A, B, and C, then draw
the moment diagram for the bearn. The moment of inertia
of each span is indicated in the figure. Assume the support
at B is a roller and 4 ard C are fixed. E = 200 GPa.

150 kN

16 kN/m

Lz = 1806{10%) mm?

S
5% 240(10%) mm? {62

6m | 2m —2m
Prob. 11-3

*11-4. Determine the reactions at the supports, then
draw the moment diagram, Assume 4 and D are pins
and B and C are rollers. The support at B settles 9 mm.
Take E = 200 GPa and J = 1800(10°) mm*,

27kN 27kN 36 kN

| | N
"12mi2mi12m 36m !

lb.A C

B

18m | 18m

Prob. 11

11-5. Determine the moments at A, B, and C.The support
at B settles 45 mm. E = 200 GPa and { = 3200(10%) mm?
Assume the supports at B and C are rollers and A is fixed,

5 kiNVm

| 6m i 9m

-t

FProb. 11-5

11-6, Determine the internal moment in the beam at B,
then draw the moment diagram. Assume 4 and B are
rockers and C is a pin,

8 kN/m

A_§ 45 = 6000 {10%) mm

I 5m I 6m

Prob. 11-6




11-7. Determine the moments acling at A and B,
Assume A is fixed supported, B is a roller, and C is a pin.
ET is constant.

20 kN/m

80 kN

3m!3m

Prob. 11-7

'11-8. Determtine the moments at the supports, then

draw the moment diagram. Assume A and D) are fixed. Ef
is constant,

60 kN/m

Prob, 11-3

11-9. Determine the moments at B and C of the
overhanging beam, then draw the bending moment
diagram, FT is constant. Assume the beam is supported by
a pin at 4 and rollers at B and C.

Prob. T1-9

11-10. Determine the moments at A and B, then draw
the moment diagram for the beam. £7 is constant.

12kN
2.5 kN/m 1

Prob. 11-10

ProBLeMs 463

11-11, Determine the moments at B and C, then draw
the moment diagram. Assume A, B and C are rollers
and D is pinned. Ef is constant.

|——12 m—-L—lZm—w—_IZ mJ “

Prob. 11-11

*11-12, Determine the internal moments at the supports
A, B, and C, then draw the moment diagram. Assume A
is pinned, and B and C are rollers. E is constant.

60 kN/m

Prob. 11-12

1113, Determine the moments at the ends of each
member of the frame. Take £ = 200 GPa. The moment of
inertia of each member is listed in the figure, Assume the
joint at B is fixed, C is pinned, and 4 is fixed.

40 kN/m

Prob. 1113
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11-14. Determine the reactions at A and D. Take Ef to
be the same for each member. Assume the supports at A
and [ are fixed.

120 kN/m

Prob, 11-14

11-15. Determine the internal moments acting at each
joint, Assume A, D, and E are pinned and B and C are
fixed joints, Take E = 200 GPa. The moment of inertia of
each member is listed in the figure,

480(10%) mm*

6m

Igp = 360(10°) mm*
ez = 600(10%) mm*

Prob. 11-15

CHAPTER 11 Displacement Method of Analysis: Slope-Deflection Equations

"11-16, Determine the moments acting at the ends of
each member. Take E = 200 GPa, I = 420(10%) mm”, and
I= 660(1{)5) mm*. Assume A and D are pin supported
and C is fixed.

|
60 kN/m |

Prob, 1i-16

11-17. Determine the moments at each joint of the
frame, then draw the moment diagram for member BCE.
Assume B8, C, and & are fixed connected and A and D are
pins.

10kN/m 3

(T

Prob. 11-17



11-18. When the 15 kN/m load is applied to. the three-
member frame the support at I settles 10 mm, Determine
the moment acting at each of the fixed supports 4, C,
and D). The members are pin connected at B. E = 2060 GPa,
and T = 800{10¢) mm*.

15 kN/m

Prob. 11-i8

§1-19. The frame at the rear or the truck is made by welding
pipe segments together, ¥ the applied load is 6000 N,
determine the moments at the fixed joints B, G D, and E.
Assume the supports at A and F arc pinned. £I is constant.

| | o
045 m 03 m03 m 045 m

0.6m

Prob. 11-19

PROBLEMS « 465

*11-20. The wood frame is subjected to the load of 6 kN,
Determine the moments at the fixed joints A, B, and D.
The joint at C is pinned. E7 is constant.

GkN

4m E
Prob, 11-20
11-21. Determine the moments at the ends of each

member. Assume A and ) are pins and B and C are fixed-
connected joints EI is the same for all members.

45 KN/m

Prob, 11-21
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11-22. Determine the moments acting at the ends of "11-24, Determine the moments acting at the ends of
each member. Assume the supports at A and D are fixed. each member, EI is the same for all members. Assume alf
The moment of inertia of each member is indicated in the joints are fixed.

figure. £ = 200 GPa.

30kN/m

16 KN/m [—>1:

;E 7.2m 1

Prob. 11-22
Prob. 1124
11-23. Determine the moments acting at the ends of 11-25, Determine the moment at each joint of the
each member of the frame, £7 is the same for all members. battered-column frame, The supports at A and D are pins,
EI is constant.
30kN/m

N

T5kN

3m

Prob, 11-23 Prob, 11-25



11-26. Determine the moments acting at the supports A
and D of the battered-column frame. Take E = 200 GPa,
I = 50(10% mm*,

160 kN /m

il e

\——Bm 4m 3m4—|

Prob. 11-26

PROJECT PROBLEM 457

11-27.  Wind loads are transmitted to the frame at joint £.
¥ A, B, E, D, and F are all pin-connected and C is fixed
connected, determine the moments at joint  and draw
the bending moment diagrams for the girder BCE, EI is
constant.

Prob, 11-27

PROJECT PROBLEM

T1-1P. The roof is supported by joists that rest on two
girders. Each joist can be considered simply supported,
and the front girder can be considered attached to the
three columns by a pin at A and rollers at B and C. Assume
the roof will be made from 75 mm thick cinder concrete,
and each joist has a weight of 2.5 kN. According to code
the roof will be subjected to a snow loading of 1.2 kN /m?.
The joists tave a length of 8 m. Draw the shear and
moment diagrams for the girder. Assume the supporting
columns are rigid.

tm im im im im Im Im lm

Y Y A St M A

= —1

Prob. 11-1P



The girders on this building frame are statically indeterminate, The force
analysis can be done using the method of moment distribution.



Displacement Method of Analysis:
 Moment Distribution |

The momeni-distribution method is a displacement method of analysis that is easy
to apply once certain elastic constants have been determined. In this chapter we will
first state the important definitions and concepts for moment distribution and then
apply the method to solve problems involving statically indeterminate beams and
frames. Application to multistory frames is discussed in the last part of the chapter.

12-1 General Principles and Definitions

The method of analyzing beams and frames using moment distribution
was developed by Hardy Cross, in 1930. At the fime this method was
first published it attracted immediate attention, and it has been
recognized as one of the most notable advances in structural analysis
during the twentieth century.

As will be explained in detail later, moment distribution is a method
of successive approximations that may be carried out to any desired
degree of accuracy. Essentially, the method begins by assuming each joint
of a structure is fixed. Then, by unlocking and locking each joint in
succession, the internal moments at the joints are “distributed” and
balanced until the joints have rotated to their final or nearly final
positions. It will be found that this process of calculation is both repetitive
and easy to apply. Before explaining tbe techmigues of moment
distribution, however, certain definitions and concepts must be presented.

469



470 .« CHAPTER 12 Displacement Methad of Analysis: Moment Distribution

Fig. 12-2

Sign Convention. We will establish the same sign convention as tha'
established for the slope-deflection equations: Clockwise moments than
act on the member are considered positive, whereas counterclockwise
moments are negative, Fig, 12-1.

Fixed-End Moments (FEMs). The moments at the “walls” or fixed
joints of a loaded member are called fived-end moments, These moments
can be determined from the table given on the inside back cover,
depending upon the type of loading on the member. For example, the
beam loaded as shown in Fig. 12-2 has fixed-end moments of
FEM = PL/8 = 800(10)/8 = 1000 N« m. Noting the action of these
moments on the bearm and applying our sign convention, it is seen that
Mag = —1000N-m and Mp, = +1000 N - m,

Member Stiffness Factor. Consider the beam in Fig, 12-3, which is
pinned at one end and fixed at the other. Application of the moment M
causes the end A to rotate through an angle 8 - In Chapter 11 we related A4
to @ 4 using the conjugate-beam method, This resulted in Eq.11-1, that is,
M = (4EI/L) 8 4. The term in parentheses

Far End Fixed (12-1)

is referred to as the stiffess factor at A and can be defined as the amount
of moment M required to rotate the end A of the beam B4 = 1rad
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Joint Stiffness Factor.  If several members are fixed connected to a joint
and each of their far ends is fixed, then by the principle of superposition, the
total stiffness factor at the joint is the sum of the member stiffness factors at
the joint, that is, K = S K. For example, consider the frame joint A in Fig,
12-4a. The numericat value of each member stitfness factor is determined
from Eq. 12-1 and listed in the figure. Using these values, the total stiffncss
factor of joint A is Ky = 2K = 4000 + 5000 + 1000 = 10 000. This
value represents the amount of moment needed to rotate the joint through
an angle of I rad.

Distribution Factor (DF). If a moment M is applied to a fixed
connected joint, the connecting members will each supply a portion of
the resisting moment necessary to satisfy moment equilibrium at the
joint. That fraction of the total resisting moment supplied by the member
is called the distribution factor (DF). To obtain its value, imagine the
joint is fixed connected to n members. If an applied moment M causes
the joint to rotate an amount 6, then each member ¢ rotates by this same
amount. If the stiffness factor of the ith member is K;, then the moment
contributed by the member is M; = K.f. Since equilibrium requires
M= M, + M, = Kif + K,8 = 82K, then the distribution factor for the
ith member is

op - Mi_ K
‘T M 63K,

Canceling the common term 8, it is seen that the distribution factor for
a member is equal to the stiffness factor of the member divided by the
total stiffness factor for the joint; that is, in general,

DF =<+

For example, the distribution factors for members AB, AC,and AD at
joint A in Fig. 12-4a are

DF,q; = 4000/10 000 = 0.4
DF,4¢ = 5000/10 000 = 0.5
DF,p = 1000/10 000 = 0.1

{12-2)

As aresult, if M = 2000 N - m acts at joint A, Fig, 12-4b, the equilibrinm
moments exerted by the members on the joint, Fig. 12-4¢, are

Mg = 0.4(2000) = 800 N+ m
M = 0.5(2000) = 1000 N -m
Map = 0.1(2000) = 200N -m

M = 2000 N-m

WONm ] 500 Nem

-
1000 N-m
(c)

TFig. 12-4

v] Kap=1000 A Kag=4000 |
==

a7
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The statically indeterminate loading in bridge girders that
are continuous over their piers can be determined using
the method of moment distribution.

Member Relative-Stiffness Factor. Quite often a continuous beam or a
frame will be made from the same material so its modulus of elasticity F will
be the same for all the members. If this is the case, the common factor 4F in
Eq. 12-1 will cancel from the numerator and denominator of Eq. 12-2 when
the distribution factor for a joint is determined. Hence, it is easier just to
determine the member’s relative-stiffiess factor

: - -KR' = z :
For Bnd i e

and use this for the computations of the DF,

Carry-Over Factor. Consider again the beam in Fig, 12-3. It was shown
in Chapter 11 that Map = (4EI/L) 6 4 (Eq. 11-1) and Mg, = (2EI/L) 6,
(Eq. 11-2). Solving for 6, and equating these equations we get
Mp, = M 4p/2. In other words, the moment M at the pin induces a moment
of M' = %M at the wall. The carry-over factor represents the fraction of M
that is “carried over” from the pin to the wall. Hence, in the case of a beam
with the far end fixed, the carry-over factor is +%. The plus sign indicates
both moments act in the same direction.
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12-2 Moment Distribution for Beams

Moment distribution is based on the principle of successively locking
and unlocking the joints of a structure in order to allow the moments at
the joints to be distributed and balanced. The best way to explain the
method is by examples. |
Consider the beam with a constant modulus of elasticity Z and having I
the dimensions and loading shown in Fig. 12-54. Before we begin, we must (2)
first determine the distribution factors at the two ends of each span. Using
Eq.12-1, K = 4EI/L, the stiffness factors on either side of B are Fig. 12-5

 4E(120)(10%
h 3

AB S Lo
120{10%) mm* !B gﬁﬁ(mﬁ mm?
3m i 4m —“Hi

BA = 4E(40)(10%) mm¥m

_ 4E(240)(10%
BC = "T*:

Thus, using Eq. 12-2, DF = K/2K, for the ends connected to joint B,
we have

4E(60)(10%) mm¥Ym

4FE(40)
4E(40) + 4E(60)
DF. = 4F(60) 06
BC T AE(40) + 4E(60)
At the walls, joint A and joint C, the distribution factor depends on the
member stiffness factor and the “stiffness factor” of the wall. Since in
theory it would take an “infinite” size moment to rotate the wall one
radian, the wall stiffness factor is infinite. Thus for joints A and C we have

DFBA = 0.4

DF . dEGEN) o
AR oo+ 4E(40)

DFr — 4E(60)
€87 oo + 4E(60)

Note that the above results could also have been obtained if the relative
stiffness factor Ky = I/L (Eq. 12-3) had been used for the calculations.
Turthermore, as long as a consistent set of units is used for the stiffness
factor, the DF will always be dimensionless, and at a joint, except where
it is located at a fixed wall, the sum of the DFs will always. equal 1.

Having computed the DFs, we will now determine the FEMs. Only
span BC is loaded, and using the table on the inside back cover for a
uniform load, we have

wl? 6000(4Y? _
2 - " 12 T —8000 N'm

wL? _ 6000(4)°
12 12 8000 N-m

(FEM)pe = —

(FEM)cp =
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We begin by assuming joint B is fixed or locked. The fixed-end
moment at B then holds span BC in this fixed or locked position as
shown in Fig. 12-5b, This, of course, does not represent the actual
equilibrium situation at B, since the moments on each side of this joint
joint A held fixed must be equal but opposite. To correct this, we will apply an equal, but

(b} opposite moment of 8000 N+m to the joint and allow the joint to rotate
freely, Fig. 12-5¢, As a result, portions of this moment are distributed
in spans BC and BA in accordance with the DFs (or stiffness) of these
spans at the joint. Specifically, the moment in BA is 0.4(8000) = 3200 N-m
and the moment in BCis (L6{8000) = 4800 N-m. Finally, due to the released
rotation that takes place at B, these moments must be “carried over” since
moments are developed at the far ends of the span. Using the carry-over
factor of +3, the results are shown in Fig, 12-54.

This example indicates the basic steps necessary when distributing
moments at a joint: Determine the unbalanced moment acting at the
initially “locked” joint, unlock the joint and apply an equal but opposite
unbalanced moment to correct the equilibrium, distribute the moment
among the connecting spans, and carry the moment in each span over
to its other end. The steps are usually presented in tabular form as
indicated in Fig. 12-5¢. Here the notation Dist, CO indicates a line where
moments are distributed, then carried over. In this particular case only

correction moment applied to joint B
c

8000 N-m el e . .
. ‘ 1 4 one cycle of moment distribution is necessary, since the wall supports at
Bra Ny = T—— A and C*absorb” the moments and no further joints have to be balanced
1600 Nem+— 3200 N-m 4800 N-m—2400N-m  Or Unlocked to satisfy joint equilibrium. Once distributed in this manner,
moment at B distibuted the moments at each joint are summed, yielding the final results shown
{d) on the bottom line of the table in ¥ig. 12-5¢. Notice that joint B is now

in equilibrium. Since Mp is negative, this moment is applied to span BC
in a counterclockwise sense as shown on free-body diagrams of the beam
spans in Fig. 12-5f. With the end moments known, the end shears have
been computed from the equations of equilibrium applied to each of

Joint | A 8 ¢ these spans,
Member; AB BA | BC CB

DF 0 04 | D6 0

FEM —8000 | 8000
Dist,CO| 1600-1-3200 | 4800~ 2400

M | 1600 | 3200 [~3200 {10400

(e}

CO0ON/m o 13800N

s

1600N-m Vi, = 1600N Vi, = 10200 N

(} [P

V, = 1600Nj-"— 3m —-| 3200 N'm T

®

Fig, 12-5
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Consider now the same beam, except the support at € is a rocker, Fig.
12-6a. In this case only one member is at joint C, so the distribution
factor for member CB at joint C is

bp. = Y60
€8 4E(60)

The other distribution factors and the FEMs are the same as computed
previously. They are listed on lines 1 and 2 of the table in Fig. 12-6b.
Initiaily, we will assume joints B and C are locked. We begin by
untocking joint € and placing an equilibrating moment of —8000 N-m
at the joint. The entire moment is distributed in member CB since
(1)(—8000) N-m = —~8000 N'm. The arrow on line 3 indicates that
3(—8000) N'm = —4000 N-m is carried over to joint B since joint C has
been allowed to rotate freely. Joint C is now relocked. Since the total
moment at C is balanced, a line is placed under the —8000 N-m moment,
We will now consider the unbalanced —12 000 N-m moment at joint 5.
Here for equilibrium, a -+12 000 N'm moment is applied to B and this joint
is unlocked such that portions of the moment are distributed into B4
and BC, that is, (0.4)(12 000) = 4800 N-m and (0.6){12 000} = 7200 N-m
as shown on line 4, Also note that +% of these moments must be carried
over to the fixed wall 4 and roller C since joint B has rotated. Joint B is
now relocked. Again joint C is unlocked and the unbalanced moment at
the roller is distributed as was done previously. The results are on line
5. Successively locking and unlocking joints B and C will essentially
diminish the size of the moment to be balanced unfil it becomes
negligible compared with the original moments, line 14, Each of the steps
on lines 3 through 14 should be thoroughly understood. Summing the
moments, the final results are shown on line 15, where it is seen that the
final moments now satisfy joint equilibrium.

6000 N/m

ZNE TS
Ip = 120{10%) mm ! Ie = 240(10%) mem* ™
3m T 4m

(2)
Fig. 12-6

475
Joint A B [
Member| AB BA BC CE
DF 0 0.4 0.6 1 1
FEM -8000 8000 | 2
-d000 -—8000 |3
2400 L 4800 | 7200 {-3600 | 4
—1800 3600 | S
360 «- 720 | 1080 1~ 540 1 6
—270 L -540 | 7
54 - 108 162 4~ 81 |8
—-40.5-4- 81 |9
8i-L 162 2431 122 10
—6.1-- 122 11
12+ 24 36+ 1812
—-09-1- -—18 13
. 04 0.5 14
=M | 28233 | 5647.0 | -56470] O 15
(b}
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Rather than applying the moment distribution process successively to
each joint, as illustrated here, it is also possible to apply it to all joints at
the same time. This scheme is shown in the table in Fig. 12-6c. In this case,
we start by fixing all the joints and then balancing and distributing the
fixed-end moments at both joints B and C, line 3. Unlocking joints B
and C simultaneously (joint A is always fixed), the moments are then carried
over 1o the end of each span, line 4. Again the joints are relocked, and the
moments are balanced and distributed, line 5. Unlocking the joints once
again allows the moments to be carried over, as shown in line 6. Continuing,
we obtain the final results, as before, listed on line 24. By comparison, this
method gives a siower convergence to the answer than does the previous
method; however, in many cases this method will be more efficient to apply,
and for this reason we will use it in the examples that follow. Finaily, using
the results in either Fig. 12-6b or 12-6¢, the free-body diagrams of each
beam span are drawn as shown in Fig, 12-6d.

Joint A B [
Member | AB | BA | BC | cB
DF 0 04 | 06 t |1
FEM 5000 | 8000 | 2
Dist 300 | 450 18000 |3
Co  [1600 4000 | 2400 |4
Dist. 1660 | 2400 12400 |5
co | aw Fo00 | 1200 |6
Dist. 480 | 0 e |7
co |20 —60 | 360 |8
Dist, 20 | 360 |-360 |9
co [0 30 7 1807 |10
Dist. 72 | 18 |-180 |1
co | % -50 S| @
Dist. 36 si | -5 |13
co | 18 =77 77 | 1
Dist. 108 162 | -2 |15
CO 5.4 -135 81|16
Dist. 54 81 ] -81|1
co 27 —405] 405 18
Dit. 162  243) —405 19
cO 081 “201) 12| 20
Dist. aso| 17 1wl m
o 040 —a6L] 061 22
Dist. 024 037 061 3
M | 823 | 5647 | 5647 | 0 |4
©
Vg, =28234N V= 13412N 6000 N/m Ve=10558N

(Je====t) (HEHIILTTY

Im. S6470N-m | im :,
P — |

V, =28234N

)
Fig. 12-6
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Although several sfeps were involved in obtaining the final results
here, the work required is rather methodical since it requires application
of a series of arithmetical steps, rather than solving a set of equations as
in the slope deftection method. It should be noted, however, that the
fundamental process of moment distribution foliows the same procedure
as any displacement method, There the process is to establish load-
displacement relations at each joint and then satisfy joint equilibrium
requirements by determining the correct angular displacement for the
joint {compatibility). Here, however, the equilibrium and compatibility
of rotation at the joint is satisfied directfy, using a “moment balance”
process that incorporates the load-deflection relations (stiffness factors).
Further simplification for using moment distribution is possible, and this
will be discussed in the next section.

_PROCEDURE . FOR ANALYSIS

"Ihe fo]lowmg procedure prdxﬁdes a generarl'mt_athod for determining -

can be detemnned fr ;
for a ﬁxed end and DF

to. that shown m F:g 12—6c

Momeut Dismbutwn Pmcass Assume that alI Jomts at which the "
moments in’ the comlectmg spans must be: determmed are’ mmaliyi_;f'
locked. Then:: i . : B
1 Determme the moment that i
';ethbnum

2.

! .__"moments nto the connechng span at each Jomt
: ..'-Carry Ehese momems [in_each 'span‘over: 1o its othe

f‘moments and carry over moments should then be added T this d
. 'correctly moment equ;hbnum at the }omts wﬂl be achleved
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Determine the internal moments at each support of the beam shown
in Fig. 12-7a. £l is constant.

20 kN/m 250 kN

@

solution Fig. 12-7

The distribution factors at each joint must be computed first.* The
stiffness factors for the members are

_4EI _AEL o 4EI
AEB 12 BC T 12 cD — P
Therefore,
DF,p = DFpe = 0 DFgy = DFpe = 4E1/12 = 0.5
Ap- ERDC T BA T TUECT 4RI + 4ELJ12
./ R 4E1/8 06
“B T AEIN2 + 4EL/8 0T 4EIN2 + 4EI/8 T
The fixed-end moments are
(FEM)pe = — WLt 20027 o FEM) = 2 = 2202
e = Ty T T T m (FEMep =S =— = "
PL  —250(8 250(8
(FEM)ep = = = —Su = 250kN-m  (FEM)pe = % = 8( ) 250kN-m

Starting with the FEMs, line 4, Fig. 12-7h, the moments at joints B
and C are distributed simudtaneously, line 5, These moments are then
carried over simudtaneously to the respective ends of each span, line 6.
The resulting moments are again simultaneously distributed and carried
over, lines 7 and 8. The process is continued until the resulting moments
are diminished an appropriate amount, line 13. The resulting moments
are found by summation, line 14.

Placing the moments on each beam span and applying the equations
of equilibrium yields the end shears shown in Fig. 12-7¢ and the bending-

moment diagram for the entire beam, Fig. 12-74. %

*Here we bave used the stiffness factor 4EI/L; however, the relative stiffness factor
HL conld alse have been used.
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15.6 kN

Foint A B C D 1
Member| AB B4 | BC CB o | pec |2
DF 0 0.5 05 | 04 0.6 9 |3
FEM 170 —1;.;18 242 —252 250 |4
Dist. 2 5
co | e 2 6 G
Dist, -1 -1 L-24 | -36 7
co | -05 —-12 ~0.5 [—18 |8
Dist. 6 6 0.2 0.3 9
co 3 0.1T 3 02 |10
Dist, -005| -005) —-12 | —18 1
co | o2 —06 7 002 Fo09 |12
Dist, 0.3 03 001 o001 13
=M 625 | 1252 | —~1252( 2815 |—2815 2343 |14

M (kN-m)

625

N

(b

133.0 kN 136.9kN

Z )281.5kN-m (\ ¢

242.1

32

@

—2343

—281.5

4 m

250 kN

4

x {m)

1191 kN
m

D 2343 kN-m
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Determine the internal moment at each support of the beam shown
in Fig. 12-8a. The moment of inertia of each span is indicated.

200N 1500 N/m

L5 = 200(20% m

L (Alfgisooaoé) mmt | Iep = 240(10%) mm?
Zm 4m ‘L‘ 51

3m
(a}
Fig. 12-8

Solution o

In this problem a moment does not get distributed in the overhanging
span AB, and so the distribution factor (DF)g,4 = 0. The stiffness of
span BC is based on 4E£#/L since the pin rocker is not at the far end
of the beam. The stiffness factors, distribution factors, and fixed-end
moments are computed as follows:

& &
Kge = m 300(106)}_;" Kep %E(Lg)(l@_) 320(105)5
DFBC=1“(DF)BA=1—DZ].
DFep = —-0F _ _ o484
300F + 320F
J00F + 320F '
320E
DFpc = —— =
PC o0 + 3008
Due to the overhang,
(FEM)g,4 = 2600 N(2 m) = 4000 N-m
wi?  1500(4)?
{(FEM) g = T = 2 —2000 N-m
 wil?  1500(4)
(FEM)cp = BTN 12 2000 N-m

‘These values are listed on the fourth line of the table, Fig. 12-8b.
The overhanging span requires the internal moment to the left of B
to be +4000 N-m. Balancing at joint B requires an infernal moment
of —4000 N-m to the right of B. As shown on the fifth line. of the table
—2000 N'm is added to BC in order to satisfy this condition. The
distribution and carry-over operations proceed in the usual manner
as indicated,
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Since the iiiternal moments are known, the

the beam can be constructed (Fig. 12-8¢).

moment diagram for

Joint B C D
hember BA BC B D nc
DF 0 1 0484 | 0516 0
FEM | 4600 2000 | 2600
Dist. —2080 —-968 |-1032
co —484 “T~1000 516
Diist. 484 ), 484 516
cO 242 242 258
Dist. 242, 1171 | —124.9.
co —586"*—121 624
Dist. 586 386 62.4
co 2037 293 312
Dist, ~293.), —142| —151
co —7.17" —14.6 -76
Bist, 7.1 7.1 7.6,
co 35T 35 33
Bist. —35¢, -—17 —1.8.
cO —-0.8 —1.8 —-09
Dist, 08 09 0.9
co 04" 04 0.4
Dist. -04.), —02| —p2
co -0.1 -02 M -0t
Dist, 0.1 0.1 0.1
IM | 4000 | -4000 | 5871 | —587.1| 2035
(b)
2000 N 1500 N/m
4 2000w 3353.21\1“ 2L468N T293.6N 293.6 Nem
2m - 4m Q i
4060 N-m 2936 N'm
M (N-m)
949.1
2 & 293.6
! x {m)
" 457 V 9
—587.1
—4000

(o)
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12-3 Stiffness-Factor Modifications

unlocked
joint

u:rii(;cked
joint

Fig. 12-9

real beam

(@

conjugate beam

(b)

Fig. 12-10

L
) =M
locked
joint

In the previous examples of moment distribution we have considered
cach beam span to be constrained by a fixed support (locked joint) at its
far end when distributing and carrying over the moments. For this reason
we have computed the stiffness factors, distribution factors, and the carry-
over factors based on the case shown in Fig. 12-9. Here, of course, the
stiffness factor is K = 4EI/L {Eq. 12-1), and the carry-over factor is +%.
In some cases it is possible to modify the stiffness factor of a particular
beam span and thereby simplify the process of moment distribution. Three
cases where this frequently occurs in practice witl now be considered.

Member Pin Supported at Far End. Many indeterminate beams have
their far end span supported by an end pin (or rolter) as in the case of
joint B in Fig. 12-10a. Here the applied moment M rotates the end A by
an amount 8. To determine #, the shear in the conjugate beam at A’ must
be determined, Fig. 12-105. We have

1/ M 2
+ =0 ‘ -S| =L EL )=
+IMy = 0 V(L) 2(E1)L<3L) 0
, _fVIL
Va=0=3%
or
3ET
M= 17 [Z}

Thus, the stiffness factor for this beam is

)
Far End Pinned
or Roller Supported -

(12-4)

Also, note that the carry-over factor is zero, since the pin at B does not
support a moment. By comparison, then, if the far end was fixed supported,
the stiffness factor K = AF]/L would have to be modified by % to model
the case of having the far end pin supported, Tf this modification is
considered, the moment distribution process is simplified since the end
pin does not have to be unlocked-locked successively when distributing
the moments. Also, since the end span is pinned, the ﬁxed~e\1‘1d moments
for the span are computed using the values in the right column of the
table on the inside back cover. Example 124 illustrates how to apply
these simplifications.
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real beam conjugate beam
(a) (b}

Fig. 12-11

Symmetric Beam and Loading. If a beam is symmetric with respect
to both its loading and geometry, the bending-moment diagram for the
beam will also be symmetric. As a result, a modification of the stiffness
factor for the center span can be made, so that moments in the beam only
have to be distributed through joints lying on cither half of the beam.To
develop the appropriate stiffness-factor modification, consider the beam
shown in Fig. 12-11a. Due to the symmetry, the internal moments at B
and C are equal. Assuming this value to be M, the conjugate beam for
span BC is shown in Fig. 12-11b. The slope 8 at each end is therefore

M L
+3Me = 0; V(L) + —(L)| =] =0
wiMe =0 Ve v (L)

Vp = 6 = oL
5 2ET
or

2ET

M=="

The stiffness factor for the center span is therefore

(12-5)

Symmetric Beam '_aq_tﬁ'-Loéding' :

Thus, moments for only half the beam can be distributed provided the
stiffness factor for the center span is computed using Eq. 12-5. By
comparison, the cenfer span’s stiffness factor will be one half that usually
determined using K = 4EI/L.

483



484 + CHAPTER 12 Displacement Method of Analysis: Moment Distribution

1eal beam

(a)

conjugate beam

Fig. 12-12

Symmetric Beam with Antisymmetric Loading. 1f a symmetric beam
is subjected to antisymmetric loading, the resulting moment diagram will be
antisymmetric. As in the previous case, we can modify the stiffness factor of
the center span so that onty one half of the beam has to be considered for
the moment-distribution analysis. Consider the beam in Fig. 12-12a. The
conjugate beam for its center span BC is shown in Fig. 12-12b. Due to the
antisymmetric loading, the internal moment at B is equal, but opposite to
that at C, Assuming this value to be M, the slope & at each end is determined

as follows:
1/ MNLN\/5SL T/ MN LN L
ez -0 vty +5(5)(5)(F) -5 G) (5)(6) =
ML
Ve =0 = E
or
6EI
M = =
L

The stiffness factor for the center span is, therefore,

L
- Symnietric Beam with:
“Antisymmetric Loading -

(12-6)

Thus, when the stiffness factor for the beam’s center Spar}‘is computed
using Eq. 12-6, the moments in only half the beam have to be distributed,
Here the stiffness factor is one and a half times as large as that determined
using K = AEIfL.
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Determine the internal moments at the supports for the beam shown
in Fig, 12-13a. ET is constant.

100 kN/m

(a)

Fig. 12-13

Solution

By inspection, the beam and loading are symmetrical. Thus, we will
apply K = 2EI/L to compute the stiffness factor of the center span
BC and therefore use only the left half of the beam for the analysis.
The analysis can be shortened even further by using K = 3EI/L for
computing the stiffness factor of segment AB since the far end A is
pinned. Furthermore, the distribution of moment at A can be skipped
by using the FEM for a triangular loading on a span with one end
fixed and the other pinned. Thus,

3ET
Kip= - (using Bq. 12-4)
2EI
Kpe =3 (using Eq. 12-5)
DE .o — 3EI/3 .
AB T 3g1j3
DFgs = fﬂﬁ"— = 0.667
BAT 3E[j3 ¢ 2EI/4
2EIf4
DFpe = ——————— = 0333
BC " 3E1/3 + 2EI1/4
12 100(3) A
(FEM)g4 = W . ©) = 60 kN-m Joint A B ]
15¥ 72 15 100(4)2 Member | AB BA BC
(FEM)gc = — ——“‘;2 = -5 " —133.3kN'm DF 1 | 0667 | 0333
. . - . . FEM 60 |—1333
These data are listed in the table in Fg, 12-13b. Computing the stiffness Dist. 489 | 244
factors as shown above considerably reduces the analysis, since oaly
joint B must be balanced and carry-overs 1o joints A and C are not =M 0 | 1089 |-1089

necessary. Obviously, joint C is subjected to the same internal moment
of 1089 kN'm. (b}
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Determine the internal moments at the supports of the beam shown
in Fig, 12-14a. The moment of inertia of the two spans is shown in

the figure.
6000 N/m
1,5 = 120109 m
by
(=)
Fig. 12-14
Solution

Since the beam is roller supported at its far ead C, the stiffness of
span BC will be computed on the basis of K = 3E[/L. We have’

4EI _ 4E(120)(10%

ap= o= g = 160(10%)E
)
= Lil - 3mE(242)(1° )= 180(109E
Thus,
DF. - _160E
4B o + 160E
160E
DFpy = = (),
B4 = T60E + 1808 04706
180E
D¥sc = Jeom+ 105 ~ 022
B " 180E

Further simplification of the distribution method for this problem is
possible by realizing that a single fixed-end moment for the end span
BC can be used. Using the right-hand colummn of the table on the inside
back cover for a uniformly loaded span having one side fixed, the

other pinned, we have
- \\
wl®  —6000(4)*

(FEM)pe = - 3 a = —12 000 N'm
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this method considerably simplifies the distribution.

shown in Fig. 12-14c.

The foregoing data are entered into the tabte in Fig. 12-14b and
the moment distribution is carried out. By comparison with Fig. 12-65,

Using the results, the beam’s end shears and moment diagrams are

Joint A B C
Member AB BA BC CHB
DF 0 04706 | 0.52%4 1
EFEM —-12 000
Dist. 5647.2 6352.8
co | 2s35°
M 28236 564772 | —56472 0

M (N-m)
2824

®)

6000 N /m
10388 N

0343

x (m)

' 5235

—5647

(c)

B |
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12-4 Moment Distribution for Frames: No Sidesway

Application of the moment-distribution method for frames having n
sidesway follows the same procedure as that given for beams. T
minimize the chance for errors, it is suggested that the analysis b
arranged in a tabular form, as in the previous examples. Also, th
distribution of moments can be shortened if the stiffness factor of a spa
can be modified as indicated in the previous section.

Determine the internal moments at the joints of the frame shown in
Fig. 12-15a. There is a pin at E and D and a fixed support at A. EI
is constant.

Joint | A B c D E
Member] AB | BA | BC | ¢B | ¢D | CE | DC | EC
DF 0 |0545(0455)|0330 | 0298 | 0372 1 1
FEM 135 1135

Dist. 73.6 | 614 |-446 | —402 | -502

CO | 368 -723% 307

Dist. 122 | 101104 | —9.1|-115

co | 61 -5 51

Dist. 28| 23] -17] —1s5]| -19

Co id —08T 12

Dist. 04 | 04) ~04| —04] —04

co | 02 -027T 02

Dist. 01| 01} ~0l| 00]f —01

EM | 445 | 891 |[-89.1] 115 |-512(-641

(b}

Fig. 12-15
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Solution

By inspection, the pin at E will prevent the frame from sidesway. The

stiffness factors of CD and CE can be computed using K = 3EI/L

since the far ends are pinned. Also, the 60-kN load does not'contribute

a FEM since it is applied at joint B. Thus, _
_4El _4ET 3ET 3EI

aB = 2 Kpe = 5 Kep=-7"  Kep=—

DFy = 0
DFgy = —— 5 _ 45
BA T AEIJS + 4EIf6
DFge = 1 — 0545 = 0.455
D 4EI/6 0330
“8 " 4EIf6 + 3EI/S + 3EI/4
3EIT/S
DFcp = =0.298

4E1/6 + 3EIJ5 + 3EI/4
DFgg =1 — 0330 — 0298 = 0.372
DFDC' =1 DFEC =1

—wL? —45(6)°
FEM)ge = o = = —135 kN-
( Jac =", B 135 KN-m
wi?  45(6)
(FEM)cp = o -~ 135kNm

The data are shown in the table in Fig, 12-155. Here the distribution
of moments successively goes to joints B and . The final moments
are shown on the last line.
Using these data, the moment diagram for the frame is constructed 101 kN-m

in Fig. 12-15¢. _
e
: 512 kN'm
$9.1 kN-m 8.1 kEN-m

641 kNm
V115kN-m

44.5 kN'm

©
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12-5 Moment Distribution for Frames: Sidesway |

@

It has been shows in Sec. 11-5 that frames that are nonsymmetrical o1
subjected to nonsymmetrical loadings have a tendency to sidesway. Ar
example of one such case is shown in Fig. 12-16a. Here the appliec
loading P will create unequal moments at joints B and C such that the
frame will deflect an amount A to the right. To determine this deflectior
and the internal moments at the joints using moment distribution, we wil
use the principle of superposition. In this regard, the frame in Fig, 12-16
is first considered held from sidesway by applying an artificial joint suppor
at C. Moment distribution is applied and then by statics the restraining
force R is determined. The equal, but opposite, restraining force is ther
applied to the frame, Fig. 12-16c, and the moments in the frame are
calculated. One method for doing this last step requires first assuming
numerical value for one of the internal moments, say M 4. Using momen
distribution and statics, the deflection A’ and external force R
corresponding to the assumed value of Mj, can then be determined. Sinc
linear elastic deformations occur, the force R’ develops moments in the
frame that are proporional to those developed by R. For example, if Mg,
and R’ are known, the moment at B developed by R will bi
Mgy = Mp4(R/R'). Addition of the joint moments for both cases, Fig
12-166 and ¢, will yield the actual moments in the frame, Fig. 12164
Application of this technique is illustrated in Examples 12-6 through 12-¢

Multistory Frames. Quite often, multistory frameworks may have severa
independent joint displacements, and consequently the moment distribution
analysis using the above techniques wifl involve more computation. Consides
for example, the two-story frame shown in Fig. 12-17a. This structun
can have two independent joint displacements, since the sidesway Ay of th
first story is independent of any displacement A, of the second stor

artificial joint applied artificial joint temaved
{no sidesway) (sidesway)
& ©

Fig. 12-16
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Unfortunately, these displacements are not kmown initially, so the analysis
must proceed on the basis of superposition, in the same manner as discussed

reviously. In this case, two restraining forces R; and R, are applied,
Fig 12-17b,and the fixed-end moments are determined and distributed. Using
the equations of equilibrium, the numerical values of R; and R, are then
determined. Next, the restraint at the floor of the first story is removed and
the floor is given a displacement A’. This displacement causes fixed-end
moments (FEMs} in the frame, which can be assigned specific numerical
values. By distributing these momenis and using the equations of equilibrium,
the associated numerical vatues of R} and Rj can be determined. In a similar
manner, the floor of the second story is then given a displacement A,
Fig. 12-17d. Assuming numerical values for the fixed-end moments, the
moment distribution and equilibrium analysis will yield specific values of R{
and RY. Since the last two steps associated with Fig, 12-17¢ and d depend on
assumed values of the FEMs, correction factors C” and C" must be applied
io the distributed moments. With reference to the restraining forces in
Fig. 12-17¢ and 12-17d, we require equal but opposite application of R, and
R, to the frame, such that

Ry = —C'Ry + C"R}
Ry = +C'Ri — C"R}

I

Simultaneous solution of these equations yields the values of C'and C”.
These correction factors are then multiplied by the internal joint
moments found from the moment distribution in Fig. 12-17¢ and 12-174.
The resultant moments are then found by adding these corrected
moments to those obtained for the frame in Fig. 12-17b.

Other types of frames having independent joint displacements can be
analyzed using this same procedure; however, it must be admitted that the
foregoing method does require quite a bit of numerical caleulation. Although
some techniques have been developed to shorten the calculations, it is best
to solve these types of problems on a computes, preferably using a matrix
analysis. The techniques for doing this will be discussed in Chapter 16.

Fig. 12-17

491
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R S i

i6 kN

()

Fig. 12-18

Determine the moments at each joint of the frame shown in Fig. 12-18a.
EI is constant,

Solution
First we consider the frame held from sidesway as shown in Fig, 12-185b.
We have

(FEM)gc = — 16{(?;(1) —1024 kN -m
(FEM)cp = %(—— = 2.56 kN +m

The stiffness factor of each span is computed on the basis of 4EI/L, or
by using the relative-stiffness factor II.. The DFs and the moment
distribution are shown in the table, Fig. 12-184, Using these results, the
equations of equilibrium are applied to the free-body diagrams of the
columns in order to determine A | and D,, Fig. 12--18¢. From the free-
body diagram of the entire frame {not shown) the joint restraint R in
Fig. 12-18b has a magnitude of

ZF, =0, R=173kN — 0.81 kN = 0.92kN

An equal but opposite value of R = (.92 kN must now be apptied
to the frame at € and the internal moments computed, Fig. 12-18c.
To solve the problem of computing these moments, we will assume a
force R’ is applied at C, causing the frame to deflect A’ as shown in
Fig. 12-18f. Here the joints at B and C are temporarily restrained from
rofating, and as a result the fixed-end moments at the ends of the
columns are determined from the formula for deflection found on the
inside back cover, that is,

6ETA
M= IR
Joint A £ C D i ‘l
Member) AB | Ba | BC | ¢B | €D | bC| XY —
DF | 0 los o5 |05 05/ o 578kN-m | |272kNm
FEM —~1024 2.56
Dist, 5.12 | 5.2, —128] —1.28,
CO | 2567 —-0.64> 256 0.6
Dist. 032 | 032)-128|--198
cO | 0167 -084°% 0.6 —0.64
Dist. 0.32 0.32, —0.08] —0.08] 2,88 EN-m 132 kN'm
S’O 01671 00 —8.04" 0.16 P0.04] Wl =
ist. 02 |, 0.02 | —0.08] —0.08 —
=y | 288 | 578 [—s78] 272 | 2m2| —1m A =17 Nf 5= OBLEN
(d) (e}
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Joint A B C
Member| AB | BA BC CB | CD fo s
DE 0 0.5 0.5 0.3 0.5 0
FEM 100 [-100 -100 |—-100
Dist, 50 30 50 50
Co 25 25 25 25
Dist. 125 |-125 J—125 |-12.5
CO | -5625 —6.25 “1>~6.25 - —6.25
Dist. 3.125 3.125) 3.125[ 3.125
Cco 1.56 1.56 " 1.56 1.56
Dist. —0.78 -0.78 J-0.78 [-0.78
CO | -3 —-0.39 7[+039 —0.39
0 Dist. 0.195 81951 @.195] 0.195
ZM | -80.00|—60.00] 60.00 | 60.00 |—60.00|-80.00
Since both B and C happen to be displaced the same amount A’, ()
and AB and DC have the same E, I, and L, the FEM in AB will be
the same as that in DC. As shown in Fig. 12-18f, we will arbitrarily
assume this fixed-end moment to be
(FEM) .5 = (FEM)p,4 = (FEM)ep = (FEM)pe = —100kN+m
A negative sigit is necessary since the moment must act counterclockwise
on the column for deflection A’ to the right. The value of R associated Jr
with this —100 kN - m moment can now be determined. The moment ‘l’
distribution of the FEMs is shown in Fig. 12-18g. From equilibrium, the — ?...\
horizontal reactions at A and D are calculated, Fig. 12-18A. Thus, for 60kN-m  [| 60%N'm
the entire frame we require
ZF, = R =128 + 28 = 500 kN am 5m
Hence, R’ = 56.0 kN creates the moments tabulated in Hg. 12-18g.
Corresponding moments caused by R = 0.92 kN can be determined by 80kN'm 80 kN'm

proportion. Therefore, the resultant moment in the frame, Fig. 12-18q,
is equal to the sim of those calculated for the frame in Fig. 12-18b plus
the proportionate amount of those for the frame in Fig. 12-18c. We have

Map =288 + 22(—80) = 1L57kN m Ans.
Mgy = 578 + £2(—60) = 479 kN-m Ans.
Mpe = =578 + 22(60) = —4.79kN m Auns.
Mep = 272 + 2%(60) = 371kN'm - Ans.
Mep = ~2.72 + 22(—60) = —~3.71kN-m Ans.

Mpe = —1.32 + 22(-80) = —2.63kN-m Ans.
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Determine the moments at each joint of the frame shown in Fig, 12-19a.
The moment of inertia of each member is indicated in the figure.

Solution -

The frame is first held from sidesway as shown in Fig. 12-195. The
internal moments are computed at the joints as indicated in Fig. 12-194.
Here the stiffness factor of CD was computed using 3EI/. since there
is a pin at D. Calculation of the horizontal reactions at A and D is shown
in Fig, 12-19¢. Thus, for the entire frame,

ZF, =0 R =578 -2 =378kN

Toint | A B I D \"19.34 XN-m &15.00 EKN‘m
pemberl AB | BA | B¢ | ¢B | cp | bC £3
DF 0 |0615:0385| 05 | 05 1 g g
FEM 24 | 24
Dist. 1476 | 92412 |12
CO |738 " -6 4.62 17.5m
Dist. 3.69 | 231 |~-231 | —231 :
co | 131 —1167 116
Dist, 0.713] 0447|-0.58 | —0.58 ;
CcO | 0357 Z0297T 6224 :
Dist. 0.18 | 011 |-¢11 | -0 . f S— D, =2kN,
=M | 958 | 1934 [-1934 1500 -15.60] © A, = 5784 kN f
(d) (e)
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c M | Joint | A B c D
= Membey 4B | BaA | BC | cB | ¢b | DC
=T e DF | 0 [0615]0385]| 05 | 05 | 1
i FEM {160 [-100 2778
: Dist. 615] 385 11389 | 13.89
{ co 3075 6.941925
! Dist. -427| —2.67 /79,625 —9.625
CO 214 —481-134
Dist. 296 185) 067 | 067
co | 148 0.337 092
_ Dist. —0.20] —0.13 |-046 | 0,46
) =M |-6991]-40.01] 4001 { 2331 ]-2331] o
(z)

The opposite force is now applied to the frame as shown in Fig, 12-19¢.
As in the previous example, we will consider a force R’ acting as
shown in Fig. 12-19f. As a result, joints B and C are disptaced by the
same amount A’, The fixed-end moments for BA are computed from
6EIA _ 6E(1000)(105A’
L’Z (5)2
However, from the table on the inside back cover, for CD we have
3EIA _ 3E(1250)(16%A7
L2 (5)2
Assuming the FEM for AB is —100 kN'm as shown in Fig. 12-19f, the

(FEM) 45 = (FEM)ps = —

(FEM)cp = ~

corresponding FEM at C, causing the sane A, is found by comparison, ie., f:-?-ﬂsl KR
A= (~100)(5* _ _ (FEM)cp(7.5)
6E(1000)(10% 3E(1250)(10%) 5 _
i 17.5
(FEM)cp = —27.78 kN-m | j7am

1169.91 kN'm}| ;

Moment distribution for these FEMs is tabulated in Fig. 12-19g. A = 2168 kN :

Computation of the horizontal reactions at A and D is shown in” =

Fig. 12-19A. Thus, for the entire frame,
ZF. =0 R =2198 + 311 =251 kN
The resultant moments in the frame are therefore

Map =958 + [2E)(~69.91) = 0948 kN-m  Ans.

Mgy = 1934 + (32)(—40.01) = ~133kN-m  Ans.

—1934 + (32)(40.01) = 133 kN-m  Ans.
15.00 + (25](2331) = 18.5 kN'm Ans,

Mep = —15.00 + (32)(~2331) = 185 kN-m  Ans.

’T-e-D', =311 kN

(h)

Mpc

M, CB
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16 kN
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Taint A B

D
Membat]| AB | BA | Be | €8 | €D | DC
LF 1 |ose |osr | o571 (o429 | 1
FEM [-10 10
Dist 429 | snl —sm|-429
co —226T 286
Dist. 123 183.f —1.63] —1.23
co -2 os
Dist. 035 | 047 —047[ -035
co -024 024
Dist. 010 | 013] —0.131 -0.10
M 0 | 597 |-597| s; [ -597] 0

{d)

Determine the moments at each joint of the frame shown in Fig. 12-20a.
ETlis constant, ,

16 kN

®)

©

Tig, 12-20
Solution : :
First sidesway is prevented by the restraining force R, Fig. 12-20b.
The FEMs for member BC are

16(5)

(FEM)pc = ——5— =

16(5)
(FEM)cp = —5—
Since spans AB and DC are pinned at their ends, the stiffness factor is
computed using 3EJ/L. The moment distribution is shown in Fig. 12-20d.
Using these results, the horizontal reactions at A and D must be
determined. This is done using an equilibrium analysis of each
member, Fig. 12-20e. Summing moments about peints B and € on
each leg, we have

EMp = 0

—10 kN-m =10 kN-m

—597 + Ad) ~ 8(3) =0 A, =T49kN

HEZMe =0 597 - D, () +8(3) =0
Thus, for the entire frame,
SF, =0 R =749 ~ 749 + 40 = 40 kN

16 kN

D, =749 kN

8 kiN

FJ\S.QT kN-m

(&)
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The opposite force R is now applied to the frame as shown in
Fig. 12-20¢. In order to determine the internat moments developed
by R we will first consider the force R’ acting as shown in Fig. 12-20f. Here
the dashed lines do not represent the distortion of the frame members;
instead, they are constructed as straight lines extended to the final posi-
tions B’ and C’ of points B and C, respectively. Due to the symmetry of
the frame, the displacement BB’ = CC’ = A’. Furthermore, these dis-
placements cause BC to 1otate. The verticat distance between B’ and C*
is 1.2A’, as shown on the displacement diagram, Fig. 12-20g. Since each
span undergoes end-point displacements that cause the spans to rotate,
fixed-end moments are induced in the spans. These are: (FEM)gy =
(FEM)cp = ~3EIN [{5)%, (FEM) 3¢ = (FEM)cp = 6EI(1.247)/(5)%

Notice that for BA and CP the moments are negative since
clockwise rotation of the span causes a counterclockise FEM.

If we arbitrarily assign a value of (FEM) g4 = (FEM)cp = —100 kN'm,
then equating A’ in the above formulas yields (FEM)ge = (FEM)¢g =
240 kN-m. These moments are applied to the frame and distributed,
Fig. 12-20k. Using these results, the equilibrium analysis is shown in
Fig. 12-20i. For each leg, we have

&)

VESMp =0, —AL(4) + 5872(3) + 14680 = 0 A’ = 80.74 kN ®
(FEMe=0; —DL{4)y + 58.72(3) + 14680 =0 D, = 80.74 kN
Thus, for the entire frame,
2F =0 R'= 80,74 + 80.74 = 161.48 kN
The resultant moments in the frame are therefore
Mpa = 597 + (;i2)(—146.80) = —~304 kN-m  Ans.
Mpe = —5.97 + (1oi5) (146.80) = 30.4 kN-m Ans.
Mep = 5.97 + (f5 55)(146.80) = 42.3 kN-m Ans.
Mep = —5.97 + (jers)(—146.80) = —423 kNem  Ans.
Joim | A B C D 5872 kN 58,72 kN
Member| 4B | Ba | AC | CB | €b | DC 146.80 kN-IJ;j\
DF 1 jo4mfosniostoes| 1 v _ Sm R v 146.80 kN-m
T | ase | o [0 LB $ R
S 115 _ggfgg 115 4m %46.801@-]:1 1"146.80 kN- dm
e I | 5872EN 5872 kN
co ~326] ~326 A o
Dist. 145] L1861 186 140 x *
Co 0.9y 093
Dist. —040] 053§ -0.53]| -0.48
sy | o Frssof s ssd o 3872 kN 5872 kN
®

(h}
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PROBLEMS

12-1. Determine the moments at the supports. EJ is *12-4. Determine the maoments at each support and then
constant. Assurne B is a roller and A and C are fixed. draw the moement diagram. Assume A is fixed. £ is constant,

15kN 15kKN 15kN

25 kN I 5

e 2m—2m{E ] ‘ 4m L 3m L1.6 m-}-1.6 m]

3m—-|
= 6m { 2 m 2m

Prob. 12-1 Prob, 124
12-2. Determine the moments at B and €. E7is constant. 12-5. Determine the reactions at the supports and then
Assume B and C are rollers and A and D are pinned. draw the moment diagram. Assume A is fixed. EJ is constant.

48 kN/m

Prob. 12-2 Frob. 12-5

12-6. Determine the moments at A, B, and C and then
draw the moment diagram for the girder DE. ET is
constant. Assume the support at B is a pin and A and €
12-3. Determine the reactions at the supports. Assume B are rollers. The distributed Ioad rests on simply supported
and C are rollers and A is fixed. EI is constant. foor boards that fransmit the load to the floor beams.

12 kN/m




12-7. The beam is subjected to the loading shown,
Determine the reactions at the supports, then draw- the
moment diagram. ET is constant.

18 kN/m

Prob. 12-7

*12-8. ‘The bar is pin connected at each indicated point.
If the normal force in the bar can be neglected, determine
the vertical reaction at each pin. EI is constant.

16 kN

— f | = |
= iy H 33 |

IE = —— e = . =
Ai&ﬂlma'kfim !B 8m C4m—?4m~ID

16 kN

Prob. 12-8

12-9. Determine the moments at 4, B, and C, then draw
the moment diagram. EJ is constant.

18 kN

2kN/m

ProBLEMS  « 499

12-10. Draw the moment diagram for each member. Ef
is constant. All joints are fixed connected.

,-:‘-'I 60 kN fm

Prob. 12-10

12-11. Determine the horizontal and vertical components
of reaction at the connections A and B. Assume A and C
are pins and B is a fixed joint. Take E = 200 GPa,

2m 2m : '

Prob, 12-11
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"12-12, Determine the moments at the ends of each
member. The members are fixed-connected at the supports
and at joint B. Take E = 200 GPa. The moment of inertia

of each member is given in the figure.

Ly = 2400(10% mm*

Ig(; = 3600(106) 1'[111}4

Prob. 12-12

12-13. Determine the internal moments at the supports
and draw the moment diagram for ABDE. Assurme A is
pinned and € is fixed. Take 7 = 240(10% mm?, £ = 200 GPa.

40N
40 kN/m

S e

D

I 375m

3m——r}—2m

Prob. 12-13

12-14. Determine the reactions at the supports. Assume
A and C are pinned and B and D are fixed connected. ET
is the same for each member.

Prob. 12-14

12-15. The frame is made from pipe that is fixed-
connected. If it supports the loading shown, determine the
moments developed at each of the joints. Ef is constant.

18 kN 18 kN

r 4m dm 4m

Prob. 12-15



*12-16. Determine the moments at the ends of each
member of the frame. The members are fixed
comnected at the supports and joints. ET is the same for
each member. ’

Prob. 12-16

12-17. Determine the moments at each joint or support.
There are fixed connected at B and € and fixed supports
at A and D. ET is constant,

90 kN/m

AT

Prob. 12-17

12-18. Determine the moments at each joint and fixed
support. EL is constant.

Frohs, 12-18

PrROBLEMS « 501

12-19. The side of the frame is subjected to the
hydrostatic loading shown. Determine the moments at
each joint and support, EL is constant.

|

‘m%
Bl

540 kN/m

Prob. 12-19

“12-20. Determine the moment at each joint of the
frame having battered columns, The supports at 4 and D
are pins. EL is constant,

T Sm 1

Prob, 12-20

12-21. For the battered column frame, determine the
moment at each joint at the fixed supports A and D. EL
is constant.

100 kN /m




The use of variable-moment-of-inertia girders has reduced considerably the
deadweight loading of this bridge span.




‘Beams and Frames Having
Nonprismatic Members

In this chapter we will apply the slope-deflection and moment-distribution
methods to analyze beams and frames composed of nonprismatic members. We
will first discuss how to obtain the necessary carry-over factors, stiffness factors,
and fixed-end moments, using a general numerical technique based on the
conjugate-beam method. This is followed by a discussion related to using tabular
vahies often published in design literature. Finally, the analysis of statically
indeterminate structures using the slope-deflection and moment-distribution
methods will be discussed. :

Light-weight metal buildings are often designed using
frame members having variable moments of inertia,
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parabolic haunches

Fig. 13-1

13-1 Deflections of Nonprismatic Members

Often, to save material, girders used for long spans on bridges and building
are designed to be nonprismatic, that is, to have a variable moment of inertia
The most common forms of structural members that are nonprisinatic hawve
haunches that are either stepped, tapered, or parabolic, Fig. 13—1. We car
use the principle of virtual work or Castigliano’s theorem as discussed ir
Chapter 9 to compute their deflections. The equations are

3 I
Mm oM M
A= | —dx A= | ———d
L T J;GP L

For a nonprismatic member the integration requires I to be expressec
as a function of the length coordinate x. Consequently, the member”,
geometry and Joading may require evaluation of an integral that will bx
impossible to evaluate in closed form. In this case, Simpson’s rule o
some other numerical technique will have to be used to carry out the
integration, It is also possible to use a geometrical technique such as the
moment-area theorems or the conjugate-beam method to determine tht
approximate deflection of a nonprismatic member. The following
example illustrates the use of the conjugate-beam method.

Timber frames having a variable moment of
inertia are often used in the construction of
modern chirches.
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Use the conjugate-beam method to determine the approximate
deflection of the end A of the tapered beam shown in Fig. 13-2a.
Assume that the beam has a thickness of 250 mm and E = 28 GPa.

Fig. 13-2

Solution
The beam will be segmented every 500 mm and we will identify the M (kN-m})
segments numerically as shown in Fig. 13-2a. The moment diagram is
shown in Fig. 13-2b, Using [ = ]Lzblﬁ, the moment of inertia of the

beam is computed at the 500-mm intervals and reported in Fg. 13-2¢.
From the data, the M/EI diagram is determined and shown on the
conjugate beam in Fig. 13-2d. We are required to find A4 = M. To
do this, the load is assumed (approximately) to consist of seven
triangular areas indicated by the dashed lines. To simplify the
calculation it is seen that there are three pairs of triangles, each pair
having a common vertical “base” and the same 500-mm horizontal
“height.” The centroid location of these pairs and of the rightmost

x (m)

1 05m ) 0.5m O5m
i

triangle is indicated by dots. Hence, H(13mt)
My = 0;
1 157.3(103)) 1 (182.0(103))
Ay = Mo = = 2L 1y(0.5) + | ——](1)d
A= My 2( = {1)0.5) 2 7 (1))
]
+ 1(;——“1'9(“’ )) (A)(LS) + l(_f153'6(103)) (0.5)(1.833) 05m
2 E 2 E "
_ 329.6(10%) '
E
Substituting E = 28(10%) kN/m?, we have
A, =1177(107%) m = 11.77 mm Ans.

197310 5565 oy F
E

E E
@
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13-2 Loading Properties of Nonprismatic Members

Using the Conjugate-Beam Method

A conjugate-beam analysis is a practical numerical method that can be
used to determine the fixed-end moments and stiffness and carry-ovel
factors for a member that has a variable moment of inertia, Although the
work may be a bit tedious, the method is illustrated here so that one can
understand how to obtain numerical values for loading properties of a
particular member that may not be availabie in the published Hterature.

Two numerical examples will serve to illustrate the method. In this
regard, recall the following definitions.

Yixed-end moments (FEM): The end moment reactions of a beam that
is assumed fixed supported, Fig. 13-3q.

Stiffness factor (K): The magnitude of moment that must be applied to
the end of a beam such that the end rotates through an angle of ¢ = 1 rad,
Here the moment is applied at the pin support of the beam, while the other
end is assumed fixed, Fig. 13-3b.%

Carry-over factor (COF): Represents the numerical fraction (C) of the
moment that is “carried over” from the pin-supported end of a beam to
the wall, Fig. 13-3¢,

Fig.13-3
*For iliustrative purposes, the angle § = 1 rad (57.3%) is not drawn to scale on the beam.
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The computations for the stiffness and carry-over factors can be
checked, in part, by noting an important relationship that exists between
thern. In this regard, consider the beam in Fig. 13-4 subjected to the loads
and deflections shown. Application of the Maxwell-Betti reciprocal
theorem requires the work done by the loads in Fig. 13-4« acting through
the displacements in Fig. 13-4b be equal to the work of the loads in
Fig. 13-4b acting through the displacements in Fig. 13-4a, that is,

Usp = Upy
Ka(0) + C4pK4(1) = CpaKp(l) + Kp(0)
or
CapKa = CpaKp (13-1)

Hence, once determined, the stiffness and carry-over factors must satisfy
Eq.13-1.

8,4 (1 rad)

Bz (1rad)

Fig. 134
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Determine the fixed-end moments for the beam shown in Fig. 13-5a.
‘The cross-sectional area has a constant width of 300 mm. E is constant.

Solution . ) :
Since the real beam supports at 4 and B are fixed, the conjugate beam
is free at its ends A’ and B’. The moment diagrams will be plotted in
parts, using the method of superposition discussed in Sec, 4-5. These
parts shown on the right in Figs. 13-5b through 13-54 represent the
moment diagrams for a simply supported beam loaded with a
concentrated force of 9 kN and each of the end moments M 4 and
M. For span AC, Lic =5(0.3)(0.6)* = 5.4(107%) m*, and for span CB,
Icp =13(03)(0.3)* = 0.675(107%) m". Using these values, the M/EI
diagrams (loadings) on the conjugate beam are shown on the left in
Figs. 13-5b through 13-54. The resultant forces caused by these
“distributed loads” have been computed and are also shown in the
figure. Since the slope and deflection at the end A {or B) of the real
bearn are equal to zero, we require

+T2Fy =0

E E

1687.5

1687.5 + 4500 187.5M, _125M,  166.67M 4 _187.5My 1000Mp ~ 166.67Mp =0

E E E E E E
6187.5 — 479.17M 4 — 1354.17M5 = 0 (1)
4500 187.5M,, 125M 4 166.67M 4 187.5Mp,
~ 9) - A (1.35) - — - TA @) - 2228
7 () 7 (09 7 (135) 7@ % (18
1000M 5 166.67Mp
- =315y - P By 2 g
z (315 7 ©3)
—16537.5 + 837.5M,, + 4037.5M5 = 0 (2)
Solving Egs. (1) and (2) simultaneously, we have
Mg = (FEM) 45 = 325 kN'm _ Ans.

Mp = (FEM)g, = 3.42 kN-m Ans.
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10 kN

T
600 mm

(a)
A 6.75 kN-m

E 18m R R O 27m  36m

®)

135m 165 m—J26m]
- M
0.
: S S . . _ 3.6m

M
+ 4 +
(c)
I 1.8 m I 1.35m [')‘45 =
| 0.3im
M
187.5 TB 1]11.11% ¥ ]431_43%
My
1 E M. A
B B
166.67‘E
(d}

Fig. 13-5
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Determine the stiffness and carry-over factors for tﬁe enc.i. A of the -
beam shown in Fig. 13-6a. The c¢ross-sectional area has a constant
width of 300 mm. Take E = 69 GPa.

8,4 (1 rad)
M,y

Solution
The stifiness factor is determined by placing a pin (or roller) at the
end A of the beam and calculating the moment M 4 needed to rotate
the beam 84 = 1 rad, Fig. 13-6b. The fraction C 45 of M 4 necessary to
hold the beam in equilibrivm at B is the carry-over factor from 4 to B.
The conjugate beam for the beam in Fig. 13-6b is shown in Fig. 13-6c¢.
Data on the diagram are taken from Fig. 13-5¢ and 13-5d due to the
similarity of loadings. Since a rotation 84 = 1rad is required, the
reaction at A’ is V4 = 1 as shown int Fig. 13-6¢. Hence,

M
+1EF, =0, 1+ 1875 4125 =+ 166.67

1"1’ A }EA_

CapMls
— 18755~
E

CapMy o CapMy
1000 —E 166.67‘\-——5.' =0

M
—1+ 47917 YA _ 195497 CarMa _

% 0 (1)
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Since the deflection at A must be zero, we require

M M M CapM
(+EM,y =0; —187.5 LE~4(0.9) - 1251:1(1‘35) - 166.67—;(3) +187.5 —A%yﬁ(l.S)
CapM,
+1000 Ef”fE—ﬁ’f*‘ (3.15) -+ 166.67 —-é‘é—’* (33) =0

Factoring out M 4/F and solving for the carry-over factor, we have
—837.5 +4037.5C5 =0 Cap = 0.207 Amns.

Substituting into Eq. (1), setting E = 69(10%) kN /m?, and solving for
the stiffness factor yields

M4 = K4 = 348(10°) kN‘m Ans,
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Determine the stiffness and carry-over factors for the end A of the
tapered beam shown in Fig. 13-7a. The cross-sectional area has a
constant width of 1 m. ¥ is constant,

1m 125m 15m 175m

Solution

As an approximation, the beam will be segmented every 2 m. The
segments are identified numerically in Fg. 13-7¢. The moment
diagram is drawn in parts as that due to M, and CpM,, and the
fractional values of M, and CypM 4 are computed, Fig, 13-7b. The
beam’s moment of inertia is determined from éblf and the values
are shown in Fig. 13-7¢. Using these values, the conjugate beam and
loading (M/EI) are shown in Fig. 13-74. Computations for the stiffness
and carry-over factors require a summation of vertical forces and
moments about A’. For simplicity the “distributed loading” is
segmented into triangles, as shown by the inclined dashed lines,

M., (KN-m)

I(m*) 0.667

0.163 90.281 0447
0.0833 1 1 T 1 f 1 | .
: H H ! : 1 H I x (m)
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From this it will be noted that pairs of triangles have a common
vertical “base” and horizontal “height” (2 m). The centroid of these
pairs is indicated by a dot in the figure. The area (force} and moment
computations are tabulated in Fig. 13-7e. Using these results and
applying the equilibrium equations to the conjugate beam yields

: M CapM
+13F, =0;  —1+84.94=2 - 48.42(41’—1#) =0
E E
M CapM
My = 0 383.20?“ - 398.56(—‘—@—~—ﬁ) =0
Solving yields
Cup = 0961 Ans.
E
= = —— 3
Ky= M, 3830 Auns.

(d}
My Caably
E E
Moment Moment
Area | obout AT Area | oo A%y
12 8 3 6
21 42 6 24
18 72 9 54
15 90 12 96
12 96 T66 76.6
4.6 46 534 64.08
i.78 21.36 3.92 54.88
0.56 7.84 1.50 23.00
Z | 8494 | 38320 4842 | 398.56

(e}
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13-3 Loading Properties of Nonprismatic Members

Available from Publications

As noted in the previous section, considerable labor is often involved i
determining the fixed-end moments, stiffness factors, and carry-ove
factors for a nonprismatic member. As a result, graphs and tables hav
been made available to determine this data for common shapes used i
structural design. One such source is the Handbook of Frame Constant.
published by the Portland Cement Association.* A portion of thes
tables, taken from this publication, is listed here as Tables13-1 and 13-
A more complete tabular form of the data is given in the PCA handboo
along with the relevant derivations of formulas used.
The nomenclature is defined as follows:

a4, ap = ratio of the length of haunch at ends A and B to the lengt
of span.

b = ratio of the distance from the concentrated load to end »
to the length of span.

C,g, Cps = carry-over factors of member AB at ends 4 and #
respectively.

h 4, hp = depth of member at ends A and B, respectively.
he = depth of member at minimum section.
Ic = moment of inertia of section at minimum depth.
k4, kpa = stiffness factor at ends A and B, respectively,
L = length of member.
M 4p, Mg, = fixed-end moment at ends A and B, respectively; specifie
in tables for uniform load w or concentrated force P.

ra. g = ratios for rectangular cross-sectional areas, . wher
ra = (ha — he)/he, rg = (hp — he)/he.
As noted, the fixed-end moments and carry-over faciors are found fror

the tables. The absolute stiffness factor can be determined using th
tabulated stiffness factors and found from

_kapBle _ kpaFl

= 5= (13-2

Applcation of the use of the tables wilt be illustrated m-@xample 13-:

*Handbook of Frame Constants, Portland Cement Association, Chicago, Hlinois.
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13-4 Moment Distribution for Structures Having Nonprismatic Members

Once the fixed-end moments and stiffness and carry-over factors for the
nonprismatic members of a structure have been determined, application of
the moment-distribution method follows the same procedure as outlined in
Chapter 12. In this regard, recall that the distribution of moments may be
shortened if a member stiffness factor is modified 1o account for conditions
of end-span pin support and structure symmelry or antisymmetry. Similar
modifications can also be made to nonprismatic members.

Beam Pin Supported at Far End. Consider the beam in Fig. 13-8q,
which is pinned at its far end B. The absolute stiffness factor Ky is the
moment applied at A such that it rotates the beam at A, 8, = Irad. It
can be determined as follows, First assume that B is temporarily fixed and
a moment K4 is applied at A, Fig. 13-86. The moment induced at B is
C4pK 4, where C 4 is the carry-over factor from A to B, Second, since B
is not to be fixed, application of the opposite moment C 45K 4 to the bearm,
Fig. 13-8¢, will induce 2 moment Cg,C 45K 4 at end A. By superposition,
the result of these two applications of moment yields the beam loaded as
shown in Fig. 13-8a. Hence it can be seen that the absolute stiffness factor
of the beam at A is

Kl = K41 —CipCha) (13-3)

Here K, is the absolute stiffness factor of the beam, assuming it to be
fixed at the far end B, For exam;l)ie, in the case of a prismatic beam,
Ky =4EI/L and Cup = Cya = 5. Substituting into Eq. 13-3 yields
K'y = 3EI/L, the same as Eq. 12-4,

85 (1 rad)

8, (1 rad)

) ©

Fig. 13-8
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Symmetric Beam and Loading. Here we must determine the moment

aneeded torotate end 4,84 = +1rad, while 65 = —1 rad, Fig. 13-9a.
In this case we first assume that end B is fixed and apply the moment K4
at A, Fig. 13-9b. Next we apply a negative moment K3 to end B assuming
that end A is fixed. This results in a moment of Cp 4Kz at end A as shown
in Fig. 13-9¢. Superposition of these two applications of moment at A
yields the results of Fig. 13-9a. We require

K=Ky~ CgaKp

Using Eq. 13-1 (CpKp = C45K 4}, we can also write

K= Kill = Con) 13-4

In the case of a prismatic beam, K, = 4EI/L and Csp = 4, so that
K'Yy = 2EI/L, which is the same as Eq. 12-5.

6,4 (1 tad) 05 (‘—1 rad)

(®)

Fig. 13-9
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" 0,4 (1 rad) 05 (1 1ad)

84 (1 rad) g (1 7ad)

Fig. 13-10

Symmetric Beam with Antisymmetric Loading. In the case of a
symmetric beam with antisymmetric loading, we must determine XK'y such
that equal Totations occur at the ends of the beam, Fig. 13-10a.To do this,
we first fix end B and apply the moment K 4 at A, Fig. 13-10b. Likewise,
application of K at end B while end A is fixed is shown in Fig. 13-10c.
Superposition of both cases yields the results of Fig. 13-10a. Hence,

K:l = KA -+ CBAKB
or,using Eq. 13-1 (Cp4Kz = C4pK 4), we have for the absolute stiffness

Kl = K41 + Cag) (13-5)

Substituting the data for a prismatic member, K, = 4EI/Land C4p = 3,
yields Ky = 6EI/L, which is the same as Eq. 12-6.

{a} " (b

Fig. 13-4
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Relative loint Translation of Beam. Fixed-end moments are
developed in a nonprismatic member if it has a relative joint transfation A
between its ends A and B, Fig. 13-11a. In order to determine these
moments, we proceed as follows, First consider the ends A and B to be pin
connected and allow end B of the beam to be displaced a distance A such
that the end rotations are 8, = 6 = A/L, Fig. 13-11b. Second, assume
that B is fixed and apply a moment of M’, = —K A(A/L) to end A such
that it rotaies the end 8,4 = —A/L, Fig. 13-11c. Third, assume that A is
fixed and apply a moment M = —Kp(A/ L.} to end B such that it rotates
the end 6 = —A/L, Fig. 13-114d. Since the total sum of these three
operations yields the condition shown in Fig. 13-11a, we have at A
A A

FEM =~ Ky— — CpaKn—
( Yas AT 2aKs T

Applying Eq. 13-1 (CpaKp = C4zK,) vields

(FEM)a5 = ~Ku'3 (1 + Caz) (13-6)

A similar expression can be written for end B. Recall that for a prismatic
member K4 = 4EI/L and Cup = ;. Thus (FEM)ap = ~6EIA/L?,
which is the same as Eq. 11-5,

If end B is pinned rather than fixed, Fig. 13-12, the fixed-end moment
at4 can be determined in a manner similar to that described above. The
result is

. A . '
(FEM)}p = —Ks— (1 = CapCaa) (13-7)

Here it is scen that for a prismatic member this equation gives
Fig. 13-12 (FEM)yp = —3EIA/L?, which is the same as that fisted on the inside
back cover.

The following example illustrates application of the morment-
distribution method to structures having nonprismatic members, Once
the fixed-end moments and stiffness and carty-over factors have been
determined, and the stiffness factor modified according to the equations

. given above, the procedure for analysis is the same as that discussed in
Chapter 12.

(c) ’ (d)

Fig. 13-11
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Determine the internal moments at the supports of the beam shown
in Fig. 13-13a" The beam has a thickness of 0.3 m and E is constant.

(@

Fig. 13-13

Solution
Since the haunches are parabolic, we will use Table 13-2 to obtain the
moment-distribution properties of the beam.

Span AB

15 _12-106

= = 1.0
0.6

aA:aB:‘E: 0.2 ¥4 = Fp

Entering Table 13-2 with these ratios, we find
CAB = CBA = (.619

kAB = kBA = 6.41
Using Eqs. 13-2,

KEI.  641E(35)(0.3)(0.6)°
L 75

Since the far end of span BA is pinned, we will modify the stiffness
factor of BA using Eq. 13-3. We have

K = Kpa(l — CapCra) = 4.615(10%E[1 — 0.619(0.619)] = 2.847(10"E
Uniform load, Table 13-2,
(FEM) 45 = —(0.0936)(30)(7.5)% = —161.33 kN-m

Kag = Kga = = 4.615(107HE

(FEM)z, = 161.33 kN'm




522 . CHAPTER 13 Beams and frames Having Nonprismatic Members

Span BC
' ‘15 C12-06 .
HB:aC:_?’—: O.S T'BET,ZI.O
15-06
= —— =15
e 0.6

From Table 13-2 we find
Coe = 0781 Cpp = 0.664
kpe = 1312 Jep = 1547
Thus, from Egs, 13-2,

_ kEle _13.12B(5)(0.3)(0.6)°
Kpe = —== 3

kEl; _ 1547E(5)(0.3)(0.6)°
Kep =g ===t

= 23.616(107%)E

= 27.846{10"HE

Concentrated load,
0.9

3
{(FEM)pc = —0.1891(135)(3) = —76.59 kN-m

b= =03

(FEM)cp = 0.0759(135)(3) = 30.74 kN-m

Using the foregoing values for the stiffness factors, the distribution
factors are computed and entered in the table, Fig. 13-13b. The
moment distribution follows the same procedure outlined in Chapter 12.
The results in kN"m are shown on the last line of the table,

,Tcaint A B C
Member,| AR BA BC CB
K 46150107 | 2847107 & 23.616(10°3)E127.846(10°%) £
DF 1 0.107 0.893 0
COF 0619 0.619 0.781 0.664
> FEM | -161.33 161.33 ~76.59 30.74
Dist. | -+161.33 ~9.07 ~75.67
(o5} ~ 0086 —59.10
Dist. —10.69 —89.18
co —69.95
SAf 0 241.43 —241.43 —98.01x,
(b}

Fig. 13-13
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13-5 Slope-Deflection Equations for Nonprismatic Members

The slope-dellection equations for prismatic members were developed
in Chapter 11. In this section we will generalize the form: of these
equations so that they apply as well to nonprismatic members. To o this,
we will use the resulis of the previous section and proceed to formulate
the equations in the same manner discussed in Chapter 11, that is,
considering the effects caused by the loads, relative joint displacement,
and each joint rotation separately, and then superimposing the resulis.

Loads. Loads are specified by the fixed-end moments (FEM) 45 and
(FEM) pa acting at the ends A and B of the span. Positive moments act
clockwise,

Relative Joint Translation, When a relative displacement A between the
joints occurs, the induced moments are determined from Eq. 13-6. At
end A this moment is —[K4A/LJ(1 + Cap) and at end B it is
~[KpA/LYT + Cpa)

Rotation at A. I end A rotates 8,4, the required moment in the span at A
is K 40 4. Also, this induces a moment of CypK 40,4 = Cp K584 at end B.

Rotation at B.  Ifend B rotates 85, a moment of K0, must act at end B,
and the moment induced at end A is Cp K pfp = CapK 405

‘The total end moments caused by these effects yield the generalized
slope-deflection equations, which can therefore be written as

Myp

A
KABBA + CABBB - Z(l + CAB)R + (FEJNI)AB

A
IM’BA = KBBGB + CBABA - Z(l + CBA)R + (FENI)BA

Variable-moment-of-inertia concrete piers
are sometimes used in the construction of
highway bridges.
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Since these two equations are similar, we can express them as a sing
equation, Referring to one end of the span as the near end (N) and t-
other end as the far end (F), and representing the member rotation ¢
¢ = A/L, we have

Here

' My = internal moment at the near end of the sparn; this momer
; is positive clockwise when acting on the span.

Ky = absolute stiffness of the near end determined from tables o
by calculation.

8y, 0p = near- and farend slopes of the span at the supports; th
angles are measured in radians and are positive clockwise

¢ = span cord rotation due to a linear displacement, y = A/L
this angle is measured in radians and is positive clockwise

(FEM)y

i

fixed-end moment at the near-end support; the moment i
positive clockwise when acting on the span and is obtainec
from tables or by calculations.

Application of the equation follows the same procedure outlined ir
Chapter 11 and therefore will not be discussed here. In particular, note thal
Eq. 13-8 reduces to Eq. 11-8 when applied to members that are prismatic

A continuous, reinforced-concrete highway bridge.
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PROBLEMS

13-1. DPetermine the fixed-end moments at A and C for
the composite beam, E = 200 GPa.

13-2. Determine the stiffness K4 and carry-over factor
C 4c for the beam. Assume A and C are fixed supports.

36 kN

Toc = 360(10%) mm*
45m

L = 240(108)
3.6m ‘

S S

Probs. 13-1/13-2

13-3. Determine the slope at the end B of the cantilever
beamt. The cross section is rectangular having a constant
width of 0.4 m. Take E = 200 GPa, Segment the beam
every 2 m for the calculation,

*13-4. Determine approximately the stiffness and carry-
over factors for the end B of the beam.

’F‘ 12m |

Probs. 13-3/13-4

13-5. Determine approximately the stiffness and carry-
over factors for the steel beam having a morment of inertia
of 235(10% mm* and a depth of 250 mm. The beam is
partially reinforced by 25 mm X 250 mum flange cover
plates at each end. Take £ = 200 GPa.

{-—MBm l 4.5m I

in—]

Prob. 13-5

13-6. Determine approximately the stiffness and carry-
over factors for the steel beam having a moment of inertia
of 94.9(10%) mm* and a depth of 222 mm. The beam is
partially reinforced by 15 mm X 200 mm flange cover
plates at each end. Take E = 200 GPa,
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13-7. The tapered girder is made of steel having a
13 mm web plate and welded to flange plates which are
200 mm X 25 mm. Determine the approximate carry-over
factor and stiffness at the ends A and B. Segment the
girder every 1 m for the calculations. Take & = 200 GPa.

Proh. 13-7

“13-8. Apply the moment-distribution methed to
determine the moment at each joint of the symmetric
parabolic haunched frame, Support A and D are fixed.
Use Table 13-2. The members are each 0.2 m thick, E is
constant.

13-9. Solve Prob. 13-8 using the slope-deflection
equations. :

10 kN

i’l

Prob. 13-8/%

CHAPTER 13 Beams and Frames Having Nonprismatic Members

1310, Draw the moment diagram for the fixed-end
straight-haunched beam. £ = 13 GPa.

0.5m

Prob. 13-10

13-11. Determine approximately the stiffness and carry-
over factors for the laminated wood beam. Take
F = 11 GPa.The beam has a thickness of 300 mm. Segment
the beam every I m for the calculation.

A
150mm] 2

i 4m J|

Prob. 13-11

“13-12. Determine the moments at 4, B, and C by the
momeni-distribution method. Use Table 13-1 to determine
the necessary beam properties. E is constant. Assume the
supports at A and € are fixed and the roller support at B is
on a rigid base. The girder has a thickness of 0.25 m.

128 KN/m

Prob, 13-12
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1313, Solve Prob. 13-12 using the slope-deflection *13-16, Use the moment-distribution method to
equations, determine the moments at each joint of the frame. Assume
. that £ is constant and the members have a thickness of 1 ft.
The supports at A and C are pinned and the joints at B

and D are fixed connected. Use Table 13-1.

128 kN/m

13-17. Solve Prob. 13-16 using the slope-deflection
equations.

Prob. 13-13

D s ———————————

&

SEN
Ay

13-14. Use the moment-distribution method to determine

the moments at each joint of the bridge frame. E is constant. Probs. 13-16/13-17
Use Table 13-1 to compute the necessary frame constants.

The members are each 0.25 m thick.

13-15. Solve Prob. 13-14 using the slope-deflection
equations,

Probs, 13-14/13-15

=) :lE.ﬁZSm

025 m



The space-truss analysis of electrical transmission towers <an be
performed using the stiffness method.



Truss Analysis Using
- the Stiffness Method

In this chapter we will explain the basic fundamentals of using the stiffness
method for analyzing structures. It will be shown that this method, although
tedious to do by hand, is quite suited for use on a computer. Examptles of specific
applications to planar trusses will be given. The method will then be expanded
to include space-truss analysis. Beams and framed structures will be discussed
in the next chapters.

14-1 Fundamentals of the Stiffness Method

There are essentialiy two ways in which structures can be analyzed using
matrix prethods. The stiffness method, to be used in this and the following
chapters, is a displacement method of analysis. A force method, called
the flexibility method, as outlined in Sec. 10-1, can also be used to analyze
structures; however, this method will not be presented in this text, There
are several reasons for this. Most important, the stiffness method can be
used to analyze both statically determinate and indeterminate structures,
whereas the flexibility method requires a different procedure for each
of these two cases. Also, the stiffness method yields the displacements
and forces directly, whereas with the flexibility method the displacements
are not obtained directly. Furthermore, it is generally much easier to
formulate the necessary matrices for the computer operations using the
stiffness method; and once this is done, the computer calculations can be
performed efficiently.

529
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Application of the stiffness method requires subdividing the structure int:
a series of discrete finite elements and identifying their end points as node:
For truss analysis, the finite elements are represented by each of th
members that compose the truss, and the nodes represent the joints. Th
force-displacement properties of each element are determined and the:
related to one another using the force equilibrium equations written at th
nodes. These refationships, for the entire structure, are then grouped togethe
into what is called the structure stiffness matrix K. Once it is established, th
unknown displacements of the nodes can then be determined for any give:
loading on the structure. When these displacements are known, the externs
‘ and internal forces in the structure can be calculated using the force
displacement relations for each member.

Before developing a formal procedure for applying the stiffness methac
it is first necessary to establish some preliminary definitions and concept:

Member and Node Identification. One of the first steps whe:
applying the stiffness method is to identify the elements or members of th
structure and their nodes. We will specify each member by a numbe
enclosed within a square, and use a number enclosed within a circle t
identify the nodes. Also, the “near” and “far” ends of the member must b
identified. This will be done using an arrow written along the membes
with the head of the arrow directed toward the far end. Examples o
member, node, and “direction” identification for a truss are shown i
Fig, 14-1a. These assignments have all been done arbitrarily ®

Global and Member Coordinates. Since loads and displacement
are vector quantities, it is necessary to establish a coordinate system 1
order to specify their correct sense of direction. Here we will use tw
different types of coordinate systems. A single global or structur
coordinate system, x, y, will be used to specify the sense of each of th
external force and displacement components at the nodes, Fig. 14-1a. /
local or member coordinate system will be used for each member to specif
the sense of direction of its displacements and interral loadings. Thi
system will be identified using x', ¥' axes with the origin at the “near
node and the x' axis extending toward the “far” node. An example fo
truss member 4 is shown in Fig. 14-15.

i

*For large trusses, matrix manipulations using K are actually more efficient usin
selective numbering of the mermbers in a wave pattern, that is, starting from tep to batton
then bottom to top, cte.
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Kinematic Indeterminacy. As discussed in Sec, 11-1, the uncenstrained
degrees of freedom for the truss represent the primary unknowns of any
displacement method, and therefore these must be identified. As a general rale
there are two degrees of freedom, or two possible displacements, for each
joint (node). For application, each degree of freedom will be specified on the
truss using a code number, shown at the joint or node, and referenced to its
positive global coordinate direction using an associated arrow. For example,
the truss in Frg. 1414 has eight degrees of freedom, which have been identified
by the “code numbers” 1 through 8 as shown. The truss is kinematically
jndeterminate to the fifth degree because of these eight possible
displacements: 1 through 5 represent unknown or unconstrained degrees of
freedom, and 6 through 8 represent constrained degrees of freedom. Due to the
constraints, the displacements here are zero. For later application, the lowest
code numbers will always be used to identify the unknown displacements
(unconstrained degrees of freedom) and the highest code manbers will be used
1o identify the known displacements (constrained degrees of freedom). The
reason for choosing this method of identification has to do with the
convenience of later partitioning the structure stiffness matrix, so that the
unknown displacements can be found in the most direct manner.

Once the truss is Iabeled and the code numbers are specified, the structure
stiffness matrix K can then be determined. To do this we must first establish
a member stiffness matrix k' for each member of the truss. This matrix is
used to express the member’s load-displacement relations in terms of the
local coordinates. Since all the members of the truss are not in the same
direction, we must develop a means for transforming these quantities from
each member’s local x', ¥’ coordinate system to the structure’s global x, y
coordinate system, This can be done using force and displacement
transformation matrices. Once established, the elements of the member
stiffness matrix are transformed from local to global coordinates and then
assembled fo create the structure stiffness matrix. Using K, as stated
previously, we can determine the node displacements first, followed by the
support 1eactions and the member forces, We will now elaborate on the
development of this method.

531
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14-2 Member Stiffness Matrix

Fig. 14-2

In this section we will establish the stiffness matrix for a single truss member
using local x’, y" coordinates, oriented as shown in Fig, 14-2. The terms in
this matrix will represent the load-displacement relations for the member.

A truss member can only be displaced along its axis {x’ axis) since the
loads are applied along this axis. Two independent displacements are
therefore possible. When a positive displacement dy is imposed on the
near end of the member while the far end is held pinned, Fig, 1424, the
forces developed at the ends of the members are

Note that ¢F is negative since for equilibrium it acts in the negative x’
direction. Likewise, a positive displacement d at the far end, keeping
the near end pinned, Fig. 14-2b, resuits in member forces of

N = *po qr = ——dp

By superposition, Fig. 14-2¢, the resultant forces caused by both
displacements are

_AE AE

av = Ay =~ dr (14-1)
AE AE
9 = ;dp — —L‘dw (14-2}

These load-displacement equations may be written in matrix form® as

bl R I 4

or
g~ Kd (14-3)
where
AE} 1 -1
kf=— 4-4
L [—1 1] (14-4)

This matrix, k', is called the member stiffness matrix, and it is of the same
form for each member of the truss. The four elements that comprise it are
called member stiffness influence coefficients, kj;. Physically, kj; represents

*A review of matrix algebra is given in Appendix A.
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the force at joint £ when a unit displacement is imposed at joint j. For exam-
ple,if i = j = 1, then ki, is the force at the near joint when the far joint is
held fixed, and the near joint undergoes a disptacement of dy = 1,1.e,

o o AE
gN = K11 = T,
Likewise, the force at the far joint is determined from 7 = 2, j=1,s0
that
p o AE
qr = ki = i

These two terms represent the first column of the member stiffness
matrix. In the same manner, the second column of this matrix represents
the forces in the member only when the far end of the member underpoes
a unit displacement,

14-3 Displacement and Force Transformation Matrices

Since a truss is composed of many members (elements), we will now develop y
amethod for transforming the mermber forces q and displacements d defined
in local coordinates to global coordinates. For the sake of convention, we
will consider the global coordinates positive x to the right and positive y
upward. The smallest angles between the positive x, y global axes and the
positive x" local axis will be defined as 8, and 8, as shown in Fig. 14-3. The
cosines of these angles wilt be used in the matrix analysis that follows. Thesc
will be identifted as A, = cos 6y, A, = cos §,. Numerical vatues for A, and
Ay can casily be generated by a computer once the x, y coordinates of the
near end N and far end F of the member have been specified. For exampie,
consider member NF of the truss shown in Fig. 14-4. Here the coordinates
of Nand Fare (xy, yn) and (xg, yr), respectively.* Thus,

Yrp & Xy Xp — Xy

A =cos8, = - = (14-5)
L V(e — xx) + (37 — )’
Yr— ¥n _ YF— YN
Ay = cosf, = = (14-6)
¥ ¥
L Vixr — xa) + (3 — yw )
The algebraic signs in these “generalized” equations will automatically

account for members that are oriented in other quadrants of the x-y plane.

*Fhe origin can be located at any convenient point. Usually, however, it is located where
the x, y coordinates of all the nodes will be positive, as shown in Fig. 14-4.
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Displacement Transformation Matrix. In global coordinates each
end of the member can have two degrees of freedom or independent
displacements; namely, joint N has Dy, and Dy,, Fig. 14-5a and 14-55,
and joint F¥ has D, and Dp,, Fig. 14-5¢ and 14-54. We will now consider
each of these displacements separately, in order to determine Iis
component displacement along the member. When the far end is held
pinned and the near end is given a global displacement Dy, Fig. 14-5a,
the corresponding displacement (deformation) along the member is
Dy, cos 8,.% Likewise, a displacement Dy, will cause the member to be
displaced Dy, cos 8, along the x" axis, Fig. 14-5b.The effect of bof global
displacements causes the member to be displaced

dN = DNI cos 6_1 + DNy cOs B),

In a similar manner, positive disptacements Dy, and Dg, successively
applied at the far end F, while the near end is held pinned, Fig. 14-5¢
and 14-54, will cause the member to be displaced

dp = DF:C COS Qx + DFy cOos Gy

Letting A, = cosf, and A, = cos #, represent the direction cosines for
the member, we have

dN = DNx)lx + DN),A},
dF = Df".t‘\x + DFy/\y

which can be written in matrix form as

DNx
dy A, A O 0} Dy,
= 14~
[dF] [0 0 A A Dpx (14-7)
or
d=TD (14-8)
where
Ay A ¢ 0
w=[l b0 0]
[D 0 A, Ay (14-9)

From the above derivation, T transforms the four global x, y displacements
D into the two local x' displacements d. Hence, T is referred to as the
displacement transformation natrix. ’ \

*The change in 8, or 8, will be neglected, since it is very small,



Secrion 14-3  Displacement and Force Transformation Matrices 535

Force Transformation Matrix. Consider now application of the force
g to the near end of the member, the far end held pinned, Fig. 14-6a.
Here the global force components of gy at N are

QNX = gy COs Bx Q;\’y = gy CO8 ey

Likewise, if gr is applied to the bar, Fig. 14-6b, the global force
components at F are

QFI = gr COS Bx QF)' = {p 0S8 By

Using the direction cosines A, = cos i, A, = cos 8,, these equations
become

QN.r = quA,r QNy = QN/\-y
Q,Fx = qFA.I QFy = qFAy

which can be written in matrix form as

QNX— ’\.t 0
Q;Vy Ay 0 [qN]
= 14-10
QF.r 0 )‘.1' qr ( )
pr_ ¢ A
or
Q =1T7q (14-11)
where
A, O
A 0
T = | 'Y 14-12
0 A ( )
0 Ay

In this case T7 transforms the two local (x') forces q acting at the ends
of the member into the four global (x, y) force components Q. By
comparison, this force transformation matrix is the transpose of the
displacement transformation matrix, Eq. 14-9.

Cne

ax

Fig. 14 6
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14-4 Member Global Stiffness Matrix

We will now combine the results of the preceding sections and determine
the stiffness matrix for 2 member which relates the member’s global force
components Q to its global displacements D. Tf we substitute Eq. 14-¢
(d = TD) into Eq. 14-3 (q = k’d), we can determine the member’s
forces g in terms of the global displacements DD at its end points, namely

q =Kk'TD (14-13)

Substituting this equation into Eq. 14-11, Q = T7q, yields the final
result,

Q= TK'TD
or

Q=kD (14-14)

where

k=Tx'T (14-15)

The matrix k is the meniber stiffness matrix in global coordinates. Since
TT, T, and k’ are known, we have

oo
‘:h
txy
L |
!
—
|
—
—_
—
o B>
o
oo
> o
[ S—

Performing the matrix operations yields

N N, F F
N I I N Ny

k=2E] BN oy N
L ~A2 Ak, A2 Ay |F,
—Ady A Ad A2,
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The location of each element in this 4 X 4 symmetric matrix is
referenced with each global degree of freedom associated with the near
end N, followed by the far end F. This is indicated by the code number
notation along the rows and columns, that is, N,, Ny, F., F, Here k
represents the force-displacement relations for the member when the
components of force and displacement at the ends of the member are
in the global or x, y dircctions. Each of the terms in the matrix is therefore
a stiffness influence coefficient ky, which denotes the x or y force
component at { needed to cause an associated wnir x or ¥ displacement
component at j. As a result, each identified column of the matrix
represents the four force components developed at the ends of the
member when the identified end undérgoes a unit displacement related
to its matrix column. For example, a unit displacement Dy, = 1 will
create the four force components on the member shown in the first
column of the matrix.
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14-5 Truss Stiffness Matrix

Once all the member stiffness matrices are formed in global coordinates,
it becomes necessary to assemble them in the proper order so that the
stiffness matrix X for the entire truss can be found. This process of
combining the member mairices depends on careful identification of the
elements in each member matrix. As discussed in the previous section,
this is done by designating the rows and columns of the matrix by the
four code numbers N,, Ny, F,, F, used to identify the two plobal degrees
of freedom that can occur at each end of the member (see Eq. 14-16),
The structure stiffness matrix will then have an order that will be equal
to the highest code number assigned to the truss, since this Tepresents
the total number of degrees of freedom for the structure, When the k
matrices are assembled, each element in k will then be placed in its same
row and column designation in the structure stiffness matrix X. In
particular, when two or more members are connected to the same joint
or node, then some of the elements of cach of the members’ k matrices
will be assigned to the same position in the K matrix. When this Qaceurs,
the elements assigned to the common location must be added together
algebraically, The reason for this becomes clear if one realizes that each
clement of the k matrix represents the resistance of the member to an
applied force at its end. In this way, adding these resistances in the ¥ or
¥ direction when forming the K matrix determines the total resistance of
each joint to a unit displacement in the ¥ or ¥ direction.

This method of assembling the member matrices to form the structure
stiffness matrix will now be demonstrated by two numerical examples.
Although this process is somewhat tedious when done by hand, it is
rather easy to program on a computer.
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Fig. 147

Determine the structure stiffness matrix for the two-member truss
shown in Fig, 14-7a. AE is constant. ‘

Solution .

By inspection, @ will have two unknown dispfacement components, where-
as joints @ and @ are constrained from displacement. Consequently, the
displacerment components at joint @ are code numbered first, followed by
those at joints @ and @, Fig. 14-7b. The origin of the global coordinate
system ean be located at any point. For convenignce, we will choose joint
@ as shown. The members are identified arbitrarily and arrows are writ-
ten along the two members to identify the near and far ends of each mem-
ber. The direction cosines and the stiffness matrix for each member can
now be determined.

Member 1. Since @ is the near end and @ is the far end, then by
Egs. 14-5 and 14-6, we have

3-0 —
A= =1 a =220

Using Eq. 14-16, dividing cach element by L = 3 m, we have

12 3 4
0333 0 -0333 0|1

k = AEi © 0 0 0|2
-0333 0 0333 03

0 0 0 04

The calculations can be checked in part by noting that k, is symiunetric.
Note that the rows and columns in k, are identified by the x, y degrees
of freedom at the near end, followed by the far end, that is, 1,2,3, 4,
respectively, for member 1, Fig. 14-75. This is done in order to identify
the elements for later assembly into the K matrix.
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Member 2, Since @ is the near end and @ is the far end, we have
3—-0 4-0 -
= 0.6 = — =),
3 Ay 5 0.8
Thus Eq. 14-16 with I. = 5 m becomes

Ay =

1 2 5 6
0,072 0.096 -0.072 -0.096
0.096 0128 -0.096 —0.128

~-0.072 ~0.096 0.072 0.096
—0.096¢ -0.128 0.096 0128 | 6

Here the rows and columns are identified as 1, 2, 5, 6, since these
numbers represent, respectively, the x, y degrees of freedom at the
near and far ends of member 2.

[ s

k2=AE

Structure Stiffness Matrix.  This matrix has an order of 6 X 6 since there
are six designated degrees of freedom for the truss, Fig. 14-7b.
Corresponding elements of the above two matrices are added algebraically
to form the structure stiffness matrix. Perhaps the assembly process is eas-
ier to see if the missing nunerical columns and rows in k; and k; are
expanded with zeros to form two 6 X 6 matrices. Then

K= kl + k2
1 2 3 4 5 6 1 2 34 5 6
0333 0 0333 0 0 ¢ 1 0.072 00% 0 0 —0072 -009 (1
i 0 0 0 0 90 2 0.096 0128 0 0 —-009% -0.1281|2
K= AF —0333 ¢ 0333 0 0 0 3 a 0 0 0 0 ] 3
0 0 0 a0 0 o 4+ AE 0 0 U 0 0 4
0 0 0 0 0 0 5 -0072 —-009% O 0 O0.072 009 (5
0 0 0 0 00 6 -00%6 -0128 0 0 0.09 08128 6

0405 009 -0333 0 0072 -0.09%

00% 0128 O 0 -00% -0.128
-0333 0 0333 0 0 a

0 0 0 0 0 0
—0.072 -0.0% O 0 0072 0.096
—0.096 -0.128 O 0 0098 0.128

K= AE

H a computer is used for this operation, generally one starts with K
having all zero elements; then as the member global stiffness matrices
are generated, they are placed directly into their respective element
positions in the K matrix, rather than developing the member stiffness
matrices, storing them, then assembling them.
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Determine the structure stiffness matrix for the truss shown in Fig, 14-8a.
AE is constant.

Solution : . .
Although the truss is statically indeterminate to the first degree, this
will present no difficulty for obtaining the structure stiffness matrix.
Each joint and member are arbitrarily jdentified numerically, and the
near and far ends are indicated by the arrows along the members. As
shown in Fig. 14-8b, the unconstrained displacements are code
numbered first. There are eight degrees of freedom for the truss, and
so K will be an 8 X 8 matrix. In order to keep all the joint coordinates
positive, the origin of the global coordinates is chosen at @. Equations
14-5, 14-6, and 14-16 will now be applied to each member.

Member 1. Here I. = 10 m, so that

10-0 0-0
Ayg 0 1 Ay 0 0
1 2 6 5
61 0 -01 o1
poapl © 0 0 0P
01 0 01 0f6
0 0 o0 0]s

Member 2. Here L = 10\/5 m, so that

16 -0 10—-0
A, = =0707 A, = = 0.707
10V2 10V2
1 2 7 8
0035 0035 —0035 -0.035]1
B 0035 0035 —0.035 —0.035 2
(1) ke = ARl o035 —0035 0035 0035 |7
o —0.035 -0035 0035 0035 [8
ig. 14-3
Member 3. Here L = 10 m, so that
0-0 10 -0
A, =—— = = =
* i0 0 Ay 10 1




Section 14-5 Truss Stiffness Matrix « 541

Meniber 4, Here L = 10 m, so that
A= 10-0 1 A = 10 _

= 0
* 10 4 10
3 4 7 8
01 0 -01 0]3
N 0 0 0 04
ke=AB 01 ¢ 01 o7
0 ¢ 0 0l8
Member 5. Here L = 10V/2 m, so that
10—-9© 0-—10
A, = = {,707 Ay = = —(.707
10V2 10V2
3 4 6 5
0035 —0035 0035 00353
ks — AE| 0035 0035 0035 0035 |4

-0035 0035 0035 00356
0.035 -0.035 -0.035 0,035 |5

Menber 6. Here L = 10 m, so that

10 - 10 106-0
* 10 0 Ay 10 1
6 5 7 8
0o 0 0 06
ke = AF|0 01 0 -01is
0 0 0 0|7
0 -01 0 01]8

Struciure Stiffness Matrix. 'The foregoing six matrices can now be
assembled into the 8 X 8K matrix by algebraically adding their
corresponding elements. For example, since (ky;); = AE(0.1),
(kig)y = AE(0.035), (ku)s = (ku)s = (Ku1)s = (ku)s = 0, then,
Ky = AE(0.1 + 0.035) = AE(0.135), and so on. The final result is

thus,
1 2 3 4 5 6 7 8
[ 0135 04035 ) 0 0 —01  ~0035 —0.0351
0035 0135 0 -0.1 0 0 -0035 —0.035 |2
0 0 0135 -0.035 0035 -0035 —01 0 i3
K= AE ) ~01  —0035 0135 -0035 0035 0 0 |4 Ans
0 0 0035 —0.035 @135 -00335 0 -0l |5
-0.1 0 -0035 0035 —0035 0135 0 0 |s
-0035 —0035 01 0 0 0 0.135 0035 |7
| —0.035 —0.035 ¢ ] -0.1 0 0035 01358
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14-6 Application of the Stiffness Method for Truss Analysis

Once the structure stiffness matrix is formed, the global force components
Q acting on the truss can then be related to its global displacements D using

Q=KD (1417}
This equation is referred to as the structure stiffrness equation. Since we
have always assigned the lowest code numbers to identify the
unconsirained degrees of freedom, this will atllow us now to partition this
equation in the following form*:

.Q,k] _ [Kl}._.i_ﬁ.l?][%z] 141
[Qu in %0 L (L418)

Here

Q.. D, = known external loads and displacements; the loads here exist on
the truss as part of the problem, and the displacements are gener-
ally specified as zero due to support constrain(s such as pins of
rolless.

Q,. D, = unknown loads and displacements; the loads here represent

the unknown support reactions, and the displacements are at
joints where motion is unconstrained in a particular direction.

K = structure stiffness matrix, which is partitioned to be compatible
with the partitioning of ¢ and D.
Expanding Eq. 14-18 yields
Q. = KD, + KpzDy (14-19)
Q, = KyD, + Kphy {14-26)

Most often I, = 0 since the supports are not displaced. Provided this is
the case, Eq. 14-19 becomes

Qr = Ky,
Since the elements in the partitioned matrix Ky; represent the fotal resistarice
at a truss joint to a unit displacement in either the x or y direction, then the
above equation symbolizes the collection of all the force equilibrium
equations applied 1o the joints where the external loads are zero or have a
known value (Qy). Solving for D,,, we have
D, = (K] "'Qx (14-21)
From this equation we can obtain a direct solution for all the unknown
joint displacements; then using Eq, 14-20 with D = 0 yields
i Qu = K.’ZIDM 5 (14"22)
from which the unknown support reactions can be determined. The
member forces can be determined using Eq. 14-13, namely
q=k'TD

*This partitioning scheme will become obvious in the numerical examples that follow.



Section 14-6  Application of the Stiffness Method for Truss Analysis

Expanding this equation yields

. DNx
[qN] _ @[ 1 mll{a_r A, O 0] Dyy
qr Ll-t 110 6 A Ad Dp
Dy
Since gy = —qp for equilibrium, only one of the forces has to be found. Here
we wilt determine g, the one that exerts tension in the member, Fig, 14-6b.
DNx
AE Dy
qr = T[—/\x "Ay Ay )1y] DF)-: (14‘23)
D,

In particular, if the computed result using this equation is negative, the member
is then in compression,

PROCEDURE FOR ANALYSIS

The foﬂowmg method prowdes a means for determmmg the unknown displacemems.
and support reacnons for a truss usmg the shﬁiaess method :
Namtmn ' '

o Estabhsh the Xy global coordmate system 'I'he orlgm is usua}ly located at the _
*. joint for which the coordmates for all the other joints are positive.

s Identify each joint and member numerically, and arbltraniy specify the near
- ‘and far ends of each member symbolically by drrectmg an arrow. along the
“member wrth the hiead directed toward the far end. :

e Specrf) the two code numbers at each joint, using the lowest rzumbers to 1dent1fy
“ unconstrained degrees of freedom, followed by the hzglzest numbers to 1deutify
the constrained degrees of freedom. . s

¢ From the problem, estabhsh Dj and Qk

Stmcmre Stgjj‘"neas Mamf\, L : :

- For each member determme Ay aud )t and the member stiffnsss mamx usmg
_-Eq14—16 L
*  Assemble thesc matnces to form the strﬁness matrix for the entire truss as

. explained in Sec. 14-5. As a partial check of the calculatlcms, the member and :

B structure snﬂ'ness matrlces should be symmetnc Cat S
D:splacements mad Laads CE RS ERE G S
o Partition the structure strﬁﬁness matnx as mdlcated by Eq 14—~18

& Determme the unknown joint . dlsplacements D, using Eq. 14-21, the support' '
: reacnons Qu usmg Eq 14—22 and each member force q F usmg Eq 14—23

*

e
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2kN

Determine the force in each member of the two-member truss shown
in Fig, 14-9a. AK is constant.

Solution

Notation. The origin of x, y and the numbering of the joints and
members are shown in Fig. 14-9b. Also, the near and far ends of each
member arc identified by arrows, and code numbers are used at each
joint, By inspection it is seen that the known external displacements
are Dy = Dy = D; = D= 0, Also, the known external loads are
¢ =0, @, = —2 kN. Hence,

0|1
D, = Qk=[_2]2

e e B o T o
oo s W

Structure Stiffness Martriv. Using the same notation as used here,
this matrix has been developed in Example 14-1.

Displacements and Loads. Writing Eq. 14-17, Q = KD, for the
truss we have

0 0405 0096 | —0333 0 0072 —0.09 |[ by
-2 009 0128 | 0 0 -0096 -0.128| D,
Qs | x| -0333 0 e300 0 0| (1)
Qs 0 0o |0 0 0 0 0
Os ~0.072 —0.096 | © 0 0072 009 0
s —0096 —0128 % © 0 0096  0128] 0

From this equation we can now identify X, and thereby determine
D,. It is seen that the matrix multiplication, like Eq. 14-19, vields

0l 0.405  0.096 Dl] [D]
[—2] = AE [0.096 0.123][1)2 *lo
Here it is easy to solve by a direct expansion,
0 = AE(0.405Dy + 0.096;)

—2 = AE(0.096D; + 0.128D,)

Physically these equations represent £F, = 0 and ZF, = 0 applied
to joint @. Solving, we get 3,

4.505 ~19.003
= D, =

D
YT AR AE
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By inspection of Fig. 14-95, one would indeed expect a rightward and
downward displacement to occur at joint @ as indicated by the
positive and negative signs of these answers. .

Using these results, the support reactions are now obtained from
Eq. (1), written in the form of Eq. 14-20 (or Eq. 14-22) as

04 ~0333 0 0
Ql_ x| 0 0 |1 [ 4.505] 0
Os —0072 —0.096 | AE|—19.003 0
Os 0096 —0.128 0

Expanding and solving for the reactions,

Qs = ~0333(4.505) = —1.5 kN

gy=0

Q5 = —0.072(4.505) — 0.096(—19.003) = 1.5 kN
Qs = —0.096(4.505) - 0.128(~19.003) = 2.0 kN

The force in each member is found from Eq. 14-23. Using the data
for A, and A, in Example 14-1, we have

Member It A, = 1, Ay=0,L=3m

4505 |1
AL G gL oom |2
nTT AE 0 |3
0o 4
1
= "3-[*4.505} = —1.5kN Ans.

Member2: A, = 06,4, =08, L =5m

4505 |1

1 2 5 6
AE 1| —19.003 |2
g=" (06 -08 06 08| |
6

0
= % [~0.6(4.505) — 0.8(—19.003)] = 25kN  Aws.

These answers can of course be verified by equilibrium, applied at
joint @,

(®)
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Fig, 14-10

Determijne the support reactions and the force in member 2 of the
truss shown in Fig. 14-10a. AE is constant.

Solution

Notarion. The joints and members are numbered and the origin of
the x, y axes is established at O, Fig. 14-10b. Also, arrows are used to
reference the near and far ends of each member. Using the code
numbers, where the lowest numbers denote the unconstrained degrees
of freedom, Fig. 14-10b, we have

01
06 0|2
D,={0]7 Q=] 213
0|8 —4 |4
015

Structure Stiffness Matrix. 'This matrix has been determined in
Example 14-2 using the same notation as in Fig. 14-105b.

Displacements and Loads. For this problem Q = KD is

F 0] 0135 0.035 0 ) 0 01 —0035 -0.035 Dy |
0 0035 0135 0 -01 0 0 —0.035 —0.035 | D,

2 0 0 0135 -0035 0035 ;-0035 -0.1 0 D
4|l 0 ~61 —0035 0135 -003s; 0035 0 0 Dy )
8 0 .0 005 -00% 013530035 0 TOL D5

s —0.1 o lgoss o035 —00357 0135 0 0 0

07 —0.035 -0035 —01 0 0 0 0135 0035 [l ©
LQSJ | -0.035 —0.035 0 0 -0.1 0 0035 0135 1} 0 ]

Multiplying so as to formulate the unknown displacement equation
14-18, we get

0 0.135
0 0.035
2| = AE| 0
—4 0

0 0

0.035

0.135

0
-0.1

0

0

0

0.135
-0.035

0.035

0
-0.1
-0,035

0.135
-0.035

]

0

0.035
—-0.035

0.135

Dy
D,
)+
Dy
L

o oo 0o
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Expanding and solving the equations for the displacements yields

D 17.94
o, 1 —69.20
D3 = “2.06
Dy AE —87.14
Ds 2206

Developing Eq. 14-20 from Eq. (1) using the calculated results, we

have
17.94
s —0.1 0 —0.035 0.035 —0.035 1 —69.20 0
Q7 1= AE| —0.035 —0.035 —01 ¢ 0 AR -206|+|0
Os -0.035 —0.035 0 0 -0.1 —~87.14 0
—22.06
Expanding and computing the support reactions yields
O = —40kN Auns.
(7 = 20 kN Ans.
s = 4.0kN Ans.

The negative sign for Qg indicates that the rocker support reaction
acts in the negative x direction. The force in member 2 is found from
Eq. 14-23, where from Example 14-2, A, = 0707, Ay = 0.707,
I = 10V2 m, Thus,

17.94
AE 1 | -69.20

_AE {0707 0707 0707 07077
LTIV 135 o
0

= 2.56 kN Ans.
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Determine the force in member 2 of the assembly in Fig. 14114 if the
support at joint @ settles downward 25 mm. Take AE = 8(10°) kN,

Solution

Notation. For convenience the origin of the global coordinates in
Fig. 14-11b is established at joint @), and as usual the lowest code
numbers are used to reference the unconstrained degrees of freedom.
Thus

) ¢

3
—0.025 |4

o |5

D=1 o |
o |7

o s

Structure Stiffness Matrix,

3
0
ki =AE| 0
0
[}

Member 2: A, = —038, Ay =

1
0.128
k; = AE | 0.09
—0.128
~0.096

Member 3: A, =

kngE

By assembling these matrices, the structure stiffness matrix becomes

1 2 3

[ 0378 009 0

0.096 0405 0

0 00

1] -0333 0

K=AE | 018 0096 0
0086 ~0072 0

025 0 0

0 o 0

Using Eq. 14-18, we have
Member I: A, =0, Ay, =1, L = 3m, so that

4
0
0.333
0

—0.333

2
0.096
0.072

—0.096
—0.072

7 8
025 C
a 0

=025 O
0 0

1 Z

L 3
0 -0333 |4
[ 1
0 03332

5
—~{.128
—(0.096

0.128
0.096

4 5

0 —-0.128
-0333 -0.0%

] 0

0.333 0

0 0.128

0 0.096

0 0

¢ 1]

3
—0.856
—0.072

0.09%
0.072

1,A, =0, L = 4m, so that

oo o oMN
N o= 00~

&
—0.096
—0.07

0
0
0.096
0.072
a
0

—0.6, L = 5m, so that

cooococ o oo

(= R S

a\l

cCoCc oo ook

)
W

00~ OB N
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Displacemgnrs and Loads. Here Q = KD yields

[ 0378 009%:0 0 -0128 —0086 025 o] D,

0 0096 ~ 0405i0 —0333 -00% -0072 0 0 D
O, 0 0 00 0 0 6 ol o
Q| _ x| O 033310 033 0 0 0 0l -0025
Os —0128 -009%i0 O 0128 0096 0 0 ©
O -0096 -0072i0 @ 009 007z 0 o @
o 025 0 0 0 0 ) 025 off o
| O | ! 0 0 0 0 0 o o] o |

Developing the solution for the displacements, Eq, 14-19, we have

0] . [0378 0.096) D, 0 0 —0128 —0096 ~025 o]
{o]"’w [0.096 0.405}[‘01]‘“‘” [0 ~0333 -00% —0072 0 0

coooo o

which yields
0 = AE[(0.378D; + 0.0960;) + 0]
0 = AE[(0.096D + 0.405D;) + 0.00833]
Solving these equations simultaneously gives
Dy = 0.00556 m
Dy = —0.021875m

Although the support reactions do not have to be calculated, if needed
they can be found from the expansion defined by Eq. 14-20. Using
Eq. 14-23 to determine the force in member 2 yields

Member 2: A, = ~08, A, = —0.6, L = 5m, AE = 8(10°) kN, so0
that

0.00556
a1 —0,021
a = mu[e.s 0.6 —08 —06] 021875
5 0
0
8(10%)
= ——5——(0.00444 - 0.0131) = ~13.9kN Ans.

Using the same procedure, show that the force in member 1 is
¢q1 = 3.34 kN and in member 3, g; = 11.1 kN. The results are shown on
the free-body diagram of joint @), Fig. 14-1 )¢, which can be checked to be
in equilibrium.

1L1kN (2

Pk
1

O kN
13.9kt 834 KN

©
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14-7 Nodal Coordinates

On occasion a truss can be supported by a roller placed on an incling, anc
when this occurs the constraint of zero deflection at the support {node’
cannot be directly defined using a single horizontal and vertical globa
coerdinate system. For example, consider the truss in Fig. 14-12a. The
condition of zero dispfacement at node @ is defined only afong the y*
axis, and because the roller can displace along the x” axis this node will
have displacement components along both global coordinate axes, x, y.For
this reason we cannot include the zero displacement condition at this node
when writing the global stiffness equation for the truss using x, y axes
without making some modifications to the matrix analysis procecure,

To solve this problem, so that it can easily be incorporated into a
computer analysis, we will use a set of nodal coordinates x", y" located
at the inclined support. These axes are oriented such that the reactions
and support displacements are along each of the coordinate axes, Fig.
14-12a. In order to determine the global stiffness equation for the truss,
it then becomes necessary to develop force and displacement
transformation matrices for each of the connecting members at this
support so that the results can be summed within the same global x, y
coordinate system. To show how this is done, consider truss member 1
in Fig. 14-12b, having a global coordinate system x, y at the near node

» and a nodal coordinate system x?, y” at the far node (F). When
displacements ID occur so that they have components along each of these
axes as shown in Fig. 14~-12¢, the displacements d in the x' direction
along the ends of the member become

dy = Dy.cos8, + Dy, cos &y
dp = Dpycos 60 -+ Dgyr cos By

(a)

Fig. 14-12
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These equations can be written in matrix form as ¥

coordi
Dy dl,nates

[dN] _ [A,, Ay 0 0] Dy,
dp 0 0 Ay Apll Dpe

D Fy coordinates
x
@ global coordinates
Likewise, forces q at the near and far ends of the member, Fig, 14-124, (b)
have components Q atong the global axes of
One = qncosty Oy, = gycosh,
Orx = qreosty Opy = qpcos Oy
which can be expressed as
QNx A.r 0
QNy — ’\y 0 |:{IN:|
Qpx- 0 Aeilgr 1 Z
Opyr 0 Ay Dy 10,

The displacement and force transformation matrices in the above by
equations are used to develop the member stiffness matrix for this Duy 2 f Dp,-J‘-r"
situation. Applying Eq. 14-15, we have ; Frr 03 By

Dy cosd, @ ) B ( «
DNX lobal
k=TT Dy cosd, cogrii:ates
A O ©
ko |% o g[ 1 wl][)\x Ay O 0}
0 An| L 11 HLO 0 A Ay
0 Ay

Performing the matrix operations yields,

AL Ay =Ahe —Adgp
2 -
k = AEL A, Ay ~Apdy Ay
L] =Ahe —MAe AL Ahye
2
_AXA)I" 7Ay1\}." )LX"A}‘" /\yn

(14-24)

This stiffness matrix is then used for each member that is connected to
an inclined roller support, and the process of assembling the matrices to
form the structure stiffness matrix follows the standard procedure. The
following example problem illustrates its application, (@
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Determine the support reactions for the truss shown in Fig, 14-13a.

Sofution

Notation. Since the roller support at @ is on an incline, we must use
nodal coordinates at this node. The joints and members are numbered
and the global x, y axes are established at node @, Fig. 14-13b. Notice
that the code numbers 3 and 4 are along the x", y" axes in order to
use the condition that Dy = 0,

Member Stiffuess Matrices. The stiffness matrices for members 1
and 2 must be developed using Eq. 14-24 since these members have
code numbers in the direction of global and nodal axes, The stiffness
matrix for member 3 is determined in the usual manner.

Member 1. Fig. 14-13c, A, = L, A, = 0, Ao = 0.707, A, = —0.707

5 6 3 4
0.25 0 —-0.17675 0.17675 1 5
0 0 t] 0 6
= AE
ki=AE 5176715 0 o025 —0125 |3
017675 0 —0.125 0.125 4
Member2, FHg 14-13d,A, = 0,A, = =1, A0 = —0,707, > = ~0.707
1 2 3 4
0 0 0 0 1
Kk, = AE 0] 03333 -0.2357 -—0.2357 |2
0 -02357 0.1667 0.1667 | 3
0 -0.2357 0.1667 0.1667 | 4
Member 3. A, = 08,4, =06
5 6 1 2
0.128 0.096 -0.128 00965
k= AE 0.096 0072 -0.096 —0.072__ 6
—0.128 —0.096 0.128 0.09 | 1
—-0.096 —-0,072 (.06 0072 (2
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Structure Stiffiess Marriv. Assembling these matrices to determine
the structure stiffness matrix, we have

Carrying out the matrix multiplication of the epper partitioned matri-
ces, the three unknown displacements D are determined from solving
the resulting simultaneous equations, i.e.,

352.5

De=—g

~ —157.5
T AE

_ 1273
* AE

The unknown reactions  are obtained from the multiplication of the
lower partitioned matrices in Eq. (1). Using the computed displacements,
we have,
O, = 0(352.5) — 0.2357(~157.5) + 0.0417 (—127.3)
= 31.8kN Ans.
Os = —0.128(352.5) — 0.096(—157.5} — 0.17675(~127.3)
= —75kN ) Ans,
O = —0.096(352.5) -~ 0.072(—157.5) + 0(-127.3)

= —22.5kN Ans.

[307] - 0128 009 0 {0 —0.128  -0.09 || D; |
0 0006 04053 02357 | —0.2357 -0.096  —0.072 || D,
O gl ~0.2357 02917 | 00417 017675 0 Dy
Oy 0 —02357 00417 | 02917 017675 O 0
Os -0.128 -0.096 —017675{ 0.17675 0378 0.09 || 0

[ Q6| | -0.096 —0072 0 b oo 0.096 0.072 |0

)
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14-8 Trusses Having Thermal Changes and Fabrication Errors

If some of the members of the truss are subjected to an increase or
decrease in length due to thermal changes or fabrication errors, then it
is necessary to use the method of superposition to obtain the solution.
This requires three steps. First, the fixed-end forces necessary to prevent
movement of the nodes as caused by temperature or fabrication are
calculated. Second, the equal but opposite forces are placed on the truss
at the nodes and the displacements of the nodes are calculated using the
matrix analysis. Finally, the actual forces in the members and the
reactions on the truss are determined by superposing these two results.
This procedure, of course, is only necessary if the truss is statically
indeterminate. If the truss is staticatly determinate, the displacements at
the nodes can be found by this method; however, the temperature
changes and fabrication errors will not affect the reactions and the
member forces since the truss is free to adjust to these changes of length.

Thermal Effects. If a truss member of length L is subjected to a
temperature increase AT, the member will undergo an increase in length
of AL = aATL, where « is the coefficient of thermal expansion. A
compressive force g, applied to the member will cause a decrease in the
member’s length of AL’ = qL/AE. If we equate these two
displacements, then gy = AEaAT. This force will hold the nodes of the
member fixed as shown in Fig. 14-14, and so we have

(gn)o = AEaAT

(‘IF)O = —AEaAT
Realize that if a temperature decrease oceurs then AT becomes nepative
and these forces reverse direction to hold the member in equilibrium.

We can transform these two forces into global coordinates using Eq. 14-10,
which yields

(QNx)O Ay 0 Ax

: (QNy)D )‘y 0 [ 1 :| A
= AEaAT = AEaAT Y| {1425
(QF:)O Az “ -1 * Ty ( )

(QFy}D 0 Ay _/\y

fabrication Errors.  If a truss member is made too long by an amount AL
before it is fitted into a truss, then the force gy needed to keep the member
at its design length Lis gy, = AFAL/L, and so for the member in Fig, 14-14,
we have

(), = AEAL \
an)o L

_ AEAL
Fig, 14-14 (gr)o = 7
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If the member is originally too short, then AL becomes negative and
these forces will reverse.
In global coordinates, these forces are

(Qt\'x)ﬁ /\x
(Onyo _ AEAL A
@0 | =L | - (14-26)
(QF}')G _’\y

Matrix Analysis. In the general case, with the truss subjected to applied
forces, temperature changes, and fabrication errors, the initial force-
displacement relationship for the truss then becomes

Q =KD + Q (14-27)
Here Qg is a column matrix for the entire truss of the initial fixed-end
forces caused by the temperature changes and fabrication errors of the
members defined in Egs. 14-25 and 14 26. We can partition this equation
in the following form

{9.@,] - {..‘.‘.J.LE..K;.%.J[.%.J N [..(95)_@.]

Qu K21 : K22 Dk (Qu)ﬂ

Carrying out the multiplication on the right side, we obtain
Q. = KuD, + Kl + (Qg)g (14-28)
Q= KDy, + Ky + (Qu)g (14-29}

According to the superposition procedure described above, the unknown
displacements D, are determined from the first equation by subtracting
K 2Dy and (Quo from both sides and then solving for D,. This yields
D, = Kl—ll(Qk — Kphy — {Qr)a)
Once these nodal displacements are obtained, the member forces are
then determined by superposition, i.e.,
q=kKTD + q,

If this equation is expanded to determine the force at the far end of the
member, we obtain

DNx
AE Dy

qr = T[_Ax_)ty Ay ‘\y] DF: - (QF)D (14"“30)
Dgy

This result is similar to Eq. 14-23, except here we have the additional
term {gg)y which represents the initial fixed-end member force due to
temperature changes and/or fabrication error as defined previously.
Realize that if the computed result from this equation is negative, the
member will be in compression.

The following two examples illustrate application of this procedure.

.
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Determine the force in members 1 and 2 of the pin-connected assembly
of Fig. 14-15 if member 2 was made 0.01 m too short before it was
fitted into place. Take AE = 8(10%) kN.

Fig. 14-15

Solution :
Since the member is short, then AL = —0.01 m, and therefore applying
Eq. 14-26 to member 2, with A, = —0.8, A, = —0.6, we have

(Q1o 0.8 0.0016 | 1
(Qa2)o | _ AB(-00D)| 06| | 00012 |2
(Qs)o 5 0.8 —0.0016 |5
{Ds)o 0.6 —0.0012 |6

The structure stiffness matrix for this assembly has been established
in Example 14-5. Applying Eq. 14-27, we have

(0378 0096 L 0 0 ~-0.128 —0.09 -025 ©|[ D] 0.0016 |
0.096 0405 | 0 -0333 —009 -0072 0O 0|l D> 0.0012
0 0 00 0 0 0 o] 0" o
0 0333 0 0 0333 0 0 0 0l 0 o}
0128 —0.096 i 0 0 0128 009 O oll o |TAE| —o0016 @
-0096 -0072 1 0 0 009 0072 0 ol o ~0:0012
025 0 6 0 0 0 025 0[]0 0
0 0 0 0 0 0 0 01l 0| 0 ]
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Partitioning the matrices as shown and carrying out the multiplication
to obtain the equations for the unknown displacements yields

[0]: AR [0-378 0096HD1J . AE{O 0 -0128 009 025 DJ

+ AE [0.0016}
0 0.096 0.405 i D, ¢ —0333 —0.096 -0.072 0 0

0.0012

[ [ e e I = B e I o]

which gives
0 = AE[0.378D; + 0.096D,] + AE[0] + AE[0.0016]
0= AE{0.096D; + 0.405D,] + AE[0] + AE[0.0012]
Solving these equations simultaneously,
D; = —0.603704 m
Dy = -0.002084 m

Although not needed, the reactions Q can be found from the
expansion of Eq, (1) following the format of Eq. 14-29.

In order to determine the force in members 1 and 2 we must apply
Eq. 14-30, in which case we have

Member 1. A, =0,A,=1,L =3m, AE = §(10%) kN, so that

0
8(10%) 0
0= g0 =10 A onazag | O
—0.002084
¢ = —5.56kN Ans.

Member 2. A, = —08, A, = ~0.6, L = 5m, AE = 8(10°) kN, so

~0.003704
8(10° —0.002 8(10%) (-0.01
qzz-(—"l[O.S 0.6 —08 -0 0.002084 | 8(10°)(~0.01)
5 0 5
0

q; = 326 kN Auns.
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Member 2 of the truss shown in Fig. 14-16 is subjected to an increase -
in temperature of-83.3°C. Determine the force developed in member
2. Take o = 11.7(107%)/°C, E = 200 GPa. Each member has a cross-
sectional area of A = 484 mm® _ .

Fig. 14-16

Solution
Since there is a temperature increase, AT = +83, 3°C Applymg Eq. 14—25
to member 2, where A, = 0.707, A, = 0.707, we have

{Ghho 0.707 0.000689325 |1
Qoo | -6 0707 | _ 0.000689325 |2
(GO = AE(HLTY(107)(83.3) —0.707 AB —0.000689325 |7
{Os) —0.707 —0.000689325 |8 -

The stiffness matrix for this truss has been developed in Example 14-2,

0035 @ 0 0 -01  —0035 -0035|[ D " 0.000689325 |1
0035 0135 0 —0.1 0 0 —0.035 0035 || Dy £.000689325 |2
0 0 0135 ~0.035 0035 [-0035 -0 0 Dy 0 3 _
0 -0l  -0035 0135 -0035 | 0035 0O 0 b, 0 4
0 0 0.035 -0035 G135 i-0035 0O —01 1 D T AR K 5 @
~0.1 [ —0.035 0035 -0.035 | 0135 O 0 0 0 g
-0.035 —0035 —0.1 0 o o 0135 0035 || 0 —0.000689325
| ~0035 0035 0 0 -0.1 0 0035  0135] 0 | -0.000689325 | 8
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Expanding to determine the equations of the unknown displacements,
and solving these equations simultaneously, yields -

D, = —0.002027 m
Dy = —0.01187 m

Dy = —0.002027 m
Dy = —0.009848 m

Ds = —0.002027 m

Using Eq. 14-30 to determine the force in member 2, we have

~0.002027
484[200] —0.01187
= ——[-0707 —0.707 0707 0.707 - 6
%@ 0 [ Iy 484(200){11.7(107%)](83.3)
0
= —27.09 kN Ans.

Note that the tcmperature increase of member 2 will not cause any
reactions on the truss since externally the truss is statically determinate.
To show this consider the matrix expansion of Eq. (1) for determining
the reactions. Using the results for the displacements, we have

Qs = AE[-01(—0.002027) + 0 — 0.035(—0.002027)
+ 0.035(—0.009848) — 0.035(—0.002027)] + AE[0] = 0

0 = AE[-0.035(—0.002027) — 0.035(—0.01187)
= 0.1(—0.002027) + 0 + 0] + AE[—0.000689325] = 0

Qs = AE[-0.035(~0.002027) ~ 0.035(-0.01187) + 0
+ 0 = 0.1(~0.002027)] + AE[—0.000689325] = 0
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14-9 Space-Truss Analysis

Fig. 14-17

The analysis of both statically determinate and indeterminate space trusses
can be performed by using the same procedure discussed previously. To
account for the three-dimensional aspects of the problem, however,
additional elements must be included in the transformation matrix T. In
this regard, consider the truss member shown in Fig. 14-17. The stiffness
matrix for the member defined in terms of the local coordinate x' is given
by Eq. 14-4. Furthermore, by inspection of Fig. 14-17, the direction cosines
between the global and local coordinates can be found using equations
analogous to Egs. 14-5 and 14-6, that is,

Xp — X
Ay =cos0, = F—L——\L
Xp— Xy
- (14-31)
Vixe — xyf + (r = )+ (26 — 23)°
Ay = COS 8, = JE ; il
Yr— IN
= (14-32)
Vixp — xx) + (r — ) + (26 — z)
A, =costl, = Ziiﬂ
= L (14-33)

Vixp — xx + (or — ww)* + (zr — 2w)°

As a result of the third dimension, the transformation matrix, Eq. 14-9,
becomes

T:[Ax Ay A, 0O 0]
0 0 0 A A, A

Substituting this and Eq. 14-4 into Eq. 14-15,k = TR’ T, yields

[ x, 0]
A, O

= | A 0 é’i[ 1 WI][/\I Ay A O 0,&0]
0 AL L-1 1llo 0 0 A A A
0 A
Lo A
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Carrying out the matrix multiplication yields the symumneiric matrix

I N, N, N, FE F, F,
[ A2 MA, AR, A AL AN
| M X ,\éz\z M A —Ag.)xz N,
k= /\;\x Ad, AD —A;AI -AA, =2 N,
I TR W W X4 Ary, A B
M A MNA AN X Mg |Fy
R N W S L 1 D 1 VD C R 4

This equation represents the member stiffness matrix expressed in global
coordinates. The code numbers along the rows and columns reference
the x, y, z directions at the near end, N,, ¥,, N, followed by those at the
far end, F,, F, F,

For computer programming, it is generally more efficient to use Eq. 14-34
than to carry out the matrix multiplication T7k’T for each member. As
stated previously, computer storage space is saved if the “structure” stiffness
matriy Kis first initiatized with all zero elements; then as the elements of each
member stiffness matrix are generated, they are placed directly into their
respective positions in K. After the structure stiffness matrix has been devel-
oped, the same procedure outlined in Sec. 14-6 can be followed to determine
the joint displacements, support reactions, and internal member forces.

The structural framework of this aircraft hangar is constructed entirely of
trusses in order to reduce significantly the weight of the structure. (Courtesy
of Bethlehem Steel Corporation)

{14-34)
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PROBLEMS
14-1, Determine the stiffness matrix K for the assembly. 14-6. Determine the stiffness matrix K for the truss. AE is
Take A = 300 mm? and E = 200 GPa for each member. constant.
14-2. Determine the horizontal and vertical displacements 14-7. Determine the force in members 1 and 5 of the truss
at joint @ of the assernbly in Prob. 14-1. in Prob. 14-6.

14-3. Determine the force in each member of the assem-
bly in Prob. 14-1.

!—-—-—1.2 m T 1&m 1

Probs, 14-1/14-2/14-3

Probs. 14-6/14-7

*1d4-4. Determine the stiffness matrix X for the truss, AE *14-8. Determine the stiffness matrix K for the truss. AE
is constant. Assume all joints are pinned. is constant.
14-5. Determine the vertical deflection of joint & and the 14-9. Determine the force in each member of the truss in
force in member 1 of the truss in Prob, 14-4, Prob. 14-8.

20 kN 20 kN

i 10m 20k

Probs. 14-4/14-5 Probs. 14-8714-9



ProBLEMS + 5g3

14-10, Determine the stiffness matrix K for the truss. Take 14-14. Determine the stiffness matrix K for the truss. Take

A = 0.0015 m? and E = 200 GPz for each member. A = 0.0015 m® and = 200 GPa for cach member,
14-11. Destermine the vertical deflection at joint @ and the 14-15. Determine the force in member 6 of the truss on
force in member 4 of the truss in Prob. 14-10. Prob.14-14,

Probs. 14-10/14-11

TEN
*14-12. Determine the stiffness matrix K for the truss Take Frobs. 14-14/14-15
A =450 mm? and £ = 200 GPa. Assume all joints are pin-
connected, :
14-13. Determing the vertical deflection of joint (T and the . . . .
force in member 2 of the truss in Prob. 14—12. t14—{16. Dretermine the reactions on the truss. A F is con-
stant.

Prabs. 14-12/14-13 Prob. 14-16



The statically indeterminate loading in bridge girders that are continuous
over their piers can be determined using the stiffness method.
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The concepts presented in the previous chapter will be extended here and applied
to the analysis of bearus. It will be shown that once the member stiffness matrix
and the transformation matrix have been developed, the procedure for
application is exactly the same as that for trusses. Special consideration will be
given to cases of differential settlement and temperature.

15-1  Preliminary Remarks

Before we show how the stiffness method applics to beams, we will first
discuss some preliminary concepts and definitions related to these members,

Member and Node Identification. In order to apply the stiffness
method to beams, we must first determine how to subdivide the beam into
its component finite elements, In general, each element must be free from
load and have a prismatic cross section. For this reason the nodes of each
element are located at a support or at points where members are connected
together, where an external force is applied, where the cross-sectional area
suddenly changes, or where the vertical or rotational displacement at a
point is to be determined. For example, consider the beam in Fig. 15-1a.
Using the same scheme as that for trusses, four nodes are specified
numerically within a circle, and the three elements are identified
numerically within a square. Also, notice that the “near” and “far” ends of
each element are identified by the arrows written alongside each element.

Fig. 15-1
(a) 565
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Global and Member Coordinates. The global coordinate system will
be identified using x, y, z axes that generally have their origin at a node and
are positioned so that the nodes at other points on the beam all have positive
coordinates, Fig. 15-1a. The local or member x', ', 2’ coordinates have
their origin at the “near” end of each element, and the positive x” axis is
directed towards the “far” end. Figure 15-1b shows these coordinates for
element 2. In both cases we have used a right-handed coordinate system, so
that if the fingers of the right hand are curled from the x (x") axis towards
the y (") axis, the thumb points in the positive direction of the z (') axis,
which is directed out of the page. Nolice that for each beam element the x
and x" axes will be collinear and the global and member coordinates will all
be parallel. Therefore, unlike the case for trusses, here we will not need to
develop transformation matrices between these coordinate systems.

Kinematic Indeterminacy. Once the elements and nodes have been
identified, and the global coordinate system has been established, the
degrees of freedom for the beam and its kinematic determinacy can be
determined. If we consider the effects of both bending and shear, then each
node on a beam can have two degrees of freedom, namely, a vertical
displacement and a rotation. As in the case of trusses, these displacements
will be identified by code numbers. The lowest code numbers will be used
to identify the unknown displacements (unconstrained degrees of
freedom), and the highest numbers are used to identify the known
displacements (constrained degrees of freedom). Recall that the reason
for choosing this method of identification has to do with the convenience
of later partitioning the structure stiffness matrix, so that the unknown
displacements can be found in the most direct manner.

To show an example of code-number labeling, consider again the
continuous beam in Fig. 15-1a. Here the beam is kinematicaily
indeterminate to the fourth degree. There are eight degrees of freedom,
for which code numbers 1 through 4 represent the unknown displacements,
and numbers 5 through 8 represent the known displacements, which in
this case are all zero. As another example, the beam in Fig. 15-2a can be
subdivided into three elements and four nodes. In particular, notice that
the internal hinge at node 3 deflects the same for both elements 2 and 3;
however, the rotation at the end of each element is different. For this
Teason three code numbers are used to show these deflections. Here there
are nine degrees of freedom, five of which are unknown, as shown in
Fig. 15-25, and four known; again they are all zero. Finally, consider the
slider mechanism used on the beam in Fig. 15-3a. Here the deflection of
the beam is shown in Fig. 15-3b, and so there are five unknown deflection
components labeled with the lowest code numbers. The beam is
kinematically indeterminate to the fifth degree. i

Development of the stiffness method for beams follows a similar
procedure as that used for trusses. First we must establish the stiffness
matrix for each element, and then these matrices are combined to form
the beam or structure stiffness matrix. Using the structure matrix
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equation, we can then proceed to determine the unknown displacements
at the nodes and from this determine the reactions on the beam and the
internal shear and moment at the nodes,

567

15-2 Beam-Member Stiffness Matrix

In this section we will develop the stiffness matrix for a beam element
or member having a constant cross-sectional area and referenced from
the local x', y', z' coordinate system, Fig. 15-4. The origin of the
coordinates is placed at the “near” end N, and the positive x’ axis extends
toward the “far” end ¥ There are two reactions at each end of the
element, consisting of shear forces gy, and gry and bending moments
g and gp,. These loadings all act in the positive coordinate directions.
In particular, the moments gy, and gp, are positive counterclockwise,
since by the right-hand rule the moment vectors are then directed along
the positive z’ axis, which is out of the page.

Linear and angular displacements associated with these loadings also
follow this same positive sign convention. We will now impose each of
these displacements separately and then determine the loadings acting
on the member caused by each displacement.

’

¥
Fay iy d
Ny IR qppdpy
T i X
avedny - (@) @&
positive sign convention Fig. 154

y’ Displacements, When a positive displacement dy, is imposed while
other possible displacements are prevented, the resulting shear forces and
bending moments that are created are shown in Fig. 15-54. Tn particular,
the moment has been developed in See. 11-2 as Fq. 11-5, Likewise, when
dry is imposed, the required shear forces and bending moments are given
in Fig. 15-5b. : Co

12E1
o Ay

(>

_ 6EI
e =5 gy

Ty =

¥ displacements

(b)

Fig. 15-5
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o $El
P

7’ Rotations. If a positive rotation dy, is imposed while all other
possible displacements are prevented, the required shear forces and
moments necessary for the deformation are shown in Fig. 15-6a. In
particular, the moment results have been developed in Sec. 11-2asEgs. 11-1
and 11-2. Likewise, when dp, is imposed, the resultant loadings are shown
in Fig. 15-6b.

By superposition, if the above results in Figs. 15-5 and 15-6 are added,
the resulting four load-displacement relations for the member can be
expressed in matrix form as

‘?Ny’.

ane ,
bt (15-1)
Gry | VT T

s . _,.:_551_: : . . d_.-.

i O Y72 SR AR SRR R Al | et

These equétions can also be written in abbreviated form as
q=kd (15-2)

The symmetric matrix k in Eq. 15-1 is referred to as the member st iffness
matrix. The 16 influence coefficients k;; that comprise it account for the
shear-force and hending-moment displacements of the member. Physically
these coefficients represent the load on the member when the member
undergoes a specified unit displacement. For example, if dy, = 1,Fig.15-5a,
while all other displacements are zero, the member will be subjected only
to the four loadings indicated in the first column of the k matrix. In a
similar manner, the other columns of the k matrix are the member loadings
for unit displacements identified by the degree-of-freedom code numbers
listed above the columns. From the development, both equilibrium and
compatibility of displacements have been satisfied. Also, it should be noted
that this matrix is the same in both the local and global coordinates since
the x’, ', z' axes are parallel to x, y z and, therefore, transformation
matrices are not needed between the coordinates,
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15-3 Beam-Structuré Stiffness Matrix

Once all the member stiffness matrices have been found, we must
assemble them into the structure stiffness matrix K. This protess depends
on first knowing the location of each element in the member stiffness
matrix. Here the rows and columns of each k matrix (Bq. 15-1) are
identified by the two code numbers at the near end of the member
(¥, Ny} followed by those at the far end (F,, Fy). Therefore, when
assembling the matrices, each element must be placed in the same location
of the K matrix. In this way, K will have an order that will be equal to
the highest code number assigned to the beam, since this represents the
total number of degrees of freedom. Also, where several members are
connected to a node, their member stiffness influence coefficients will
have the same position in the K matrix and therefore must be
algebraically added together to determine the nodal stiffness influence
coefficient for the structure. This is necessary since each coefficient
represents the nodal resistance of the siructure in a particular direction
(¥' or z') when a unit displacement (y' or z'} occurs either at the same
or at another node. For example, Ky; represents the load in the direction
and at the location of code number “2” when a unit displacement occurs
in the direction and at the location of code number “3.”
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Once the structure stiffness matrix is determined, the loads at the nodes
of the beam can be related to the displacements using the structure
stiffness equation

Q=KD

Here Q and D are column matrices that represent both the known and
unknown loads and displacements. Partitioning the stiffness matrix into
the known and unknown efements of load and displacement, we have

[QA] _ [_?S;_l___ir__!ﬁ;_g]{?&]
Qu Kzl‘i K22 Dk

which when expanded yields the two equations
Qi = Ky, + KpDy (15-3)
Q. = KaiD,, + KDy (15-4)

The unknown displacements D,, are determined from the first of these
equations. Using these values, the support reactions Q, are computed
for the second equation.
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W

L

S R

fixed-end actual loading and

element loading reactions on fixed-

on joints supported element
(b) Fig. 15-7 (e}

Intermediate Loadings. For application, it is important that the
elements of the beam be free of loading along its length. This is necessary
since the stiffness matrix for each element was developed for loadings
applied only at its ends. {See Fig. 15-4.) Oftentimes, however, beams will
support a distributed loading, and this condition will require modification
in order to perform the matrix analysis.

To handle this case, we will use the principle of superposition in a
manner similar to that used for trusses discussed in Sec. 14-8. To show its
application, consider the beam element of length L in Fig. 15-7a, which

_is subjected to the uniform distributed load w. First we will apply fixed-

end moments and reactions to the element, which will be used in the
stiffness method, Fig, 15-7b. We will refer to these loadings as a cdlumn
matrix —«qq. Then the distributed loading and its reactions q; are applied,
Fig. 15-7¢. The actual loading within the beam is determined by adding
these two results. The fixed-end reactions for other cases of loading are
given on the inside back cover. In addition to solving problems involving
lateral loadings such as this, we can also use this method to solve problems
involving temperature changes or fabrication errors.

Member Forces. The shear and moment at the ends of each beam
element can be determined using Eq. 15-2 and adding on any fixed-end
reactions qq if the element is subjected to an intermediate loadiqg.We have

If the resuls are negative, it indicates that the loading acts in the opposite
direction to that shown in Fig. 15-4.
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'PROCEDURE FOR ANALYS!S

The fo]lowmg meihod prowdes a ‘means of | determmmg g the_.-_-
displacements, Support reactions, * ‘and - ‘internal - loadings -for :the
members or finite. elements of a statxeally determmate or: statwa]ly B
mdetermmate beam . :

Natanon A S .
s Divide the beam mto ﬁmte elements and arbltranly 1denthy eaeh
element and its nodes. Use_ a number written in a circle fora node B
and a number wntten ina; square for’ a-member. Usually an
*element - extends - between -points of support “points - of .
concentrated loads and joints,orio pnmts where mtemal loadmgs :
or dxsplacements are to be. determmed L SR
o Specify the near and far ends of each element symbohca]ly by' 3
directing an arrow along the element w1th the head chrected -
“toward the fa.r end : B
‘e At each nodal pomt spec1fy numencal!y the y and z cocie numbers .
In all cases use the lowest ‘code numibers to identify “all. the
unconstrained degrees of freedom, followed by the remaining or’
highest numbers to. 1dent1fy the degrees of freedom that are
constrained. S . : : e
e From the problem, establ:sh the known dlsplacements Dk and :
known external loads Q. Include any ; reversed ﬁxed end loadmgs :
if an clement supports an mtermedaate load : e

Struciure Saﬁhess Marriv

° Apply Eq.15-1 to determine the stlffness mamx for each element ;
expressed in global coordinates. - _

o After each member stiffitess matrix is determmed and the IOWS_ )
and columns are identified with the. appropnate code numbers,
assemble the matrices to deternine the structure stiffness matrix -
K. As a partial check, the member and structure stﬂffness matnces e
should all be symmetrzc -

Displacements ami Loadq i 2 ; ;
s - Partition the structure stLEfness equatmn and carry out the matnx'_
- multiplication in order to determme the unknown dlsplacementsj
D, and support reacnons Qu R s
.® . The internal shear: and moment q at the ends of each heam :
" clement can be determmed from: Eq 15—5 accountmg for the‘._
: add1t1onal ﬁxed end 1oadmgs L L T R
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Determine the reactions at the supports of the beam shown in Fig. 15-8a.
EI i3 constant,

Fig.. 15-8

Solution

Notation. The beam has two elements and three nodes, which are
identified in Fig. 15-8b. The code numbers 1 through 6 are indicated
such that the lowest numbers 1-4 identify the unconstrained degrees

of freedom.
The known load and displacement matrices are
g1
—-5|2 015
014

— e

)

Member Stiffness Matrices. Each of the two member stiffness
matrices is determined from Eq. 15-1. Note carefully how the code

numbers for each column and row are established.

6 4 5 3 5 3 2 1
1.5 5 —15 15 15 15 -15, 15
kL=FEI| 15 2° 15 1 k,=E[[ 15 2 -5 0 1
-5 -L3 15 -15 -15 -15 1.5 -15
1.5 1 ~-15 2 15 1 —-15 2

Wt oo
b L Lh
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Displacements and Loads. 'We can now assemble these elements into
the structure stiffness matrix, For example, element Kp=0+2=2,
Kss = 1.5 + 1.5 = 3, ete. Thus,

Q=KD
1 3 4 s 6
0 2 15 1 0 L5 0 [ p
-5 -15 15 ~15 0 | -15 o ||B,
0l=8/ 1 =15 4 1§ 0 15| n
0 0 e 1 2 i-i5s 15 p,
e LSS AR IS [T
Os 0 6 15 15f-15 154l o

‘The matrices are partitioned as shown, Carrying out the multiplication
for the first four rows, we have

0=2D, — 15D, + Dy + 0
5

Er
0= Dl - I.SDZ + 4D3 + D‘;

= —15D + 15D, — 15D, + 0

0i0+0+D3+2D4

Solving,
16.67
hi=—
26.67
TS
6.67
Bs==
333
ORI
Using these results, and multiplying the last two rows, gives
16.67 26.67 3.33
= 1. —_—— - 1. —_———— + - 1. _—
Qs ISEI( =] ) ISEI( =] ) 0 15EI(EI)
= 10kN Ans.
6.67 3.33
Qe=0+0+ I.SE](— —ET“) + I.SEI('H)
= —5kN " Ans.
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Determine the internal shear and moment it member 1 of the beam
shown in Fig. 15-9a. EI is constant. R

Solution

Noration. In this case the beam has only two unknown degrées of
freedom, labeled with code numbers 1 and 2, Fig. 15-9b. Notice that
the loading M is a negative quantity. The known Joad and displacement

matrices are
013
0 11 04
Qr = [ ] by =
D) 06
17 1l o & 6 S e
L® - ®| 9 } Mo Member Stiffness Matrices. Applying Eq. 15-1 to each member, in
l L I L B accordance with the code numbers shown in Fig. 15-9b, we have
(b 5 6 4 1 4 1 3 2
26 12 6], 12 6 1 67,
Fig. 15-9 3 1T 3 gz [ r2 3 gz
6 4 6 2 [ 4 6 2
FEE T 7oL 2 oL}
MEE no_s s, P 2 s oun s,
L3 LZ L3 LZ L3 LZ L3 LZ
£ 2 6 4, £ 2 _8 4,
Lr L 2 L] L * L]

Displacements and Loads. The structure stiffness matrix is formed
by assembling the elements of the member stiffness matrices, Applying
the structure matrix equation, we have

Q = KD
t 2 3 4 5 6
1 o] 3 206 5 &£ ZirpTh
L L p? T
2 4 6 6
2 "ﬂ-’{u E E: ﬁE '"L'E 0 D2 2
3| o ——2—2 —%J‘% —% o ollols
- 6 i 1 2 s
P12 M
oo i v o el
6 : 12 12 6
5 Oy E,E 0; 0 —'E E ‘E?: 0 |S
2 6 6 4
61 O AR R g L L
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Multipiying the first two rows to determine the displacements, yields

 8ET 2EL
0= D=,
2B AET
Moo= "D+ = =D,
So that,
o JMDL
YT 4ET
_2MylL
2T qEr

As in the last example, the reactions are obtained from the
muitiplication of the remaining rows. For example, the force reaction
at the right support js

0, = - 581 ( MDL) 6EI( 2MOL) 9My
y = ~ sl 1

12 \14E71 12\ 7E1 )T G
The internal loadings at nodes 1 and 2 are determined from Eg. 15-2.
We have
q = kld
5 6 4 1
]’ ] [ 12 6 2 6 1 ]
6 4 6 2
% 2 L T1or 0 |6
= FEJ 12 6 12 6 {c)
% T T Thlf o
62 6 4 || ML 1
= |71 2 L || 1Er
6EI( MOL) 3M, 4
=— = ns.
b= \qaEr) T 7L s
2ET ( MyL ) M, A
= — = — s,
%= "7 \laEr 7 _
_ 6EI ( MOL) . 3M s
@ \aEr) T T L ans.
AEI { MpL\  2M,
B el Ans,
nE (14EI) 7 s

These results are shown in Fig. 15-9c.
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The beam in Fig. 15-10a is subjected to the two couple moments, I
the center support @ settles 1.5 mm, determine the reactions at the
supports. Take E = 200 GPa and [ = 22(107%) m*.

Fig. 15-10

Solution

Notation. The beam has two elements and three unknown degrees of
freedom. These are labeled with the lowest code numbers, Fig, 15-105.
Here the known load and displacement matzices are

471 0 4
—4 13 0 6

4

4kNm |1
1¢/
T L?LI L %
2m ! Zm
()

Member Stiffness Matrices. The member stiffness matrices are
determined using Eq. 15-1 in accordance with the code numbers and
member directions shown in Fig. 15-10h. We have,
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6 3 5. 2

T 15 15 -15 156
K =EI| 15 2 -15 1 {3
-15 -15 15 -151s
15 1 -15 2 |2
5 2 4 1
L5 15 -15 15]|s
k=EI| 15 2 ~15 1 |2
~15 15 15 -15]4
B 1.5 1 -~ -15 2 11

Displacements and Loads. Assembling the structure stifness
matrix and writing the stiffness equation for the structure, yields

1 23 4 5 6
4 2 1 0 }-15 15 0 Dy
0 1 4 1 oi-15 0 LS D,
Al=g] 01 2 L0 1S5 15| Dy
o, 15 -15 0 i 15 5 7o 0
Os Ls 0 —15{-15 3 —15|| —0.0015
O 0 15 154 0 ~15 15 0

Solving for the unknown displacements,

% = 2D, + D, + 0Dy — 1.5(0) + 1.5(~0.0015) + 0

0=1D, + 4D, + 1Dy — 1.5(0) + 0 + 0

== 0D, + 1D, + 2Dy + 0 — 15(~0.0015) + 0

Substituting ET = 200(10°%)(22)(107%), and solving,

Dy = 0.001580 rad, Dy, =0, Dy = —0,001580 rad
Using these results, the support reactions are therefore
Q4 = 200(10%)22(107%){-1.5(0.001580) — 1.5(0) + 0 + 1.5(0) — 1.5(—0.0015) + 0] = —0.525 kN Ans,
05 = 200(10%)22(10%)[1.5(0.001580) -+ 0 — 1.5(—0.001580) — 1.5(0) + 3(~0.0015) — 1.5(0)] = 1.05kN  Aws.
Qs = 200(10%)22(10%)[0 + 1.5(0) + L.5(-0.001580) + 0 — 1.5(~0.0015) + 1.5(0)] = —0.525 kKN Ans,
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Determine the moment developed at support A of the beam shown
in Fig, 15-11a. Take E = 200 GPa, I = 216(10%) mm*.

Solution

Notation, Here the beam has two unconstrained degrees of freedom,
identified by the code numbers 1 and 2.

The mairix analysis requires that the external loading be applied
at the nodes, and therefore the distributed and concentrated loads are
replaced by their equivalent fixed-end moments, which are
determined from the table on the inside back cover. (See Example
11-2.) Note that no external foads are placed at @ since the reactions
at code numbers 3 and 4 are to be unknowns in the load matrix, Using
superposition, the results of the matrix analysis for the loading in Fig.
15-114 will later be modified by the loads shown in Fig, 15-11c. From
Fig. 15-11b, the known displacement and load matrices are

014
Bp=|0]5 ka[g]l
06 g

Member Stiffness Matrices. Fach of the two member stiffness matrices
is determined from Eq. 15-1.

Member 1:
12¢200)(216
125;1 = ¢ 3( ) = 2400
L &
6EI  6(200)(216)
4ET 4(200)(216
€] —_— = w = 28 800
96 kN-m — 12kN'm = 84kN'm  12kN'm L 6
beam to be analyzed by stiffness method 2ET 2(200)(216)
(b) — = L= 14 400
L 6
4 3 5 2
. 2400 7200 —2400 7200 14
BEN pwm D e k= | 7200 28800 720 16400 |3
- —2400 =7200 2400 ~-7200 |5
e = =R ~ 7200 14 400 ~~TF200 28860 |2
X E AN
9 im \% Member 2:
12kN-m
beam subjected to actual load and . 12E7 = 12(200)(216) = 64 800 ¥,
fixed-supported reactions F& 2}
@
Fip. 1511 @ = W = 64 800

Iz 22
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k2=

4E _ 4(200)(216)

. 2 = 86 400
2ET 2(200)(216)
S s AT 4320
T 5 3200
5 2 6 1
64 800 64 800 —64 BOO 64800 |5
64 800 86 400 —04 800 43200 2
—-64 800 -64800 64800 —-64800 g
64 800 43 200 —64 800 86400 |1

Displacenients and Loads. We require

s

Q=KD
1 z 3 4 5 &
86 400 43200 ¢ 0 0 64800 —64 800
437200 115200 | 14400 7200 57600 —64 800
0 14400 | 28800 7200 ZF300 0
¢ 7200 | 7200 2400 —2400 64 800
64 80O 57 600 -T200  ~2400 67200 —64 800

64800 —64 800

Solving in the usual manner,
12 = 86 400D,

84 = 43 200D, + 115 200D,

Thus,

Q3. ThHS,

Fig. 15-11b. The result requires expanding
q1 = kyd + (go)s

Dy
D,

il

0

0 -64800 64 800

+ 43 200D,

—0.2778(107y m
0.8333(107%) m

03 = 0 + 14 400(0.8333)(10*) m = 12 kN'm

‘The actual moment at 4 must include the fixed-supported reaction of
+96 kN-m shown in Fig. 15-11c, along with the calculated result for

2400
T00
—2400
7200

Myg = 12 kN-m + 96 kN-m = 108 kN-mf Ans,

This result compares with that determined in Example 11-2.
Although not required here, we can determine the internal moment
and shear at B by considering, for example, member 1, node 2,

7200
28 800
—~7200
14 460

5
—2400
—7200
67200
57 600

2
7200
14 400
57 600
115260

0 6
0 -3 %
o @0+ .
0.833 -9
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Determine the deflection at @ and the reactions on the beam shown
in Fig. 15-124. EI is constant.

Fig, 15-12

Solution

Notation. The beam is divided into two elements and the nodes and
members are identified along with the directions from the near to far
ends, Fig. 15-12b. The unknown deflections are shown in Fig. 15-12¢.
In particular, notice that a rotational displacement Dy does not occur
because of the roller constraint.

)

Member Stiffuess Matrices. Since EI is constant and the members
are of equal length, the member stiffness matrices are identical. Using
the cade numbers to identify each column and row in accordance with
Eq. 15-1 and Fig. 15-12b, we have

3 4 1 2

. m 15 15 -15 15]3
G- 152 -15 1 |4
-15 -15 15 —15(1
| 15 1 15 2 |2
1 2 5 6
15 15 -i5 151 .
kg 152 -15 2 5
-15 -15 15 -15]5
15 1 15 16
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Displacements and Loads. Assembling the member stiffness
matrices into the structure stiffness matrix, and applying the structure
stiffness matrix equation, we have

Q=KD
1 2 3 4 5 6
-P 3 0 -15§ -15 -15 1.5 || Dy
0 0 4 1.5 1 -1.5 D,
oy El —1.5 1.5 1.5 1.5 0 0 Dy
.| -1.5 1 15} 2 0 0 0
0s -15 -15 0§ 0 15 -151f 0
Qs 15 1 0o -15 2 1o
Solving for the displacemeats yields
P
—E_I = 3D1 + DD2 - 1.5D3

0=0D, + 4D, + 1.5D,
0=—15D + 1.5D, + 15D,

_ L667P
EI

) =

_F
EI

_ 2.667P
EI

D,

)y =

Ans.

Note that the signs of the results match the directions of the deflections
shown in Fig. 15-12¢. Using these results, the reactions therefore are

1.667F F 2.667P
Q= ml.SEI(* boT; ) + LEI(E) + 1.5EI(—- )

El
= --(.5P Ans,
1.667P P 2.667FP

Qs = 71.5EI( 57 ) - 1.5EI(EI> + G(* EI )

=P " Ans,

1.667P P 2.667P

O = 1.5EI( 7l ) + IEI(EI> + 0( I )

= —15P

Ans,
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PROBLEMS
15-1. Determine the moments at the supports @ and @, *15-4.  Determine the reactions at the supports. £7 is
EI is constant. Assume joint @ is a roller. constant.

25 kN 15 KN/m
} SUIIE
ST R
faaes — R
I 3m } 4m
Prob, 154
Prob. 15-1
15-2. Determine the internal moment in the beam at @ 15-5. Determine the internal moment in the beam at @
and @. Assume @ and @ are rollers. T is constant. and @. EI is constant. Assume @ and @ are rollers.
10 kN/m
5 30 kN 4 5 )

4

ooIe

jm
s
N

—2.5m 25m-—b—2.5m — ém I "
Prob. 15-2 Prob, 15-5
15-3. Determine the moments at the supports. Assume 15-6. Determine the reactions at the supports. Assume
® is a rotfer. EI is constant. @ is pinned and @ and & are rollers. 1 is constant.
4 5 6
| 3 60 kN/m 7

Prob, 15-3 Prob. 15-6
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15-7. Determine the reactions at the supports. E7 is 15-11. Determine the reactions at the supports. There is
constant. ’ a stider at @. £7 is constant.

Prob. 15-11
Prob, 15-7

*15-8. Determine the moments at @ and @. Assnme

@ is a roller and @ and B are fixed, £7 is constant, "15-12. Determine the reactions at the supports 0, @,

and @. Assume @ is pinned @ and @ are rollers. ET is

15-9. Determine the moments at D and @ if the support constant.

@ settles 30 mm. Assume @ is a rolter and D and @ are
fixed. ET=S5000 kN-m?

20 kN/m

! 2m ! 12m F—8m—

Probs, 15-8/15-9 Prob. 15-12
15-10. Dyetermine the moments at @ and @, ET is 15-13, Determine the reactions at the supports @, @),
constant. Assunie @, @, and @ are roliers and @ is pinned. and @, Assume @ is pinned, @ and @ are rollers. ET is
constant.
30 kiNlm

4 kN/m X

Prob. 15-10 Prob. 15-13



The members of this concrete building are all fixed connected, so the
statically indeterminate analysis of the framework can be done using the
stiffness method.



Plane Frame Analysis Using
the Stiffness Method

The concepts presented in the previous chapters on trusses and beams will be
extended in this chapter and applied to the analysis of frames. It will be shown
that the procedure for the solution is similar to that for beams, but will require
the use of transformation matrices since frame members are oriented in
different directions. ;

16-1 Frame-Member Stiffness Matrix

In this section we will develop the stiffness malrix for a prismatic irame
member referenced from the local x', ¥, z’ coordinate system, Fig. 16-1.
Here the member is subjected to axial loads gy, ., shear loads gy,
gry, and bending moments gy, gry at its near and far ends, respectively.
These loadings all act in the positive coordinate directions along with
their associated displacements. As in the case of beams, the moments
qyy and gr, are positive counterclockwise, since by the right-hand rule
the moment vectors are then directed along the positive z’ axis, which
is out of the page.

We have considered each of the load-displacement relationships caused
by these loadings in the previous chapters. The axial load was discussed
in reference to Fig, 14-2, the shear load in reference to Fig, 15-5, and the

585
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Y

qny d!\'}’\ 7

G driy e e

positive sign convention

Fig. 16-1

bending moment in reference to Fig. 15-6. By superposition, if these
results are added, the resulting six load-displacement relations for the
member can be expressed in matrix form as

N, Ny Ny F, Fy, F,
o]
are
: qu | éff
)| 1 _d?_{
{16—1)
or in abbreviated form as
q=k'd (162}

The member stiffness matrix k' consists of thirty-six influence
coefficients that physically represent the load on the member when the
member undergoes a specified unit displacement. Specifically, each
column in the matrix represents the member loadings for umit
displacements identified by the degree-of-freedom coding listed above
the columns. From the assembly, both equilibrium and compatibility of
displacements have been satisfied.
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16-2 Displacement and Force Transformation Matrices

As in the case for trusses, we must be able to transform the internal
member loads q and deformations d from local x’, y', 7’ coordinates to
global x, y, z coordinates. For this reason transformation matrices are
needed,

Displacement Transformation Matrix. Consider the frame member

shown in Fig, 16-2a. Here it is seen that a global coordinate displacement

Dy creates focal coordinate displacements o
dNI' = DNI CcOos 91 dNy’ = *Dj\,'x cos 9}.

Likewise, 2 global coordinate displacement Dy, Fig. 16-2b, creates local
coordinate displacements of

dyy = —Dy, cos @

dye = Dy, cosd, dyy = Dy, cos 8, ¥ dye= Dy, cos 8,
Finally, since the z' and z axes are coincident, that is, directed out of the {a)
page, a rotation Dy, about z causes a corresponding rotation o Nz about
z'. Thus,
sz' = DN:

In a similar manner, if global displacements Dy, in the x direction, Dy,
in the y direction, and a rotation Dy, are imposed on the far end of the
member, the resulting transformation equations are, respectively,

dpy = Dp cos 8, dpy = —Dg, cos 8,
dpx = Dpycosf, dry = Dpycos 8,
sz' = Dg, dye = Dy cos 8,
Letting A, = cos 6, A, = cos 0, represent the direction cosines of the (b
member, we can write the superposition of displacements in matrix form Fie. 16.2
ig.
as
o]
dyy
dny
Iz, (16-3)
Are
) 'df':'}”- i
L ey
or
d=TD (16-4)

By inspection, T transforms the six global x, y, z displacements D into
the six local x*, y', z’ displacements d. Hence T is referred to as the
displacement transformation mairix.
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Force Transformation Matrix. If we now apply each component of
load to the near end of the member, we can determine how to transform
the Ioad components from local to global coordinates. Applying gw.,
Fig. 16-3a, it can be seen that

¥ — —
y s Ony = guecosty  Ony = gyycoséy

If qu, is applied, Fig. 16-3b, then its components are

QNx = —qny COS 8y Q.Ny = gny €05 Bx

o Finally, since gy, is collinear with Qp,, we have

QNz = gny

In a similar manner, end loads of ggy, gry, grp Will yield the following
respective components:

Qrx = Gry €08 8, Ory = gpx cOs 6y
Op, = —gFy COS Gy QFy = gry €03 b,
QFz = qrr

These equations, assembled in matrix form with A, = cos 8, A, = cos 4,

yield
¥ x _' - — B . " ; R,
e O A=A, 000 10 0]fane]
Y Owy A, A 00 D 0 Gy
QNz. g -0 1.0 . S U ¢ Inz |-
1= T U . 16-5
N g x 0 Ay oA O
Crx = —dny oSy Q,Jy — ng B ; . g g Oy Ox i ZE};
L &£Fz | L ] ; R e Fz’__'
(b)
Fig. 16-3
or
AN
Q="T7q {16-6)

Here, as stated, T? transforms the six member loads expressed in local
coordinates into the six loadings expressed in global coordinates.
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16-3 Frame-Member Global Stiffness Matrix
The results of the previous section will now be combined in order to
determine the stiffness matrix for a member that relates the global
loadings Q to the global displacements D. To do this, substitute Eq. 16-4
(4 = TD) into Eq. 16-2 (q = k'd). We have
q = k'TD (16-7)
Here the member forces g are related to the global displacements D.
Substituting this result into Eq. 16-6 (Q = TTq) yields the final resuit,
Q = TT'TD (16-8)
or
Q=kD
where
k=TK'T (16-9)
Here k represents the global stiffness matrix for the member. We can
obtain its value in generalized form using Eqgs. 16-5,16-1, and 16-3 and
performing the matrix operations, This yields the final result,
N, N, N, F, F, F,
AE_, 12EI ) ' fAE 12EI\. " 6Bl - [AE , 12EI AE  12E1 ' 8EI |
TEETEN AL T M mEy SN T e M ||
[AE  12EI fAE_, 12EI Y ~6EI_ - [AE 12EI AE , 12EI ) 6EI
(E-2w (D5 B (F-Fha (D) Blls
- BET . GEI 4E7 6EI 6ET - o 2ET
AN I I Y T DA R
k= e ) . .
AE , 12ET AE  12EI 6EI [AE , 12EI ) AE  12E] 6ET
AT T ey G Ty T T e | s
AE  12EI AE , 12EI 6ET AE  12ET AE ,  12E] 6EI
BV T VA S ey v R Wt L W R e M
6EI 6EI 281 6EI 6ET 4EI
i Ty T T Y Tt T |5
(16-10)

Note that this 6 X 6 matrix is symmerric. Furthermore, the location of
each element is associated with the coding at the near end, NV, Ny, Ny,
followed by that of the far end, F,, F,, F,, which is listed at the top of
the columns and along the rows. Like the k' matrix, each column of the
k matrix represenis the coordinate loads on the member at the nodes
that are necessary to resist a unit displacement in the direction defined
by the coding of the column. For example, the first column of k represents
the global coordinate loadings at the near and far ends caused by a unit
displacerment at the near end in the x direction, that is, N,.
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16-4 Application of the Stiffness Method for Frame Analysis

Once the member stiffness matrices are established, they may be assembled
into the structure stiffness matrix in the usual maoner. By writing the
structure matrix equation, the displacements at the unconstrained nodes
can be determined, followed by the reactions and internal loadings at the
nodes. Lateral loads acting on a member, fabrication errors, temperature
changes, inclined supports, and internal supports are handled in the same
manner as was outlined for trusses and beams.

PROCEDURE FOR ANALYSIS

The following method provides a means cf fmdmg the dlsplacements, .
. support reactions, and internal loadings for members of statleally
determinate and mdetermmate frames _' : o

. Nofanou

e

‘Divide the struicture into ﬁmte elements and arbltranly 1dent1fy each' '
: eIement and its ficdes. Elenients usually extend between points of
stipport, points of coricertrated loads, corners or joints, or to pomts 3

where initernal Toadings or displacements are to be determined,”

_ Establish the 1, 3, z, global coordinate systeni, usually for convenience

.- with the origin located at a nodal point on one of the elements and
' _'the axes Iocated such that all the nodes have positive coordinates.

‘At each nodal pomt of the frame, spemfy numerically the ‘three
::X, ¥, z coding components. In all cases use the lowest code numbers

o 1dentxfy all the unconstrained degrees of freedom, followed by
- the remaining or highest code mtmbers to 1dent1fy the constramed

degrees of ﬁ'eedom

From the problem establish t the known dlspIacements Dk and'
known external loads Q. When establishing Q. be sure to include

" any ‘reversed - fixed-end loadmgs i an . element supports an

. ._mtermedmte {oad.

Structure St:fﬁress Matrix

o

Apply Eq. 16-10to détermine the shffuess matnx for each element '
expresséd in global coordinates. In particular, the direction cosines

Ay and A, are determined from the x, y Coordmates of the ends of

*the element Eqs 14~5 and 14°6.

%

After each member stiffness matnx is wntten a]:id the 5ix rows_

“and columns are identified with the near and far codé, numbers, -

" merge the matrices to forin the structure stiffness matrix K. As a ©

partial check, the element and structure stiffness matﬂces should ._

-all be symmemc
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Displacements and Loads L e
° Partition the stiffness matrix as indicated by Eq. 14-18, Expénsién :
then leads to o ' Lo AR
Qr = Kb, + KpuDye.
Q, =Kyb, + KQZD}'C

The unknown displacements D, are determined from the first of
these equations. Using these values, the support reactions Q, are
computed from the second equation. Finally, the internal loadings q
at the ends of the members can be computed from Eq. 16-7, namely

g =k'TD
If the results of any of the unknowns are calculated as negative
quantities, it indicates they act in the negative coordinate directions,

Determine the loadings at the joints of the two-member frame
shown in Fig. 16-4a. Take I = 180(10%) mm*, A = 6000 mm? and
E = 200 GPa for both members.

Solution

Notation. By inspection, the frame has two elements and three nodes,
which are identified as shown in Fig. 16-4b. The origin of the globat
coordinate system is located at . The code numbers at the nodes are
specified with the unconstrained degrees of freedom numbered first.
From the constraints at @ and &, and the applied loading, we have

20

Dk= Qk:

R=Re s IR I v
oo O
R R S

oo OO

0fs

Struciture Stiffuess Marrixv, The following terms are common to
both element stiffness matrices:

AE 6(1073)(200)(10%)

= . = 200(10%) kN /m
12;3-:1 _ 12(200)(1023(180)(10_6) - 2 kN/m
SEI _ 6(200)10°9(180)(10°%) _ kKN/m

2 62
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4ET _ 4(200)(10%)(180) (1675

= 24(10°) kN/m

L 6
2E1 _ 2(200)(10%(180)(10~%) 1206 KN/m
L 6
Member 1:

4 6 5 1 2 3
200 0 0 ~200 0 0|4
0 2 6 0 -2 6|6
k=) | O 6 24 0 -6 2|5
00 o 0 200 0 0|1
6 2 -6 0 2 -6 |2
0 6 12 0 -6 2% |3

The rows and columns of this 6 X 6 maltrix are identified by the three
x,y, z code numbers, first at the near end and followed by the far end,
that is, 4, 6, 5, 1, 2, 3, respectively, Fig. 16-4b. This is done for later

@ assembly of the elements.
]
Member 2:
66 —6—0
A= —= 0 A, = e -1
Substituting the data into Eq. 16-10 yields
t 2 3 7 8 9
2 0 6 -2 0 6't1
0 200 0 0 —200 0|2
-2 0 —8 2 o -6 |7
0 —200 0 0 200 018
6 0 12 —6 0 24 ]9

- %
As usual, column and row identification is referenced by the three
code numbers in x, y, z sequence for the near and far ends, respectively,
that is, 1, 2, 3, then 7, §, 9, Fig. 16-4b.
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The structure stiffness matrix is determined by assembling k; and
k;. The resuit, shown partitioned, as Q = KT, is

1 2

[C207] [ 2m 0
0 [ 202

0 6 -6

0 200 ]
A 1) 0 -4
7 a -2
0, -2 il
e 0 —200

L 2| L. 6 0

Displacements and Loads.
yietds

20 202 0
0 0 202
0) = (10% 6 —6
0 =200 0
0 0 —6

Solving, we obtain

Expanding to determine the displacements

6  —200 0 1oy 0
-6 0 6 || Dy 0
48 0 12 Dyl + | O
0 200 0 || Ds 0
12 0 24 || s 0
12 175110y m
D, | |-3747(10 % m
D | = |-2.505(10"%) rad
Dy 17.51(1073) m
Ds 1.243(10"%) rad

Using these results, the support reactions are determined from Eqg.

(1) as follows:

1 2
Os 0 -2
07 2 0
Qs (10) 0 —200
Qs 6 ]

1751167 m 0
=3747(10°% m | |9
—2.505(107% rad 0

175110 % m 0

1.243(107%) rad

|

=8
(=R IR
o DO Oy th

3 4 5 6 7 &
& ~200 0 ] -2 o
-6 0 -6 —2 a ~200
43 0 12 & -6 ¢
0 200 0 ¢ 0 &
12 b} 24 : 6 0 a
3 0 3 2 Q Q
-6 4 0 ) 2 9
o ¢ 0 Q [ 200
12 1 4] 0 -4 0

& |[m]
o D,
12 Dy
[H Dy
0 bl
a 9
-0 i)
1} aQ
24 | _U_
—7.50 kN
—20 kN
750kN | AP
75 kN-m
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The internal loadings at node @ can be determined by applying
Eg. 16-7 to member 1. Here ki is defined by Eq. 16-1 and T by

Eq. 16-3. Thus,
4 6 5 1 2 3
200 D 0 —200 ¢ ) 106000 175103073 [ 4
0 2 6 0 -2 6 0160000 0 6
1} 1 24 [ —6 i2 001900 1.243(187% {5
=k ETD = (107

W =EELD =) oy, 0 0 200 0 0 o001 a0l sy |1
0 -2 -6 0 2 —6 0000 1 a||-37470107% (2
i} 6 12 0 _6 24 0000 6 1]]-2505107 |3

Note the appropriate arrangement of the elements in the matrices as
indicated by the code numbers alongside the columns and rows.
Solving yields

g 0

113 —=7.50 kN

b= 0 Ans.
q 0

@ 7.50 kN

a3 —45 kN-m

The above results are shown in FHg. 16-4¢. The directions of these vectors
are in accordance with the positive directions defined in Fig. 16-1.
Furthermore, the origin of the local &', y', z’ axes is at the near end of
the member. In a similar manner, the free-body diagram of member 2
is shown in Fig. 16-4d.

750 kN

¥
I 750 kN
x 20 kN -b—
LA 75 kN-m
l 45 kN-m 750 kN

7.50 kN

) Fig. 164 (&)
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Determine the loadings at the ends of each member of the frame
shown in Figl 16-5a. Take I = 225(10% mm*, A = 7500 mm? and
E = 200 GPa for each member.

Solution

Notation. To perform a matrix analysis, the distribuied loading
acting on the horizontal member will be repiaced by equivalent end
moments and shears computed from statics and the table listed on the
inside back cover. Then using superposition, the results obtained for
the frame in Fig. 16-5b will be modified for this member by the loads
shown in Fig. 16-5c¢.

As shown in Fig. 16-5b, the nodes and members are numbered and
the origin of the global coordinate system is placed at node @, As
usual, the code numbers are specified with numbers assigned first to
the unconstrained degrees of freedom. Thus,

04
g 2 olt (=)
Di=14l7 Q=|-15012 Fig, 16-5
150 |3
6|8
0|9

Structure Stiffness Matrix
Member I
AE  7500(10”5)(200)(105)
L 7.5

= 200(10%) kN/m

12E7 _ 12(200)(10%)(225)(10°%) _ 1280 ¥N/im @ -

? (7.5
(b)
_62. — @(@ = 4200 kN
L? (7.5)
AET  4(200)(225) -
L T 75 =200)kNm 150N T T 150 kN

(1

2EI _ 2(200)(225)

= . m -
L 7.5 12(103) kN'm %(50)(5 2 — 150 kN'm 150 kN'm
6—0 45 -0
A, = —— =038 A, = ={, {c)
TR bS5 08
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Applying Eq. 16-10, we have

4 6 5 1 2 3
12846 9530 —288 —12846 9539 —2.88
6530 7282 384 —9Y539 7282  3.84
K = (109 -2.88 3.84 24 288  —3.84 12
! —178.46 —9530  2.88 12846 9539  2.88
9530 —7284 —3.84 9539 7282 384
—-2.88 3,84 12 288  —3.84 24
Member 2:

AE _ 7500010~ 6)(200)(10%) < 250(10%) KN/m

L &
12E1  12(200)(225)
= == 2500 kN
LB (6)3 b /m
6EI _ 6(200)(225) _ o0 i

I (6)2

AEI  4(200)(225
7T j%l = 30(10%) kN'm

2ET  2(200)(225

L &
12— 6 45— 45
=1 Ay = —————1= 0
& ¥ 6
Thus, Eq. 16-10 becomes
1 2 3 7 8 9
250 2.5 0 ~250 0 011
0 7.5 7.5 0 —2.5 75 |2
Loamy| 0 0 0 -75 153
~250 0 0 250 0 0|7
0 -25 -75 0 25 -75Y8
¢ 1.5 15 0 =175 30 |9

W o= o O R




Secmion 164 Application of the Stiffness Method for Frame Analysis

597

The structure stiffness matrix, included in @ = KD, becomes

1 2 3 4 5 6 7 3 5
|' 0] [ 37246 9539 a8 i -1sas o5 288 230 0 0 _P)f
~150 5539 7532 366§ -3 -8 -3 0 —25 75 || b,
—150 285 365 54 P2 384 12 0 15 15 |l b,
o, [T YT RS £ B —288 1 1846 esx Tams o o T R I
Qs | =0 -3 ~7252 33 ey 728 384 0 0 ] o ({1}
05 252 ~351 12 R 384 24 0 0 0 ||
o ~250 0 o Y o 0 250 0 o l|io
0, 0 -25 75 0 0 0 0 25 -15 i o
L o | Lo 75 15 0 0 0 o -5 1 |lo |

Displacemenss and Loads. Expanding to determine the
displacements, and solving, we have

0 37846 9539 288 || Dy 0
—150 |= (16" 9539 7532 366 || D, [+ [0
—150 2.88 3.66 54 D, 0

D, 0.716 mm
D, t = | —-276 mm
D, —~0.00261 rad

Using these results, the support reactions are determined from Eq.
{1} as follows:

[0 ~12846 —9539 -2.88 0 178.8 kN
0Os —95.39  —72.82 3.84 0716 0 122.7 kN
Qs| | 28 384 7] _2‘7 ¢ L9 L1 187 kNm
g, | —250 ] 0 . 0| 1 —179.0 kN
O 0 25 g5 (7000261007 26.5 kKN

Qs 0 7.5 15 0 ~59.9 kN-m
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2]
gs
95
q
441
I3

100 kN'm

4 §

200 0
0 128

0 4.8
~200 0
0 -L28

0 48

o i

9.15 kN‘\>{217 =N

50 kN'm

The internal loadings can be determined from Eq. 16-7 applied to
members 1 and 2. In the case of member 1, ¢ = kiT;D, where ki is
determined from Eg. 16-1, and Ty from Eq. 16-3. Thus,

66 ] 2 Ky
o 200 ¢ plfosg 06 0 0 0 0 0 4
4.8 0 -128 48 [|-06 08 0 ¢ 0 @ ] 5
24 0 —4.8 12 0 0 1 0 o0 0 0 6
o 200 0 0 6 0 0 08 06 O 0716 |1
~4.8 0 1.28 -4.8 0 6.0 -06 08 0f —-276 |[2
12 ] —48 24 0 ¢c 0 0 0 1 -261 |3

Here the code numbers indicate the rows and columns for the near
and far ends of the member, respectively, that is, 4, 5, 6, then 1, 2, 3,
Fig. 16-5b. Thus,

(g [ 2t66kN ]
gs —9.15 kN
g | _ | ~187 kN'm A,
a 216.6 kN
7 9.15 kN
| g3 | [ —50.0kN-m |

These results are shown in Fig. 16-54.

A similar analysis is performed for member 2. The results are shown
at the left in Fig. 16-5e. For this member we must superimpose the
loadings of Fig. 16-6¢, so that the final results for member 2 are shown
to the right. :

_ S0kN/m 50 kN/m

(A
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PROBLEMS

16-1. Determine the sructure stiffness matrix K for the
frame. Assume @ and @ are pins. Take £ = 200 GPa,

1= 243(10% mm®, A& = 6000 mm? for each member,

9 2
4KN/m

s t
S ETIERENY. 9

Prob. 16-1

16-2. Determine the internal Ioadings at the ends of each
member. Assume @ and @ are pins. Take E = 200 GPa,

I = 243(10%) mm", A = 6000 mm? for each member.

Prob. 16-2

16-3. Determine the structure stiffness matrix K for
the frame. Take E = 200 GPa, I = 250{10%) mm®,
A = 12(10°) mm? for each member.

T
30 kN
3
20 kN4-® Z
—_—
6m

Sm
Prob. 16-3

"16~4. Determine the components of displacement at @,
Take E = 200 GPa, I = 250010°% mm¥, 4 = 12(10%) mm?
for each member. ’
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16-5. Determine the structure stiffness matrix K, for
each member of the frame. Take E = 200 GPa,
I = 420(10%) mm®, A = 23(10%) mm” for each member.
Joint @ is fixed connected.

16-6. Determine the support reactions at @ and @ in
Prob. 16-5.

2 30 kN/m 7

Probs. 16-5/16-6

16-7. Determine the structire  stiffress matrix K for the
frame, Take E = 200 GPa, I = 250{10% mm*, A = 12(10%) mm?
for each member. The joints at &) and @ are fixed connected.
*16-8. Determine the components of displacement at
joint @ in Prob. 16-7.

346m

Probs, 16-7/16-8

169, Determine the structure stiffness matrix K for
the frame. Take E = 200 GPa, I = 240(10%) mm®,
A = 6000 mm? for each member, Assume joints @ and
@ are pinned; joint @ is fixed.
16-10. Determine the rotation at @ and @ and the
support reactions in Prob. 16-9.

20 kN

Probs. 16-9/16-1¢

16-11. Determine the structure stiffness matrix K for
each member of the frame. Take E = 200 GPa,
= 280(10% mm®, A = 9000 mm? for each member. Joints
@ and @ are fixed connected.

*16-12. Deterniine the reactions at the supports @ and
@ in Prob. 16-11.

e

4m

Probs, 16-11/16-12



16-13, Determine the structure stiffness matrix K for
each member of the frame. Take E = 200 GPa,
I = 180¢10% mm*, A = 4500 mm? for each member. All
joints are fixed connected. :

Prob. 16-13

16-14. Determine the horizontal displacement of joint
@, Also compute the support reactions. Take E = 200 GPa,
I =180(10%) mm*, A = 4500 mm?® for each member. All
joints are fixed connected.

F 2m

Probs. 16-14

PROBLEMS « §01

16-15, Determine the structure stiffness matrix K for
the two-member frame. Take E = 200 GPa, [ =
350(10%) mm®, A = 20(10*) mm” for each member. Joints
@ and @ are pinned and joint @ is fixed,

20N

Prob. 16-15

*16-16. Determine the support reactions at @ and @
in Prob. 16-15.

20 kN

L3 m——r—2 m—rr—2 m—-

Prob, 16-16
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Basic Definitions and Types of Matrices

With the accessibility of microcomputers, appHcation of matrix algebra
for the analysis of structures has become widespread. Matrix algebra
provides an appropriate tool for this analysis, since it is relatively easy
to formulate the solution in a concise form and then perform the actual
matrix manipulations using & computer. For this reason it is important
that the structural engineer be familiar with the fundamental operations
of this type of mathematics.

Matrix. A matrix is a rectangular arrangement of numbers having m
rows and 71 columns. The numbers, which are called elerents, are assembled
within brackets. For example, the A matrix is written as:

du iz o iy

a a o
A |t 2 2n

1 G2 n On

Such a matrix is said to have an order of m X n (m by n). Notice that
the first subscript for an element denotes its row position and the second
subscript denotes its column position. In general, then, aj; is the element
located in the ith row and jth column.
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Row Matrix. If the matrix consists only of elements in a single row, it
is called a row matrix. For example, a 1 X n row matrix is written as

A= [al a3 an]

Here only a single subscript is used to denote an element, since the row
subscript js always understood to be equal to 1, that is, ) = ayy, a; = ayy,
and so on.

Column Matrix. A matrix with clements stacked in a single column is
called a column matrix, The m X 1 column matrix is

gl

A=|®

al’ﬂ

Here the subscript notation symbolizes a; = @y, a3 = @y, and so on.

Square Matrix. When the number of rows in a matrix equals the
number of columns, the matrix is referred to as a square matrix. Ann X n
square matrix would be

an dp Ap
A= | 2 Q2
[ e Opn

Diagonal Matrix. When all the elemenis of a square matrix are zero
except along the main diagonal, running down from left to right, the matrix
is called a diagonal matrix. For example,

603
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Unit or Identity Matrix. The unit or identity matrix is a diagonal matrix
with all the diagonal elements equal to unity. For example,

1 0
I=|0 0
0 1

o O

symmetric Matrix. A square matrix is symmetric provided a; = aj,.
For example,

3 5 2
A=[5 -1 4
2 4 8

A-2 Matrix Operations

Equality of Matrices. Matrices A and B are said to be equal if they are
of the same order and each of their corresponding elements are equal,
that is, a; = by For example, if

S I R

Addition and Subtraction of Matrices. Two matrices can be added
together or subtracted from one another if they are of the same order.
The result is obtained by adding or subtracting the corresponding
elements. For example, if

ol ) e

1 15 1 -1
A+B= - B=
B [3 3] A [ 1 “5J

then A = B,

then

Muitiplication by a Scalar. When a matrix is multiplied by a scalar,
each element of the matrix is multiplied by the scalar. For example, if

4 1
A= -
k _2] k=6
then

24 —6
kA_[—fiﬁ 12]



Matrix Multiplication. Two matrices A and B can be multiplied
together only if they are conformable. This condition is satisfied if the
number of colunns in A equals the number of rows in B. For example, if

an  ap by b bn '
A= [ } B = [ Al
a1  axn by byn by ( )

then AB can be determined since A has two columns and B has two
rows. Natice, however, that BA is not possible. Why?

If matrix A having an order of (m X nr) is multiplied by matrix B
baving an order of (n X g) it will yield a matrix C having an order of
{m X q), that is, 7

A B = C
(m % m)(n X g) {m X q)

The elements of matrix C are found using the elements a; of A and by
of B as follows:

]
C;j - ,n?:iaikbk‘f (A—Z)

The methodology of this formula can be explained by a few simple
examples. Consider

2
2 4 3
A_[—l 61] B_g

By inspection, the product C = AB is possible since the matrices are
conformable, that is, A has three columns and B has three rows. By Eq.
A-1, the multiplication will yield matrix C having twe rows and one
column. The results are obtained as follows:

13 Mulliply the elements in the first row of A by corresponding elements
in the column of B and add the results; that is,

e = ¢ = 2(2) + 4(6) + 3(7) = 49

a1 Multiply the elements in the second row of A by corresponding
elements in the column of B and add the results; that is,

tn == —1(2) + 6(6) + 1(7) = 41

Thus

!
1

H

SECTION A~2  Matrix Qperations
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€13 = 5(2) + 3(—3) =1
2 = 5(7) + 3(4) = 47
s = 4(2) + 1(‘*3) =35

€22
€31

€32

1l

As a second example, consider

Here again the product C = AB can be found since A has two columns
and B has two rows. The resulting matrix C will have three rows and two
columns. The elements are obtained as follows:

(first row of A times first column of B)

(first row of A times second column of B)
(second row of A times first column of B)
407y + 1(4) = 32
—2{2) + 8(—3) = —28 (third row of A times first column of B)
=2{7) + 8(4) = 18

(second row of A times second column of B)

{third row of A times second column of B)

The scheme for multiplication follows application of Eq. A-2. Thus,

1 47
C= 5 32
-28 18

Notice also that BA does not exist, since written in this manner the
matrices are nonconformable.
The following rules apply to matrix multiplication.

1. In general the product of two matrices is not commutative:
AB # BA (A-3)
2. The distributive law is valid:
A(B +C)=AB + AC (A-4)

3. The associative law is valid:

A(BC) = (AB)C (A-5)



Transposed Matrix. A matrix may be transposed by interchanging its
rows and columns, For example, if

ap 01z a3
A=|ay an oy B=[b b b
a3 43y A
Then
a1 an 4y B
AT =|a, ap ay BT = | b,
A3 ax; a3y b

Notice that AB is nonconformable and so the product does not exist,
(A has three columns and B has one row.) Alternatively, maltiplication
ABT is possible since here the matrices are conformable (A has three
columas and B has three rows}. The following properties for transposed
matrices hold:

(A+B)T =AT + B (A-6)
(kA)T = kAT (A-T)
(AB)! = BTAT (A-8)

This last identity will be iHlustrated by example. If

O 2 4 3
A= } i [2 5}
Then, by Eq. A-8,

(R .
() I
Bg —2}_ 28 uz]

—12] " [28 -12
Matrix Partitioning. A matrix can be subdivided into submatrices by
partitioning. For example,

M1} di2 433 Qug
A=|a a a a = [A“ Au}
Tl @ dp 4y | =
Ay Ap
31 adx d33  dyy .
Here the submatrices are
A =lay]  Ap=lan ap ayl
_ | 8n fig7 3 daq
Ay = [ ] Ay = [
a3 a3 Ay iy

SecTioON A-2 Matrix Operations
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The rules of matrix algebra apply to partitioned matrices provided the
partitioning is conformable. For example, corresponding submatrices of
A and B can be added or subtracted provided they have an equal number
of rows and columns. Likewise, matrix multiplication is possible provided
the respective number of columns and rows of both A and B and their
submatrices are equal. For instance, if

4 1)1 2 -1
A=|-2 0i-5l B=|0_ 8
6 3 8 7 4

then the product AB exists, since the number of columns of A equals
the number of rows of B (three). Likewise, the partitioned matrices are
conformable for multiplication since A is partitioned into two columns
and B is partitioned into two rows, that is,

AR = [An Au}[Bul _ [Aan + Aan]
Ay ApnllBxn AyBy + ApBn

Muttiplication of the submatrices yields

N I A B I
ApBy = [jﬂ{v 4 =
AyBy = [6 3][0

Ak, = B7 4 =[6 32]

Thus,
17 8 4 -7 —4
[4 2]%—35 420] L0

AR = ~| -39 -—18
[12 18} +[56 32 68 50
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A-3 Determinants

In the next section we will discuss how to invert a matrix. Since this
operation requires an evaluation of the determinant of the matrix, we
will now discuss some of the basic properties of determinants.

A determinant is a square array of numbers enclosed within vertical bars.
For example, an nth-order determinant, having 2 rows and » columns, is

a1 4 o 4y
1 dn 0 dyy

l4l = : (A-9)
i gy '

Evaluation of this determinant leads to a single numerical value which
can be determined using Laplace’s expansion. This method makes use of
the determinant’s minors and cofactors. Specifically, each element a;; of a
determinant of #th order has a minor M;; which is a determinant of order
» — 1.This determinant (minor) remains when the /th row and jth column
in which the a;; element is contained is canceled out, If the minor is
multiplied by (—1)"*/ it is called the cofactor of a;; and is denoted as

Cy = (=1) My C (A0
For example, consider the third-order determinant

M1 Sz 413

a1 a4xp ap

a3 dyp 4n

The cofactors for the elements in the first row are

Cy = (—1)1*! Gy dp) _ )43 dn
@iy O3 a3y f3

Cp = (_1)1+2 dp dy| _ _(dn 23
31 Q33 43 a3

Cps = (—1)1*3 @y Gxn( _ |9 82
431 432 a3

Laplace’s expansion for a determinant of order n, Eq. A-9, states that
the numerical value represented by the determinant is equal to the sum
of the products of the elements of any row or column and their respective
cofactors, i.e., -

D= ﬂ,‘[le + aQCQ + -+ (l,'nC,-" (f = 1, 2,...,0r H)
or (A-11)
D= GUCU + {Isz2j +oeee fl'nan}' (f = 1,2,...,01’ ?I)



610

APPENDIX A Matrix Algebra for Structural Analysis

For application, it is seen that due to the cofactors the number D is
defined in terms of r determinants (cofactors) of order n — 1 each. These
determinants can each be reevaluated using the same formula, whereby
one must then evaluate (n — 1) determinants of order (n — 2), and so
on. The process of evaluation continues until the remaining determinants
to be evaluated reduce to the second order, whereby the cofactors of the
elements are single elements of D. Consider, for example, the following
second-order determinant

D=

3 5‘

-1 2

We can evaluate D along the top row of elements, which yields
D =3(-1)MY2) + 5(-1)'3(-1) = 11

Or, for example, using the second column of elements, we have
D =5(-1)"*(~1) + 2(—-1)**¥3) = 11

Rather than using Egs. A-11, it is perhaps easier o realize that the
evaluation of a second-order determinant can be performed by
multiplying the elements of the diagonal, from top left down to right,
and subtract from this the product of the elements from top right down
to left, ie., follow the arrow,

D= ‘ }Q‘ =3(2) - 5{~1) = 11

Consider next the third-order determinant

1 3 -1
D=7 4 2 6
-1 0 2

Using Eq. A-11, we can evaluate |D| using the elements along the top
row, which yields

4 6

a2 6
D = (-1} B

0 2
=1(4 = 0) — 3(8 + 6) — 1{0 + 2) = —40

] +(3)(—1)*?

|+ e

42‘
-1 0

It is also possible to evaluate [D| using the elements along the first
column, i.e.,

3 —ll

2 6

As an exercise try to evaluate | D] using the elements along the second row.

2 6 3 1
+ a({—1y2*1
0 2{ =1 0 2

=1(4 - 0) — 4(6 — 0) — 1(18 + 2) = —40

D= 1(-1)*

! + (D1
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A-4  Inverse of a Matrix

Consider the following set of three linear equations:
anx; T ap¥; + a3y =0
ay1X1 + dnXy + apx; = 0

a3 X1 T apty + apx; =

which can be written in matrix form as

411 dip A3l o 1
1 Gn dn [ X2 | = | 0 (A-12)
a3 3 a4z |l 3 €3
or
Ax=C (A-13)

One would think that a solution for x could be determined by dividing
C by A; however, division is not possible in matrix algebra. Instcad, one
multiplies by the inverse of the matrix. The inverse of the matrix A is
another matrix of the same order and symbolically written as AL It has
the following property,

AAT = ATIA =1

where ¥ is an identity matrix. Multiplying both sides of Eq. A-13 by A%,
we obtain

AllAx = ATIC

Since AAx = Ix = x, we have
x = A’lC {(A-14)

Provided Al can be obtained, a solution for x is possible.

For hand calculation the method used to formulate A™' can be
developed using Cramer’s rule. The development will not be given here;
instead, only the results are given.* In this regard, the elements in the
matrices of Eq. A-14 can be written as

x = ATIC
X 1 Cu Cu Gy o
Xy | = ‘m C12 sz C32 Cy (Ang)
X3 Ca Cn Cyulle

*3ee Kreysrig, E., Advanced Engineering Mathernatics, John Wiley & Sons, Inc., New York.




612

. APPENDIX A Matrix Algebra for Structural Analysis

Here | A| is an evaluation of the determinant of the coefficient matrix A,
which is determined using the Laplace expansion discussed in Sec. A-3.
The square matrix containing the cofactors Cy; is catled the adjoint matrix.
By comparison it can be seen that the inverse matrix Alis obtained from
A by first replacing each element a;; by its cofactor Cy;, then transposing
the resulting matrix, yielding the adjoint matrix, and finally multiplying

the adjoint matrix by 1/[Al.

To illustrate how to obtain A7' numerically, we will consider the

solution of the following set of linear equations:

X~ Xt xna= -1
—-x;+ Xt x3=-—1 (A-16)
x + 23.’,'2 - 2.?3 = 5
Here
1 -1 1
A=|-1 1 1
1 2 =2
The cofactor matrix for A is
‘1 1| \—1 1 -1 1]
2 -2 1 -2 1 2
-1 1 1 1 -1
€= "I 2 -2 ’1 -2 |1 2
*—-1 1 ‘ 1 1 i —I
1 1 -1 1 -1 11 ]

Evaluating the determinants the adjoint matrix is

g 0 -2
cf=l-1 -3 =2
-3 -3 0
Since
1 -1 1
A= (-1 1 = —6
1 2 -2
The inverse of A is, therefore, %
i -4 0 -2
Al=—2l-1 -3 -2
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Solution of Eqs. A-16 yields

X —4 0 -2 -1

Xy | = —é -1 -3 -2}l -1

% -3 =3 0 5
X = () (1) + 0(=1) + (—2)(5)] = 1
X = =11 + (S3)(-1) + (-2(5) =1
X3 = —H(=3)(—1) + (=3){—1} + (0)(5)] = —1

Obvicusly, the numerical calculations are quite expanded for larger
sets of equations. For this reason, computers are used in structural
analysis to determine the inverse of matrices.

A-5 The Gauss Method for Solving Simultaneous Equations

When many simultaneous linear equations have to be solved, the Gauss
elimination method may be used because of its numerical efficiency.
Application of this method requires solving one of a set of # equations
for an unknown, say x;, in terms of all the other unknowns, x,, x3, ...,
X, Substituting this so-called pivotal equation into the remaining equations
leaves a set of # — 1 equations with 7 — 1 unknowns. Repeating the
process by solving one of these equations for x, in terms of the n — 2
remaining unknowns xs, X, ..., X, forms the second pivotal equation.
This equation is then substituted into the other equations, leaving a set of
n — 3 equations with » — 3 unknowns. The process is repeated until one
is left with a pivotal equation having one unknown, which is then solved.
The other unknowns are then determined by successive back substitution
into the other pivotal equations. To improve the accuracy of solution, when
developing each pivotal equation one should always select the equation
of the set having the Jargest numerical coefficient for the unknown one is
trying to climinate. The process will now be itlustrated by an example.
Solve the following set of equations using Gauss elimination:

—2.7C1 + 8.‘62 + 21’3 =2 (A—17)
21'1 - X+ Xq = 2 (A—IS)
4.‘(1 - 5.\'2 + 31’3 =4 (A'—lg)

We will begin by eliminating x;. The largest coefficient of x; is in Eq.
A-19; hence, we will take it to be the pivotal equation. Solving for x;,
we have

x; =1+ 125x, — 0.75x, (A-20)
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Substituting into Eqgs. A-17 and A-18 and simplifying yields
275x + 1.75x3 = 2 (A~21)
1.5xy — 05x; =0 (A-22)

Next we eliminate x,. Choosing Eg. A-21 for the pivotal equation since
the coefficient of x, is largest here, we have

Xy = 0727 — 063633 (A-23)

Substituting this equation into Eq. A-22 and simplifying yields the final
pivotal equation, which can be sotved for xs. This yields x3 = 0.75.
Substituting this value into the pivotal Eq. A-23 gives x, = 0.25, Finally,
from pivetal Eq. A-20 we get x; = 0.75.

PROBLEMS
4 2 -3 4 -1 0
— V) = = 4 +
A-1. I A [6 1 5] and B [2 0 8]’ determine A + B and
A — 2B.
A2 IfA—=[6 1 3landB=[l 6 3]showthat(A +B) = A" + B".
3 5 . T
A3 A= o 7 , defermine A + A'.
1
A4, IfA=|0j{andB=[2 —1 3], determine AB.
5
6 2 2 -1 31
A5 HfA=|-5 1 liandB=] 2 -5 1 [, determine AB.
0 3 1 0 7 5
: A-6. Determine BA for the matrices of Prob. 13-5.
5 7 6 .
A-7. EA= [_2 J and B = [7], determine AB.

18 4 3 .
*A-8. IfA='[ ]andB: 2 |, determine AB.
1 2 3 e



6
A-9, A= { 27 3] and B = 9 |, determine AB.
: -2 1 ¢
6 4 2 -1 3 =2
A-16. HA=|2 1 1|andB = 2 4 1 |, determine AB.
0 -3 1 0 7 5

b
A-1l. A= [ 1 ;] determine AAT,

*A-12. Show that the distributive law is valid, ie., A(B + C) = AB + AC, if

3 5
A=|:i' ; g],Bm 1,C=|-1]|
—6 2

A~13, Show that the associative law is valid, i.e., A(BC) = (AB)C, i

3
2 1 6
= B = 1 1 = — .
A [ 4 5 3], C=1[3 1 2]
-6
5 1 3 5
A-14. Evaluate the determinants and |2 7 1
7 1
3 8 6
5 1 . 1
A-15, IfA = , determine A,
3 2
0 13
"A-16. YA =|2 5 0 determine A"
1 -1 2

A-17. Solve the equations —x; +4x; +x3=1, 2%y —x3 + x3 =2, and
4x; — 5x3 + 3x; = 4 using the matrix equation X = A™'C.

A-1B. Solve the equations in Prob. A-17 using the Gauss elimination method.

A-19. Solve the equations x; —x; + x3 = —1, —x| + x5 + x3 = —1, and
xp + 2x, — 2x; = S using the matrix equation X = A™'B.

*A-20. Solve the equations in Prob. A-19 using the Gauss climination method.

PROBLEMS
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. The STRAN
Computer Pro gram

The disk enclosed in the back cover of the text{ contains 2 computer program
that can be used to solve structural analysis problems involving a plane truss,
space truss, beam, or plane frame. This program, called STRAN 4 (STructural
ANalysis, version 4.0) is based on the theory of the stiffness method explained
in Chapters 13 through 16. The following is a description as to how to apply
this program.

Preliminary Steps. Before using the program it is first necessary to
numerically identify the members and joints, called nodes, of the structure and
establish both global and local coordinate systems in order to specify the struc-
ture’s geometry and loading.

On a sketch of the structure, specify each member with a number enclosed
within a square, and use a number enclosed within a circle to identify the
nodes, Also, the “near” and “far” ends of the member must be identified. This
is done using an arrow written along the member, with the head of the arrow
directed toward the far end. Member, nede, and “direction” identification for
a plare truss, beam, and plane frame are shown in Fig. B—1. Here, node @
is at the “near end” of member of the truss and node (3} is at its*far
end.” These assignments can all be done arbitrarily. Notice, however, that the
nodes on the iruss are always at the joints, since this is where the loads are
applied and the displacements and member forces are to be determined. For
beams and frames, the nodes are at the supports, at a corner or joint, or ata
point where the linear or rotational displacement is to be determined.

Since lpads and displacements are vector guantities, it is necessary to
establish a coordinate system in order to specify their correct sense of direction.
Here we must use two types of coordinate systems, A single global or struc-
ture coordinate system, using right-handed x, y, z axes, is used to specify the
lecation of each node and the sense of each of the external load and dis-
placement components at the nodes. It is convenient to locate the origin of
this coerdinate system at a node so that all the other nodes have positive
coordinates, Fig. B—1. A local or member coordinate system is used to specify
the location and direction of external loadings acting on beam and frame mem-
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bers and for any struclure, to provide a means of interpreting the computed
results of internal loadings acting at the nodes of each member. This system
will be identified using right-handed ', y', 2’ axes with the origin at the “near”
node and the x* axis extending along the member toward the “far” node. An
example for truss member 4 and frame member 3 is shown in Fig. B—1.

Program Operation. When the program is excuted a menu will appear
which allows various selections for inputing the data and getting the results.
The following explains the items used for input data. For any problem, be sure
to use a consistent set of units for nummerical quantities.

General Structure Information, This item should be selected first in
order to specify the problem title and identify the type of structure to be analyzed.

Node Data. Start by clicking “Add New Node.” Then enter, in turn, each
node number and its global coordinates.

Member Data. Start by clicking “Add New Member.” Then enter, in tarn,
each member number, the near and far node numbers, and the member prop-
erties, £ (modulus of elasticity), A {cross-sectional area), and/or 7 (moment
of inertia), If the member properties are unknown, for statically determinate
structures, or for indeterminate structures with no support settlement and hay-
ing members with the same cross-section and made from the same material,
these values can be set equal to one. The results will then give the correct
reactions and internal forces, but not the correct displacements.

If an internal hinge or pin connects two members of a beam or frame,
select “Release Moment at Near Node” or “Release Moment at Far Nede.”
For example, member 3 of the frame in Fig. B—2 has a pin at the far node, 4.
In a like manner, this pin can also be identified at the near node of member 4.

Support Data. Start by clicking “Add New Support.” Then enter, in turn,
cach nede located at a support, and specify the called for global coordinate
directions in which restraint occurs. For example, since node 5 of the frame
in Fig. B-2 is = fixed support, a zero is entered for the x, y, and 7 (rotational)
directions; however if this support settles downward 0,003 m then the value
entered for y is —0.003.

Load Data. Start by clicking “Add New Load.” Loads are specified either
at nodes, or on members. Enter the algebraic values of nodal Ioadings rela-
tive to the global coordinates. For example, Tor the truss in Fig. B—1 the
loading at nede 2 is in the y direction and has a value of —200. For members
the loadings and their location are referenced using the local coordinates. For
example, the distributed Ioading on member 2 of the frame is specified with
an intensity of —400 located 0.75 m from the near node 2 and —400 focated
3 m from this node. :

Results, Once 2l the data is entered, select “Run,” then sclect “Results.”
There one obtains the external reactions on the structure and the di splacements
and internal loadings at each node, As a partial check of the results a statics
check is given at each of the nodes,
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The reactions and member forces in the structures shown in Fig. B-1 can
be determined using the STRAN program. Application would be as follows.

Truss.
General Structural Tnformafion—Select Plane Truss.

Node Data. 'The node numbers and global x, y coordinates are Do,m,
@0, @R2), DE.2).

Mentber Data, Here we can use a modulus of elasticity of 1 and cross-
sectional area of 1 for all the members. Also, since no member was fabricated
too long or too short the member length fabrication error is 0. The member
pumbers, along with their near node and far node numbers are D@,

Zo® 3100, 41100, EI3®.

Support Data.  Here there are supports at nodes (I} and (@) each having
zero (0) displacement since these supports do not move (c.g., settle). Node
(D is restrained in the x and y directions (pin) and node &) is restrained
in the x direction (roller).

foad Date. 'The load is acting at node ) along the plobal y axis and is
entered as —200.

After munning the program, verify that the pin reactions are 400 N in
the 4 direction and 260 N in the +y direction, and using local coordinate
x', ' axes that there is a tension force of 282 N in member . Note that
the tesults will give very large displacements since E and A were
entered as 1.

Beam.
General Structural Information—Select Beam.

Node Data. The node numbers and global x coordinates are: Do, @3,

@s.

Member Data. We can use & modulus of elasticity of I and moment of
inertia of 1 for both the members. There are no member end releases since the
members are not pinned together at any node. The member numbers atong

with their near node and far node numbers are [1 JD@), [212D3.

Support Data. Here there are supports at all the nodes. Node (D is
restrained in the y direction and rotational direction (fixed), @ and @
are restrained in the y direction (zoller). Each restraint has zero movement.



Load Data. The load acts on member in the y direction and has a
valne of —300, Jocated 1.5 m from the near node, (1), -

Run the program and verify that the vertical reaction at the roiler, (2),
is 153.31 N, and that in member the internal shear is 138.97 N up-
wards, and the internal moment is 59.56 N-m, clockwise.

Plane Frame,
General Structural Information—Select Plane Frame,

Node Data.  The node numbers and global x, y coordinates are (1)(0,0),
@04, @B, D,2), B3,0.5).

Member Data.  Use a modulus of elasticity of 1, cross-sectional area of
1, and moment of inertia of 1 for all the members. Here members and
are joined by a pin. This can be identified as a “member end release™
either of the far node of member or the near node of member . The
member numbers along with their near node and far node numbers are

(O 2103, 310G, HIDG.

Support Data.  Here there are supports at nodes () and {3). Node Dis
testrained in the x and y direction (pin), and node (3) is restrained in the
x, y and rotational directions (fixed). Each restraint has zero movement,

Load Data. The concentrated Joad acts at node (2 and is entered twice
as (3/5¥500 N =300 N in the x direction and —(4/5)500 N = —4C0 in
the y direction. In addition there is a distributed load on member [2 ], This
is reporfed as —400 N at 0,75 m from the near node and —400 N at 3 m
from the near nede.

Run the program and verify that the vertial reaction at the pin (1) is
516.81 N acting upwards, and the moment at the fixed support (3) is
403.45 N-m acting counterclockwise.
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Answers to Selected Problems

Chapter 1
1-1. PpL=184kN; LL=432kN
1-2. Load = 14.1 kN/m?
1-3. W =224kN
1-5. Fdead =90 kN, Flive =922 kN,
F=182kN
1-6. DL =903kN/m; LL=324kN/m
1-7. DL =608kN/m; LL=10.77kN/m
19,  p,=020kN/m* p,=035kN/m’
1-10.  a) Fy =49.71kN b) Fopr=2025kN
111, a) F,=1412kN b) Fpp=97.6kN
1-13, F=120kN
1-14. F=319.6kN
1-15. External pressure, windward on roof:
p = —488 N/m?% External pressure, leeward
on roof: p = —236 N/m?
Internal pressure: p = *133 N/m?®
1-17.  py= 0.960 kN/m*
1-18.  py=0.576 kN/m’
1-19. py=115 kN /m?
Chapter 2
2-1. Along DI:w = 6.75 kN /m;
AtAand H: F' = 2025 kN
AtB C D EF G F=405kN
2-2. Member AB:
Distributed load = 0.844 kN /my;
Each main purlin = 0.759 kN
Member CD: End purlin = 0.340 kN
2-3. One-way slab
2-5. Two-way slab
2-6.  Two-way slab
2-7.  One-wayslab
2-9,  a) Statically indeterminate to 10°.
b} Statically indeterminate to 1°.
c) Statically determinate.
d) Unstable.
2-10. &) Statically determinate.
b) Parallel reactions, unstable.
¢) Statically indeterminate to 3°,
2-11. &) Statically indeterminate to 3°.
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b) Statically indeterminate to 1°,

2-13,

2-14.

2-15,

2-17.

2-18.
2~19,

2-21

2-22.,

2-23.
2-25,

2-26.

2-27.
2-29.

2-30.

2-31.

2-33.

2-34,

2-35,

¢) Statically indeterminate to 1°.
d) Parallel reactions, unstable.

a) Concurrent reactions, unstable.
b) Statically determinate.

) Statically indeterminate to 1°.
d) Statically indeterminate to 2°.
a) Statically indeterminate to 8°.
b) Statically determinate,

¢) Statically indeterminate to 6°.
d) Statically indeterminate to 6°.
e) Statically indeterminate to 6°.
f) Statically indeterminate to 8°.
a) Statically determinate.

b) Parallel reactions, unstable.

¢) Statically indeterminate to 4°.
B, =44.0kN; A, =24.0kN;

A, =360kN

B, =153kN; A, =240kN; A, =252kN
A, =0, B, =63kN;

Ay, =99 kN

A, =0; A, =216kN;
B,=2T9kN

B,=642N; A, =180N;
A, =192 N

A, =5.00kN; B, =260kN
wy = 22.8kN/m; w; = 91.4kN/m
aj) wy = E; Wy = 47

L

L
b) w; = 1.33 kN/m; wy = 2.67 kN/m
wg = 36.5 kN/m; wu = 178.6 kXN/m
F=311kN;, A,=460kN;
Ay =T7.85kN
x=3m: A, =I875kN; A, =225kN;
x=12m A, =75kN; A, =225kN
A, =368kN; B, = 83.2kN,
B, =25kN
Member AC: A, = 2kN;
Member BC: B, = 12 kN;
B, =0, Mp=32kN-m
Member ABC: 4, = 3kN; B, =IL1kN
Member DE:E, = (; E, = 48k,
Mg = 140 kN-m
Member AB: A, = 4.0 kN;
Member BD: C, = 6.67 kN;



Member DE: E, = 0;

E, = 533kN;
Mg =533kN'm
2-37. Truss ABC: B, = 60 kN
A, =20kN
Truss DEF: E, = 40kN;
F, =20 kN
2-38. C,=307kN; D, =1023kN
A, =1268kN; A, =1023kN
2-39. A, =556kN; C,=244kN
C,=25kN
2-41. Member AB: A, = 2,44 kN; Ay = 5705kN;
Member BC: C, = 2.44 kN; G, = T25kN
2-42.  For segment BD: B, =150kN; D,=0;
D, = 150kN
For segment ABC: C, = 675kN; A, = 0;
A, =375kN
For segment DEF: F,=675kN, E, =0
E,=375kN
243, B,=B,=220N; A, =300N;
A, =804N
2-45. Member AB: B, = 10.8 kN;
A= 108 kN;
Member BC: B, = 15.6 kN;
C, = 159kN; C, = 10.8kN;
A, =156 kN
2-46.  Member CD: D, =
Dy, =0.75wL;
Member AB: 4, = wi; A, = 0.75wL;
J\JA - E’-;—Z
247, Member AB: A, = 235kN; Ay = 6.63kN
Member BC: C, = 3.05 kN: C, = 888kN
2-49, Member AB: A, = 48 kN; A, =25kN;
Member CO: D, = (O Dy =20kN
2-50, Member ADIA, = 12kN; Ay = 10kN;
Member BE: B,=16kN; B,=0
Member FC: C, = 12 kN; ¢, =6kN;
Me=36kN'm
2-1P, F=3339kN; no
Chapter 3

3. a) Statically determinate.
b) Externally unstable. Internally stable.
¢) Statically indeterminate to 5°.
d) Statically indeterminate to 1°.

32,

3.3,

3-5.

3-9,

3-10,
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e} Externally unstable. Internally stable,
a) Statically indeterminate to 4°,

b) Statically determinate,

¢) Statically indeterminate to 1°.

d) Internally and externally unstable.
a) Statically indeterminate to 3°.

b) Unstable.

¢) Statically indeterminate to 2°,

d) Unstable.

Joint D: Fper = 924 kN (T

Joint C: Fep = 9.24 kN (C);

Frg =924 KN (T);

Joint B: Figr = 9.24 kN (C);

FBA =924 kN (T);

Joint E: Fgy = 4.62 kN {C)
P=520kN

Yoint F: Fgy = 173 kN (Q);

FFE = 0.87 kN (T);

Joint A: FAE = 3,61 kN (C);

Fap = 0.94 kN (T);

Joint E: FEB = 0.14 kN (T);

Fgp = 101 kN (C);

Joint B: Fpp = 0.14 kN (C);
Fpe=1.08 kN (T);

Joint C: Fpe = 237 kN (C)

Joint D: Fpp = 833 kN (T);

FCD = 6,67 kN (C);

Joint C: Fpe = 6.67T kN (C); Fep = 5kN (T):
Joint G: Fgr = 20kN (T); Fga = 15kN(T);
Joint A: Fyp= 18.0kN (C);

FAB = 10.0 kN (C);

Joint B: Fzp = 4.17 kN (C);

Frg = 7.50kN (T);

Joint F; Frp = 125 kN (T);

Joint D: Fpp = 16,3 kN (C);
Fpe=840kN (T),

Joint E: FEA = 8.85kN (C);

Fre = 620kN(C);

Joint C: Fop = 8.77kN (T);
Frp=220kN (T);

Joint B: Fpy = 3,11 kN (T);
Fprp=620kN (C);

Joint F: Fpy = 620 kN (T)

Joint A: Fyy = 162 kN (C);

Fyp = 150kN (T);

Joint D: Fppy = 0; Fep = 31.0KN (T);
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Joint E: Frg = 48.5 kN (C); Fpg= 3L.OKN (T}
Joint B: Fpe = 15.0 kN (T); Fpy = O;

Joint H: Frp = 8.6 kN (C); Fyr = 3.2 kN (T);
Joint F: Fep= 162 kN (C); For=32.3kN (C);
Joint C: Fep= LY EN (T); Feg= 5.6 kN (T);

Fagp = 495 KN (T); Fyyy = 350 kN (C);
FDE = 560 kN (T);F]E = 0;
Fyp = 99 kN (T); Fiey = 630 kN (C)

Joint I Fop = 23.7 KN (C) 3109, Fop=Fep=0;
393, Fop=125KN(C); Fpg =601 kN (T); Joint A: Fyp — 2.40P (C);
Fpe = 6.67 kN (T) Fop= 2.00P (T);
3-14. Joint E: Fgy = 2.31 kN (C); Joint B: Fgrp = 1.86P (T);
Fpe = 2.31 kN (T); Fap = 0373P (C);
Joint A: Fyp = 2.24 kN (T); Joint F: Frg = 1.86P (T);
Fap = 316 kKN (C); Fp = 03332 (T);
Joint B: FBC =3.16kN (C); Joint D: FDE = 0.373F (C)
Fp = 3.16 kKN (C); 321, Joint A: Fop = Fap = 0.687P (T);
Joint I Fp = 2.24 kN (T) Frg= Fup = 0.943P (C);
3-15. FCD = 5kN (C); FK] =707 kN (T); Joint D: FDB = 1.33P (T)
Fre= 155 kN (C) 322, P, - 424kN
3.17. Joinl F: Fge = 9.47 kN (C); 323, P = 424kN
Fip = 8KN (T); 325, Fgr= 9 kN (C)
Joint G: Fyg = 9.47 kN (C); Frg = 346 kN (T);
FGE = 0, FBC = 6.06 kN (T)
Joint E: Fyg = 0; 326, Fep=178kN (T); Fep =223 kN (C);
FED:S}(N(T); FCFiG R
Joint H: F]H = 947 kN (C), 3-27. FFC =833 kN (T), FBC = 6,94 kN (T),
Joint C: Fre = 0 329, Typel, Fry = 361 XN (T);
FCD = 8 kN (T); Joint It F‘TB = 8.66 kN (T);
Joint D Fip = ; Joint B: Fg; = 8.66 kN {C)
Fep = 8KN (T); 330, Type 1, Fep = 24.0KN (T);
Joint A: Fyy = 128 kN (C); Fep = 134 kN (C);
Fop = 8 KN (T); Frp = 134 kN (C);
Joint J: FIJ = 128kN (C}; Joint A: FAE = FBF = 049 kN (C);
Fgr=1; Fyc = Fgc= 424 kN (C);
Joint B: FEI-: 0 Joint C:FEC: FDF: 12.7kN (T)
318, Joint A:Fup=0; Fayy = 420kN (C); 331, Fpp = 231 kN (T);
Joint N: Fyg = 495 kN (T; Joint A: Far = 4 kN (T) = Fepps
FNM = 350 kN (C), FBA = FFG =346 kN (C),
Joint M Fyp, = 350 kN (C); Joint B: Fyp = Fgp =231 kN (C);
Fyp = 140 kN (C); Joint C: FCD = Fpr= 4 kN (T),
J’ointB:FBL= 297 kN (C); FCB = FFH: 0
Fpe = 560 kN (T); 333, Joint A: Fye=36.1 kN (T); Fap = 42.4 kN (C);
Joint C: Fp = 560 kN (T); Joint Il: Fpp = 36.1 kN {T); Fpe = 60 kN (C);
Feop =0 By symmetry Feg = 424 kN (C) ,
Joint L: Fep = 99 kN (T; 3-34, Typel;Fyp = 3kN (T); )

Frxg = 630 kN (C);
Joint K Fgp = 140 kN (C);
Fay = 420 kN (C); Fpg = 0;

Fep = 0;
FAF = 424 kN (C);



3-37.

3-38.

3-39.

3-41.

3-43.

3-45.
3-46.

Fpa = 4 kN (C);
Fer=10;
Fgp= Fpc = 0
Fpp=Fog =10
FDF = FDG = 4.24 kN (C);
Fap= Fpp=424kN (C);
Fup = 3kN (T);
Fpq = Fep=4kN (&)
Fpr = 10kN(T); Fp;=333kN (Cy;
Frr =183 kN {(C)
By inspection, members BN, NC, DO, oC
HI, LE, and J are zero-force members,
Fep = SE2SKN(T), Feye = 2.00 kN (T,
By inspection, members BN, NC, DO, oC,
HJ LE, and JG are zero-force members,
Fgp=TBISKN(T); Frgx=925kN (C);
Fop =146 kN(T); Fip=05kN (T
Joint K: Fpy = 0.665 kN (C)
Fge = 8.00KN (T); Fyg = 10.1kN (C);
Fep = 10.0KN(C); Fgp= 21.9kN (C);
Fae=13.0kN(T)
Fag = 32kN(C)
Fgp = 41kN (T);
Frrp =24 kN (C);
Fep = BOKN(C);
FDA =71 kN (T)
Fip =0, Fue=T75kN (C);
Fop = 354kN(TY;, Fp = 25kN (Ck
For =354 kN (C), F;=354kN {T);
Frg=25kN(C);, Fie=354kN (C);
Fip=354kN(T); Fpr=106kN (T
Fpe=5kN(C);, Fre=354kN (T)
Frg = 106 kN (T); Frpy = 3.54kN (T);
FCD =0 FDE =25kN (C);
Fep =354kN(C); Fyp=354kN (T
Frg = 75kN(T)
C, =0 B,=333kN;
B, =0; A,=333kN;

y = LSkN; A, = 1kN;
Joint A: Fyp = 3.93kN {T);
Fac = 195N (C); Fip=0.83kN {T):
Joint B: Fpp = 3.66 kN (C);
Fpe=125kN(TY;, Fpe=0

Fpg = 107 kN (T)
FAB =29kN (C);
Fep= 29kN (T):
Fgp = S8KN (C);

3-50.

351,

3-53,

3-54,

3-55.
3-57.

3-58.

3-39,

3-1p.
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Joint A:FAC = FAE = 0; FAE =4kN (T);
JDil'It B: RB = FBE = 5.66 kN (T);

Fgp = 2kN (C);

Joint D FDE - O, FDC = O;

Joint C: Fep = 0;

Joint C: Fpp = 3.54 kN (T,

Fep =25kNA{C); Fop=0;

Joint B: Fpp = 0; Fyp= 566 kN (1),
Fga = 4EkN (C);

Joint £ FED =25kN (C), FEF == 0;
Joint F: Fpp = 0; Fry = 4kN (C);
Joint D: FDA =0

Joint C: Fyr = Fge = 4,08 kN (C);
Fep = 5T7TkN (T);

Joint B; FBD = 2.80 kN (T); FAB =0
By, = 2.89 kN,

Joint A: Fyp = 2.89 kN (T);

A, =28%kN; A, =0

Joint A: Fup = 6.46 kN (T,

Fac= Fyp = L30KN (C);

Joint B: Fpr = Fpp, = 370 kN (C);
Fpp = 480 kN (T)

Joint F: FFE =0; Joint E:FED ={
Joint C: Fye = 1.I5 kN (C);

Joint D: Fppp = 4.16 kN (C);

Joint B: Fpp = 4,16 kN (T)

Joint C: Fep=0; Fep=231kN {T);
Joint D: Fgp = 346 kN (T);

Joint B: Fyp = 346 kN (C)

Joint B: Fgp = 4.5 kN (T); Fpe=10;
Fyp = 3kN(C);

Joint C and D:
Fpg=Fep=Fip=Fep=Fey=0;
Joint E: Fyp = 335k (C)

Joint A: Fyr = 52.5kN (C);

Fap =42 kN (T);

Joint B: Fgr = 42 kN (T); Fyg = &
Joint H: Fye = 17.5 kN (C);

Joint G: Fgp = 35 kN (C);

Fgc =21 kN(T);

Due to symmetrical loading and geometry:
FDE = FAB = 42 kN (T);

Fpe= Fge =42 kN (T);

FEF = FAH = 52.5kN (C),

Forr = Fpp=10;

FHC = FFC =175 kN (C)
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Chapter 4
4-1. ForC:Ve=—5kN; Ne=0;
Mc = 84 kKN-m;
For D:Vp = —5kN; Np=10,
JWD =72 kN-'m

4-2.
4-3.

4-5,

4-6.

4-7,

4-9

4-10.

4-11.
4-13.
4-14,

4-15.
4-17,
4-18.

4-19.

4-21.
4-22,
4-23.
4-25,

4-26.

4-27.

Vipar = 35 kN: My = 84 kN-m
Ne=10; Vo= —386kN
Me=—420kN-m; Np=0
Vp=3kN; Mp=—-3kNm
Segment AC: Ne=0; Vo= 11kN;
M= 34 kN in;

Segment AD:Np = 0; Vp= —21kN;
Mp = 42 kN'm

Segment ED:Np=0; Vp=4kN;
Mp=—-2kN'm

Segment EC:Np=0; V=10
Me=1kN'm

Segment AD: Np = —T750N;

Vp =250N; Mp=125kN-m
Vimax = 946 kN;  Mp,, = 540kN'm
ForD:Np=0; Vp=0;

Mp = 22.5kN-m;

For E:Np=0; Vg= —35kN;
My = —30kN'm
Viax = —35kN; My = —100kN'm

Vipax = SOKN; My = —100 kN'm

For C: Vo= 8.06kN; M= -30kN-'m;
IVC = 0,

Yor D Vp = 446 kN; Mp = 7.54 kN'm;
ND = 0

Voae = —10 KN Myp = —30kN'm

d = 0200 m

Segment AC:Ne=10; Ve=50N;
Me=135kN-m

L

3

Viaax = —152kN; M. = 193 kN-m
V=-325 M=-325x+14

n

Vo = 375KN; My =13 kN'm
Vo= £300kN; Mo, = —500kN'm
1
V=6 -x%
9 Hl
1
M =6~ =t
i 36

Vmax = '_'WOLM'; J‘/Imn = 0.0394WDL2

4-29,

4-30.

4-31.
4-33.
4-34,

4-35.
4-37.
4-38,

4-39.
4-41.
4-42,
4-43,
4-45,
4-46.
447,
4-49.
4-50.

4-51.
4-53,
4-54,
4-55,
4-57,

For0=x<3m:

V = {150 — 20x} kN;

M = {~10x* + 150x — 540} kN'm
Fordm < x=5m:

V =40kN

M = {40x — 300} kN'm
ForO=x<4m

V = {38 — 8x} kN;

M= {42 + 38x — 112} kN'm
Fordm<x=8m: V=6kN;

M = {6x — 48} kN'm

x=0; v=2360kN; m=—1120kN'm
Vi = ¥ 6kN; Mpae = 8kNm
V=015 - 4;

M= —0052 —dx —2

Vs = —19kN; M = —92kN'm
Vo = 360 kN; M = —108kN'm
For0=x < Lf2;

Wp

V= 2 (3L — 4x);
M= 28 (122" + 18Lx = 713
ForLi2<x=1:
Wo 3
V=—(L—x);
(1)
- _ e 3
M= ——{L—x);
TR
Vmax = * 60 kN; A/Imax = —60 kNm
Vigax = —32kN;, Mpa = 128 kN+m
V=0 Mpe=mlL
V=—-m M=0
Vs = 48 kN; My, = 96 kN-m

Ve = <525 kN; My = 489 kN'm
Ve = 245 KNy Moy, = 34.5kN'm
max = —WwL Mpae = wili?
w=d5kN/m; d=06m;

Vipax = — 165 kN; M., = 2025 kN'm
Vinax = wold3; Mpax = 231V0L2/216
Vipax = wol /4, Mpa = W[)szlz

Viax = 240 kN; Myay = —960 kN-m
Viax = 100 KN, My = —90 kN-m
(Vaashanc = 1321 kN;

(Mpas)apc = 17.3 kNem;

(I]mat)BCD = —11.8kN;

(Mpaxdpep = 13.6 kKN-m

<



4-58.  Vipax = 90kN; M, = —162kN-m
4-59.  Vipax = £ 10KN; M, = ~7.50kN'm
461, Vi = —36kN; M., = —648kN'm
462, (Muadap = 30 kN-m;
(Minax)se = 66.1 kN-m; (M)ep =0
4-63, (Mg )ag = —121.5 kN-m;
(Mua)pe = S4kN-m;  (M)cp =0
4-65.  (Mpaotap = 17.7 kKN-m;
(j"jma'(}BC = 12,1 k_N‘m;
4-66. (Mpadas = 267 kN-m;
(M masdpe = 9.24 kN'm
4-1P. Center of girder: M., = 18.7 kN*m;
Side girder: M, = 23.9kN-m.
4-2P. My = 87kN-m
43P, M= 83.2kN-m
Chapter 5
5-1.  Fpe=12335N; Fp,=415N;
Frp=4405N; 101m
52, yp=0806Tm; yp=0704m
53 TBD =391 N,
Joint A: Ty = 374 N;
Joint D: Tep = 218 N;
D=78Tm
5-5, Xp= 1.99 m
56, P=4ITN
59, yp=243m; T.=641kN
59. yp=353m; P=0800kN;
Tras: Tog = 8.17 kN
510, Tpo = 858N; yp=167m
511, y,=0644m; P;=658kN
5-13. w=0865kN/m
5-14,  y = 0.008¢% Tp.e= 12.0kN
5-15, T Tp = 36.3kN;
Toax: Ty = 30.9 kN
517, y = (3853 + 5770)(107%) my;
Tinax = 520 kN
5-18.  y = 0.0356x% T, =7.03kN: Tp=103kN
5-19. Fop, = 100kN; F,,. = 117kN;
T=10kN
521 T = 109KkN
5-22. Fp=70kN;
Te=Tp=875kN; T=131kN
5-25. Fy=6T7kN; F,=108kN;

Fe=117kN
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5-26. B, =173TkN; B,=23.8kN;
Member AB: A, = 23.8kN; A, = 32.4kN;
Member BC: C, = 815 kN; C, = 16.6 kN
5-27. B,=1.08kN, B, =13.62kN;
Member AB: A, = 13.62kN; A, = 1892 kN,
Member BC: C, = 1.38 kN; ¢, = 108 kN
5-29. B, =7233kN; B,=25kN;
Member AB: A, = 233 kN; Ay = 475 kN;
Member BC: C, = 233 kIN; C, = 425 kN
5-30, hy=13125m;
hy =225 m;
by = 28125 m;
B, = 23.62kN; B, =318kN;
Member BC: Fye = 3.62kN; C, = 3145 kN;
Member AB: A4, = 8.46 kN; A, = 30.87 kN
Chapter 6
6-19. ) (Mc)max = 1416 kN'm
b) (Vhmax = 20kN
6-23. a) (M)nax = —526.5kN-m
b) (V)mae = 54 kN
¢) (Mp)pax = —1485kN'm
6-25. a) (Rp)pae = 147.7kN
b} (Vi )max = 563 kN
) (M)mas = 168.8 kN-m
6-26.  a) (M) = —185.6 kN'm
h) (VB)ma.\' = 232 kN
627, a) (Ma)ne = 54 kN-m
b} (Rpimax = 9.84 kN
629, (Mp)pae = —4kN'm
6-30. a)FromAtoC, (M= —108kNm
b)From D to C, (Vp)mae = 27kN
6-3L.  8) (M )pax = —S0kN'm
b} (VB)max = —8kN
6-34. (Mp)pa = —48.6 kN-m
6-35.  (Vemae = —405kN
638, (Vip)max = 1092 kN
{(Mp)max = 49 kN-m
641 (Mp)ya = 107kN'm
642, a) (D). = 105kN
642, b)) (Vpp)mae = 42 kN
) {Mg)nax = 81 kN'm
6-43.  (Vep)mae = —40kN
6-5L  (Fopmay = 754 KN (T)
6-53.  (Fop)max = 160 KN (C)
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6-54. (FKJ)ma_\: =27 kN (C)

6-55. (FC])max =101 kN (C)

6-57. x=6 139 (FCF)max =671 kN (C)

6-58.  (Mchnax = 441 kN-m

6-59. a) (Velmax = L1575 KkN
B) (M)max = 94.5kN-m

6-6L (Vp)max = 5.83 kN

662, (Mol = 33.1kN'm

663,  (Fpo)max = 1184 kN (T)

6-65.  (Firuax = 153 kN (C)

666, M.~ 135kN-m

667, (Frpmax = 167 kN (C)

6469. (Fpolmax = 116 kN (T)

6-70. My, = 67.8kN'm

6-71. M. = 0645kN-m

6-73. M= 164 kN-m

6-74. M .= 1458 kN-m

6-75. My = 1031 kN'm

677, M;=176kN-m

6-1P. M;=309kN-m; Tp.= 169kN

6-2P. Case a: FAH = FEF = 12.3kN (C);
Fap = Fpc = Fcp = Fpp = 8.71kN(T)
Case b: Fay = Frp= 123 kN (C);
FBC = FCD = 116 kN (T)

Chapter 7

7-1.  Fpg=125kN(T); Fsg=125kN (C)
Frg=1kN(C); Fqp=1kN(T)
Joint A: Fup = 175 kN (C);
Fpp=125kN(T);, Fep=125%kN(C);
Fpg=1kN{C); Fpc=1kN(T)
Joint C: Fep = 225 kN (C);
Joint B Fge = 1.5 kN (C)

T-2. Fup=0; Fpg=25kN{T)

7-3.

Fup=0; Frpg=2kN({C);
Joint F: Fyp = 2.5 KN (C);
Joint C: FBC = 0, FCD =3 kN (C),

Joint E: Fpg = 3kN(C); Fgp = 2kN (C)
Frp = 2946 kN (C); Fag = 2946 kN (C);

Joint A: Fup = 45.83 kN (T);

Far = M83 kN (C);

Joint H: Fre = 20.83 kN (C);
Fge=58%KkN (C); Fpp= 5.89kN (T);
Joint G: Fgp = 375 kKN (C);

Fgp = 25 KN (C);

7-5.

7-6.

7-9.

7-10.

7-11.
7-13.
7-14.
7-18,
7-17.

Joint B: Fge = 62.5 kN (T);
Fre = 4125KkN (T): Fpp = 41.25 kN (C);
Joint D: Fep = 29.17 kKN (T);

Fap = 79.17 kN (C);

Joint E: Fpp = 417 kN (C);

Joint C: Fre = 25 kN (C)

Joint D: Fpg = 4.0 kN (C);
Fuo=150KN (T); Fgr=15.0KkN (C);
Joint B: Fup = 9.0kN (T);

Joint C: Fep = 5 kN (C)

FEC = 0, FDF =133 kN (T);

Fgr= 0

Fpe = 107 kN (C);

Joint D: Fyp = 8.0 kN (C):

Fpr=0;

FAC =30.0kN (T); Frg= 34.7kN (C);
Joint B: Fag =

Joint C: Fep = 180 kN (C)

Joint A: Fag = 49.5kN (C); Fge = 0
Far= 636 kN (T); Fgp= 45 kN (C):
Fpe = 40.5 kN (T);

Joint B: Fpg = 36 kN (C);

FFD = O; FCE = 573 kN (T),

Frp = 405KN (C); Fep =0

Joint C: Fep = 40.5 kN (C);

Joint D: Fpg = 58.5 kN (C)

A, =0 B,=0, C. =0

A, = 1575kN; B, = 3825 kIN;

C, = 225kN; M,y = 851 kN-m;
Mpg=158.0kN'm; M= 243 kN'm
A,=0 B.=0; C, =10

A, = 54kN; B, =T2kN,

C, = 18kN; M, = 21.87 kN m;
Mp=1215kN'm; M-=972kN'm
My =1215kN'm

Mp=45kN'm; Mg=45kN-m
Mp=2kN'm; Mc=2kN'm

FCF = B.84 kN (T)

Fpg=2L9kN (C); Fer = 10.0kN (T);
Fpr=S500kN (C); Frp=21.9KkN (T);
Fro = 250kN (C);



7-18.

7-19.

7-21.

7-22,

7-23.

7-25.
7-26.

7-1P.

=B, = 12.5kN; A, =B, =13.1kN; -
MA = Mp = 18.8kN- m
FCG = 40.6 kN (T) FEG = 35.0 kN (C),
Fep = 5.00kN (C)
Feg=219KN (T); Fpe=20.0kN (C);
Fep = 5.00kN {C)
Fep=31EN(T), Fpp= 721kN (C);
Joint G: Fropy = 1SkN(CY;, Fgp = 0;
Joint D: Fpp = 721 kN {T};
Fpr=51kN (C)
Fep=288kN(T); Fpp=844kN (C);
Fpp =293 kN (C);
Joint E: Fgp = 10.1 kN (T);
Fry=225kN (C);
Joint F: Fry = 844 kN (C);  Frg = 0;
Joint G: FG] = 0 FGH 0
Toint I Fyy = 844 kN (T); Fyy =
Joint J: Fpp = 10.1 kN (C);
Fip = 844 kN (T);
Joint I Fpy, = 288 kN (C); Fy = 11.25 kN (T)
Joint E: FEG = 0
Fge=84.9kN (T);
FGH =97.5kN (C); FCD = O,
Joint E: Fry = 84.9 kN (T);
Joint I Fyp = 84.9 kN (T);
Fuyp=225kN (T,
Joint I FFJ: 0, FFD = 84.9 kN;
A, =315kN; B, = 375kN;
A, = 60 kN; B, = 60 kN;
My =675kN-m; Mp= 67.5kN'm
Myar = =18 kNm
A, =T5kN;, A, =13.5kN;
My =203kNm; B,=15kN;
B, =615kN; Mg =405 kN-m;
C=15kN; C,=0; M,=405kN'm;
Dy =15kN; D, = 676kN;
Mp =405kNm; £, =135kN;
E,=13.5kN; Mg=203kN'm
Mpay = 182kN-m; Np,, = 7.87 kN

15.6 kN (C);

Chapter 8

8-1.

PI?
16T’
P
48E1

Bq=" 2= (4x2 — 312,

B 48EI

Umax =~

82,

8-6.

8-7.

8-9,

8-10.

8-11.

8-13,

Answers to Selected Problems .« 627

Pb
= (x} — (I - bD)my);
Pa 2 3 2 AN 2
M= Byl —x3 — (212 +a%)x, +a?L]
_ Pala—L)
AT 2131 ’
vy = GL‘I At (2% +3ala— L)};
Pa
mzaﬁ[ﬁ(r Ly+a%];
Urmax = 24EI —30%)
o | ML
x|y, EL
~Myx? .
© 2FT
ﬂf[oLZ
Ymax =’UL;L :ﬁ-ﬁ
Moa _ S5Mpa?
AT aEr YT T TgRy
0 dv _owl? .
ATl e 24ED
24EI x¥42L0% - 13y
_ 5wL”
Ve = T agamr
l | — ﬂ/[()L_
mexEl - 2FD?
_ Mox _ _ Mpl?
SEr Y tme = =
) PL? _rr
BUOE PR T 3E
o 5PI2 o = PI?
AT gEr BT opr
A, o TPE I e
T B ARET™
SPa* _19P43
Y
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8-14.

8-15.

8-17.

8-18.

8-19.

8-21.

8-22.

8-23,

8-25.

8-26.

8-27.

8-29,

8-30,

8-3L

8-33.

Answers to Selected Problems

P
F=7
Pa3
Ao =15m7 !
. Mol
c=0a= 50k
_ \3MI?
X 216E]
. My(b? + 3ab® —24%)
# 6EI(a+b)?
_ Myab(b—na)
€ 3EI{a+b)p
3 _SMU(I. _ ﬂ/fgaz "
AT R ST 4Er |
_3Pa* _4Pa
B= gr °Y7 3pr
s _5pPa? _Bra
€T 9Er P GEI
3
=7,
T
wa 41wat
c="grs B8 =3 |
1000
93 :VB' :"Ei—kl\l'mz;
5833
Ap=Mp = 77 !
wl? SwA
SV Ap = Mg =
Oa=Vaypps Bs—Msp 384EI‘L

fc = Ve =0.469(1073) rad;
A =Me =16.41 mm |

150 kN-m?
bc =V = I 1
450 kN-m3
AC =ﬂflc' :T i
50 kN-m?
=Y e T
bc = Ve EI d
en
ey 1750 2

ET

7500 kN-m?
. Ar=Mq~=
§-34, ¢ = e E
B 90 kN-m?
BB VB' EI 3»],
90 kN-m
8-35. Ac=Mc= i
90 kN-m?
65 =My =—— !
146 kN-m?
8-37. =Mp =
125
Op, =Vp, = O
12 kN-m?
be=Ve =4
18 kN-m3
38, =pMp =
8-38, Ap=Mp 71 1
12 kN-m?
B = Ve = EI 7
Chapter 9
9-1,  Ag =113 mm
9-2, Ag, =113 mm
-3, Ay, = 1.50 mm <
9-5.  (Ag), = 4.22(107%) mm —»
9-6.  (Ag) = 422(107%) mm —
97, (Ag), = 0.5625(107%) mm |
9-9. A =040mm
9-10, Ap=040mm
9-11. Ag, = 045mm
9—13. (AC)]: = 0.234 I «—
9-1d,  (Ao), = 0.234 mm «
9-15. (Ap), = L16mm
9-17.  (A4), = 0.60mm |
9-18. (Ap), = 0.525mm |
9-19, (Ag), = 0.525 mm |
9-21.  (Ay), = 6227107 m = 623 mm }
922, (Ag), =3.785(107%) m = 379 mm |
9-23. (Ag), =379 mm |
9-25. A, = 0238 mm I
9-26. Az =26.87 mm
9-27, (Ag), = 0.30mm |
9-20, {Ag), =0233mm |
9-30.  (Ag),=0233mm |
9-3L  Ag, = 983mm



9-33.
9-34,
9-35.
9-37.
9-38.

9-39,

9-41.
942,
9-43.
9-45,

9-46.

9-47,

9-49,

9-50.

9-51.

9-53.

9-54,
9-55.
9-57.

9-58.

9-59.
9-01.
9-62,
9-63.
9-65.
9-66.
967,
9-69,
9-70,
9-71,

9-73.

9-74.

Ay, =943 mm
(Ag), = 943 mm )
(Ac)j, = 1211 mm —
(Ag), =191 mm
(Ag), = 1.91 mm
1884 kN
(Ae)p =f%
(Ac)_;, =268 mm —
AAU - 12.7 rﬂmT
Ay =268mm |
A4, = LO3 mm
_ 23Pg3
C 24Er
_ 23Pa’
T dEr
_ 5Pa?
C GEr
Pa*
bc=om
Pq?
04="g
Mol?
Ag=—3
Y 7]
AD = 1.80 mm T
8z = 0.00120 rad

8z = 1.20(1073) rad
65wa‘1
B 48Er
Ar=3375mm
84 = 4.5(1073) rad
8, = 0.0337 rad
fc = 0.0337 rad
8, = 0.00298 rad
A4 = 0.00298 rad
g = 0.00595 rad
Ay=884mm?
8¢ = 5.89(1073) rad
Ag=0.02738m =274 mm | ;
84 = 575107 rad
 5Moa®
7 6EI
_ 5Mya®
© 6EI

Answers 1o Selected Problems

_ Mpa
975, Op=yr
9-77. Ac=187mm
9-78. Ag=0.04354m = 435 mm |
9-79; 9, = 0.00529 rad
Swi?
9—81- AC;, = SEI
wit
9-82. Ap = E
wi?
83 A=y
77.76 kN-m?
9-85. Ag =
o o 1493 kN-m?
& EI
4PI3
9-86. (A Y i
4pPI3
9-87. (AA);, = ﬁ" —
5P}
9-89.  (Ack ="y i
wit
9-99, (AB);, = E —
59.4 kN.m3
9-91. =20
9L (Aph 7 {
9-93. 6,4 = 0469(107%) rad
9-94. 8, = 0.469(1067%) rad
9.62 kN-m?
995, (Ag), ="
(Ac)o E
45 kNvm3
997, (Ag), =———
( C)U EI l
45 kN-m?
998, (Ap), =
B i !
9-99.  (Ag), = S44mm{
Chapter 10
IM
10—1. By:ﬂ_f; szo;
M
Ay =T; A’IA =0.5M

629



630 .

10-2.

10-3.
10-5.

10-6.

10-7.

10-9.

10-10.
10-11.
10-13.

10-14,
10-15.

10-17.

10-18.
10-19,
10-21.
10-22.
" 1023,
10-25.
10-26.

10-27.
10-29,

Answers to Sefected Problems

3IM
Ay = o B, =0,
1
B, :%%; Mg =§ﬂ'[
B,= —4.5kN; A, = T5kN;
M4 = 6kN-m;

C,=185kN; A, =0;

Ay =161.5kN; M, = 1588 kN-m
B, =238kN'm; A =0

A, =163kN; M, =17.5kN'm

wl 2wl

=—— A, =0 A, =

Y 10 : s
wil?
My=—
ST

B, = -356kN; C,=241kN;
A, =268KN; B,=0
B,= —688kN; C,=156kN;
A, =0; A, =156kN
B,=—30kN; C,=178KkN;
B,=46kN; A,/=0
B,= —580kN; A,=C,=290kN
Mp=581kN-m; Mc=200kN'm
My = —33.75 kKN*m
I;L, M.y =b1p = L

P

=B, = 7

Z
M = — %
A, = 236kN; A, = 21.9kN;
Cy=564kN; C,=219kN
A= —18ISKN; €, = 20N,
= 1.875kN; My=32.5kN-m
—28kN; A, = 2kN:
44kN; M, =T78kN-m
C, = —1288kN; A, = 1188kN;
A =0, My — 189.8 kN-m
Fap=25kN(C); Fpp=2.5kN(T):
FBC =0
FBC = 4.05 kN (C)
FBD =256 kN (T)
Fac = 7.07 kN (T);
Joint C: FDC = FCB = F;
FDC - FCB =207 kN (T);

It

M

3

Ay

i

1

Cy
G
Ay

Symmeiry: Fyp = Fip = 2.07 kN (T);
Joint D: Fpg = 2.93 kN {C)

10-30, Fsp = 8.54 kN (C):
Joint A: FAB = 6.04 kN (T);
Fyp = 6.04 kN (T);
Joint £: Fyp = 5.61 kN (T);
Fgp = 3.96 kN (O);
Joint C: Fpe = 14.1 kN (T);
Fpe = 100N (C);
Joint B: Fpg = 140 kN (C)
10-31, Fye=7.78 kN (T)
10-33. Fpg= ~2.678 kN (C)
10-34. F,o = 132.6 kN
10-35, T=246kN; A,=197kN;
A, =353kN; My =410kN'm
10-37. Fgp = 1121 kN (C):  Fup = 90.6 kN (T):
Fae = 80.1 kN (T)
10-38. F = 190.7 kN (T);
Fac = Fep= 2383 kN (T);
Fye = Fpp = 143.0kN (C)
10-39. Fpp=192kN; Fog = 53.4 kN
10-45. (V) = V= 2.16 kN
10-46. {(Mp) = Mz = 9.00 kN-m
Chapter 11
-1 M= 384 kN-m: Mp, = 312 kN-m;
Mpe= —312kN'm; Mcg = 204 XN'm
102, Myp=—145kN-m; Mp, = 16.0kN-m:
ﬁ”IBC = —16.0 kN'm; MCB = 173kNm
-3, Myp= —43.5kN-m; Mgy = 57 kN-m;
Mpe = —5TkN'm; Mcp=84kN-m .
-5, Myp= —3555kN'm; Mgy = —2273kN-m;
Mpe=—2273kN'm; Mcp=0
6. Mp,=-387kN-m; Mpr= —387kN'm
-7, Myz=—51.9KkN-m; My, = 852 kN-m;
IWBC = —85.2 kN-m
11-9, IVIC'D = —4§8 R_N'm, 1143.,‘ = —12 kN'm;
Mge=12kN'm; Mcp= 48 kN'm
11-10. M, = —21 kN'm; My, = 43 kN-m;
Mpe= —48kN-m
11-11. IWBA =442 kN-m; AIIBC = —44.2 kN-m;
-ﬁ’ICB =442 kN‘ITJ; MCD = *44.2‘1-(N'm
1113, Mz = —2.87kN'm; Mgy = 243 kNem;
Mpe = —74.3 kNm
1114, M, = 244 kN-m; Mpe = —244 kN-m;



Segment AB: 4, = 146.3 kN;
Entire frame: D, = 480 kN;
A, =9%kN; D, = 146.3kN

1115, Mgy = 1269kN-m; Mpye= —163.2 kN-m;
Meg = 1489 kN'm; Mpp = 363 kN'm;
Meg = —148.9kN-m

11-17. Mpe= —249kN-m; My, = 24.9 kNem:
IL’ICB = 28.0 kN-m; MCD = —847 kN-m,
Mpe=147kN-m; Mqp= —19.6kN'm

11-18. M, p = —330kN-m; Mpp = 400 kN-m:
AIDB el O

1119, Mgy = ~494 N'm; Mgy = 494 N-m;
ﬂr’[gc = 494 N-m; ﬂ/IED = —49.4 N']Il;
Mep = 256.TNm; Mpg = —256,7 N-m;
Mep = —256.7N'm; Mpe= 2567 N-m

11-21. Mg,y = 280 kN'm; Mpe = —280 kN+m;
ﬂ’[c-g = —T79.6 kNI]Il, A’ICD =796 kN'm

1122, My =172kN-m; Mg, = 204 kN-m;
Mge= =294 kN'm; Mcp = 236 kNem;
Mep = —236 kN-m; Mpe= —753kN-m

11-23. ﬂfIBA = —130 kN'm, AKIBC = 130 kN']ll;
Meg = 245kN'm; Mep = —245kN-m

125, Mpy; =36 kN'm; Mpe = 36 kN-m;
Mep= —36kN'-m; Mpc= —36kN-m

1126, Mup = 254kNem; Mpe = —56.7 kNm

1127, Mcop =96kN'm; Mcg = —384 kN-m;
Mpe = —57.6 kN-m

P M., = —25.1 kN'm

Chapter 12

121 Mup= —47.5kN'm; My = 40.5 kKNm

122, Mps=84.0kN'm; Mep = 84 kKN-m

12-3, A =0 A, =33kN; M, =30kN-m;
C,=6kN; B,=33kN

12-5, I‘:[AB = 10.4 kN-m; -AJBC = 20.7 kN'I}'l;
J"‘ICB =7.5kN-m

126, Myg= —48kN-m; Mpe = 24 XN-m;
A/ICB =48 kN-m

12-7. A.=0; A, =3375kN; B, =3825kN;
C, = 38.25kN; D, =3375kN

12-9. Mp,=9kN'm; Mo =925kN'm
A’IDC =36kN'm

12-10. A, =117kN; B, =36kN; B, =99 kN;

C, = 36kN

Answers to Selected Problems =« 631

1211, B, =227kN; B, = 205kN; A, = 148 kN;
A, =205kN; C,=227kN; C,=45kN
12-13. Mpy = 429kN'm; Mg = —22.1 kN-m;
Mpp =201kN'm; Mep= —11,1 kN'm;
s MDB:64kN-m; i\/IDE:_64kN'm
12-14. Mg, =878 kN'm; Mg, = —23.4 kN-m;
Mpp =146 kN'm; Mpg = 7.32kN-m
12-15, Mup=206kN-m; Mg, = 411 kN m;
Mep=414kNmy; Mpe= —20.6kN'm
12-17, Mgp= —464 kN'-m; Mpe= 110 kN-m;
MCB = 155 kN'm; ]‘([DC = =243 kN'm
12-18. Myp = ~19.5kN'm; Mg = 15.0kN-m;
MCB =201 kN-m; -!MDE = —36.9 kN'm
12-19. Myp = —4348kN'm; Mpe = 2029 kN-m;
Meg = 1566 kN'm
12-21. Myp=253kN'm; Mpc= —56.7kN-m
Chapter 13
13-1. Mc= —356kNm; M, = —363kN-m
132, K4 = My =25.1(10°) kN-m;
CAC ={.579
13-3, 65 =0.199 x 107 rad
13-5, CAB = CBA = 0.599;
Ky= My = Kg=313010" kN-m
13-6.  C,p = 0451 = Cpy (symmetry);
Ky=M,= Kg=1721 MN-m
13-7.  Cp,y = 0681, Kgz=148(10°) kN-m;
Cap = 0381, K, = 256(10°) kN'm
139, Myp=175kN-m; My, = 3.51 kN'm
13-10. M, = —~9.84 kN'm
13-11, C,p5=192%
Ka=M4=197(10")kN'm
13-13. ﬂ(IAB =113 k_l\l'm; A:IBA = 151 kN'm,
Mge= —151kN'm; M5 = 461 kNm
13-14. Mpy= —423kN'm; Mppr= —44.7kN-m;
Mpe=87kN'm; Mcp = 185 kN-m;
Meg = 213kN'm; Mcp = —398 kKN-m;
Mpe=106kN'm; My = —224kN'm
13-15. Mps= —423kN'm; Mpr= —44.7 kN-m;
Mpe=87.1kN'm; Mg = 185kN-m:
MCE =213 I{N'm; JHCD = —398 kN=m;
Mge=106kN'm; Mpg = —224kN-m
13-17. Mgy = 29.0kN'm; Mpe = ~29.0 kN-m;

Mep = 29.0kN'm; Mpp = —29.0 kN-m




632 + Answers to Selected Probiems

Chapter 14
[ 84.53 0 ~3333 0 256 —192 256 192 |
0 28.8 0 o —192 —l44 192  —144
—33.33 0 3333 0 0 0 0 0
14-1. K= —-25.6 —-19.2 0 0 25.6 192 0 0
-192 —l44 0 0 19.2 14.4 0 0
-256 192 0 0 0 0 256  —19.2
192 -144 0 0 0 0 —192 144
142, D;=0; D,= —0.6944(107%) m;
14-3. q=139kN(C)y; ¢:=0;
g3 = 13.9kN (T)
3297
. = ——— kN
14-5 Dy AR m
g1 = —283 kN
[ 08536 03536 —03536 —03536 0 0 ~05 0
03536 03536 —03536 —03536 0 0 0 0

03536 —03536 10606 03536 -03536 —03536 —03536 03536

14-6. K = AE —03536 —03536 03536 10606 -03536 —03536 03536 -—03536

0 0 —03536 —03536 08536 03536 0 —0.5

0 0 —(3536 —03536 03536 03536 0 0
—0.35 0 ~03536 03536 ] 0 03536 —03536

0 0 03536 03536 —03 0 ~-(.3536 0.8536

147, g, = —283kN; gs=2.00kN
149, g, = 452KkN; g, = 12.0kN;

g3 = —30.0kN
[ 015 0 0 0 —0075 0  -DO75  ©
0 0075 0 -0075 0 0 0 0
0 0 00768 0 —00384 —00288 —00384 00288
g, K _10f| 0 ews o 01182 -00288 —00216 —00288 —0.0216
0075 0  —00384 —00288 0134 00288 0 0
0 0 —0028%8 —00216 0028 00216 0 0
—0075 0 —00384 00288 0 0 01134 —00288
0 0 00288 —00216 O 0 —00288 00216

14-11. D, = —0.540(1075) m;
gs = 10.0kN



Answers to Selected Problems « 633
14-13. D, = —124.8(10 %) m;

0, = 0.508 kN

(1134 288 —384 -288 ¢ 0 -75 0

288 1215 —288 ~216 0 999 0 0

~384 —288 1134 288 75 Q@ 0 0

414 K - 107|288 216 288 1215 0 o 0 —999
0 0 =75 0 1134 -288 -384 288
0 -999 0 0 288 [215 288 -216

—75 0 0 0 -384 288 1134 —288
0 0 0 099 288 -216 —288 1215

14-15. gg=729kN

Chapter 15

15-1. My = 185kN'm; M;= —204kN'm
152, gg=225kN'm; g, = —11.25kN-m
15-3. Oy=M;=94kN'm
O = M3z =161 kN'm
15-5, Node 1: M, =225kN-m;
Node 2: My = 450 kN-m
15-6. O, =1275kN; Qs=105kN; Q= I27.5kN
1570 Qs=M;, Qs=—M, O;= —2M;
15-9, 5= —2165kN'm; (s=392kN'm
15-10, M, = My = 442 kN-m

wL wi2
15-11. Qp_ = 6 s Q3 = WL Q4 = "3_
15-13. F; = F;=255kN; F, = 210kN
Chapter 16
470 0 729 720 ¢ —729 0 —400 0]
0 2L6 -32.4 0 —324 0 —600 0 —216
720 —324 162 486 324 ~729 0 0 324
729 0 486 972 0 —-729 0 0 0
16-1. K= (109 0 -324 324 0 648 0 0 0 324
—729 0 —728 -729 0 729 0 0 0
0 —600 0 0 0 0 600 0 0
—400 0 0 0 0 0 0 400 0
0 —2L6 324 0 324 0 0 0 216 |

16-2. For member 1: gy, = 1.27 kN, gn, = 5.15kN, gy, =0,
qr, = ~127kN,qg, = 2L6 kN, g5, = —~2.54 kN,
For member 2: gy, = 6.85 kN, gy, = 127 kN, gy, = 2.54 kN,
qr, = —685kN,qr, *—127k1\f,’q‘: =0
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16-3.

16-5.

16-6.

16-7.

16-9.

K = (10%)
k, = (10°)
k, = (10%

[ 1575

—31.5
—15.75
0
—3L5

1150

0

0
—1150
0
0

L

Answers to Selected Problems

Q7= 85kN; Qg=—25kN; Qy= 35kN

K = (10%

K =(1%)

2222

0
—33.33
—22.22
0
—33.33
g

G

0

0 R ) 0 0
48 12 0 48 12
12 40 o —12 20
0 0 4828 0 8333
—48 —12 04048 —12
12 20 8333 —I2 7335
0 0 —277% 0 —8.333
0 0 0 —400 0
0 0 8331 0 1667
0 —315 —15.75 0 —31.5 |
1150 0 0 —1150 0
0 8¢ 3L5 0 4

0 315 1575 0 315
~1150 0 o 1150 0
0 4z 315 o 84

0 0 ~1150 o 0|
1575 315 0 —1575 315
315 84 0 -315 42
0 0 1150 0 0
1575 315 0 15735 —3L5
315 42 0 315 84
0 —3333 —22.22 0 -33.33
800 0 0 —800 0
0 6667 33.33 6 3333

0 3333 688.89 0 3333
—800 0 0 812.86 2315
0 3333 3333 2305 12222

0 0 —666.67 0 0

0 0 0 —12.86 —23.15

0 0 0 2315 2778

0 418 18 0 -9 0

0267 —8% 0 -8 0 —300

-8 30 24 16 -—18 0

¢ 24 48 0 —I8 0

-8 16 0 32 0 0

p -18 18 0 g 0

-300 0 0 0 0 300

0 0 ¢ 0 0 0

-3 8 0 8- 0 0

9
3

=]
c83coocooo

¢ o
Y 0
0 0
0 8.333
—400 0
0 16.67
0 —8.333
460 0
0 33.33
0 0
0 0
0 0
0 0
~1286 23.15
-32.15 2778
0 0
12.86 —23.15
—23.15 5556
0
—2.667
8
0
8
0
0
0
2.667




16-10. D, = —16.7(10%) mm;
D; = 0.375{(107) rad;

16-11.

07 = —3.336 kNN;

;= 1222 kN;
O = 3.336 kN;
O = 778 kN

k, = (10%

k, = (10%

k, = (10%

105

—10.5

21
18.5

21

—450

Answers to Selected Problems « 635




16-15. K = (10%)

Answers to Selected Problems

Appendix

8
AL a)A+B=[81
b)A—ZB=[2

7
(A+B)T =7

6

™ 466 24 —450
0 54 0 —54
24 120 0 —s54
—450 0 466
0 —s54 —s4 0 354
— e 0 36 24 —54
16-13. K= (10| 2 Y .
0 —300 0 0
24 0 M 0
0 0 0 -16
0 o0 0 -300
0 0 0 24
16-14. D, = 1.108 mm; 0, = —1515kN;
0 = 24.0kN'm; Q0 = ~0.849 kN;
Oy = 3214 kN, Q1 = 9.70kN'm
[ 12923 380.77 1344
38077 527544 1617
1344 1617 126
0 2625 35
1344 —10.08 28
—2923  —38077 —1344
—380.77 —51442 1008
—1600 0 0
0 —13.125 -26.25

|
-4

7

SATB) =AY+ B =7

6

—
b

|
)
=}

oo
OgOOOOOOODDD
[

RO OO OO OO
b

[#]

|
] i
-

B
[OOO-BOOO&O-D-OODI

s = —32.14 kN;

-2625



A6,

A-10.

A-11.

A-14,

A-15,

A-17.

A-18,

A-19,

3 14
[—2 22 18
AB=]17 -13 1
6 -8 8§
21 4 2
BA=|37 2 0
_—35 22 12
AB = 79
T -5
_ 72
AR = 4
2 48 2
AB=|0 17 2
—6 -5 2
R
17 10
-33 -88
2 1
13 13
3 _5
13 3
075
x = (025
075

x1 = 095,23 = 0.75;x, = 0.25

Answers to Selected Problems

637



Index

Absolute maximum shear and moment, 240-243
Adjoint matrix, 612

American Association of State and Highway Transportation Officials

(AASHTO), 15

American Railroad Engineers Association (AREA), 15

Analysis, 34, 26, 3377, 79-133, 137, 142, 150, 204, 259-289, 299, 306, 316,
338, 345,363,368, 386-380, 414, 441448, 477, 529-563, 565-583, 585601

approximate, 250-260

beams, via stiffness methed, 565-583

Castigliana's theorem, procedure for using, 363, 368
compound trusses, procedure for, 104

conjugate-beam method, procedure for using, 316
defined, 34

displacement method, procedute for using, 441-443
double-integration methed, procedure for using, 269
elastic curve, procedure for, 299

equations of equilibrivm, procedure for using, 56
exact, 260

force method, procedure for using, 386-389

frames, via stiffness method, 585-601

influence lines, procedure for establishing, 414
influence lines, procedures for constructing, 204
internal loadings, procedures for, 137, 142, 150

joint reactions, procedure for, 56

methed of joints, procedure for using, 93, 115

method of sections, procedures for using, 100, 115, 137
method of substitute members, procedure for, 108-109
method of virtual work, procedure for using, 338, 345
moment-area theorems, procedure for using, 306
moment distribution, procedure for using, 477

shear and moment diagrams, procedure for using, 150
shear and moment functions, procedure for using, 142
space trusses, procedure for, 115, 560-561

specific point of a structural member, 137

static, 26

stiffness method, procedure for using, 543, 571, 590-591
structures, statically determinate, 33-77

structures, statically indeterminate, 259289, 386-389
tabulate values, procedure for, 204

trusses, procedure for, 93, 100

trusses, via stiffness method, 529-563

Angular displacements, 435, 430
Angular flexibility coefficient, 387
Antisymmetric loading, 411, 484
Approximate methods, use of, 259-260
Arches, 7, 179, 188-201

fixed, 188

funicular, 188
introduction tc, 179
structure of, 7
three-hinged, 188, 189-194
tied, 188

two-hinged, 188

JAwerage force magnitude, 330
Axial force, 84,332
Axial stress, defined, 279

Baltimaore {russ, 82-83
Beam columns, 6

Beams, 4-3, 38-39, 146-156, 162166, 211-221, 240-243, 314321, 343-354,
355-360, 367372, 391-399, 412414, 441448, 473-487, 565-583
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absolute maximum moment, 240-241
absolute maximum shear, 240

analysis using stiffness method, 565-583
axial loads in, 355

beam-member stiffness matrix, 567-568
heam:-structure stiffness matrix, 569
bending, deflections from, 343-354

Castigliano’s thecrem, 367-372
concenirated force acting on, 211
conjugate, 314-321
defined, 38
displacement method analysis of, 441448
envelope of maximum influence-line values, 241
force method of analysis, 391-399, 412414
hinge pin, 214
idealized model of, 39
inflzence lines for, 211-221, 412414
integration using tables, 344
intermediate loadings, determination of, 570
laminated, 5
member forces, determination of, 570
moment diagrams, 162-166
moment distribution for, 473481
Miiller-Brestau principle, 214-216
procedure for analysis of, 345, 368, 571
roller guides, 214
shear, 355
shear and moment diagrams, 146-156
statically indeterminate, 391-399, 412414
stiffness-factor modifications for, 482487
stiffness method, application of for analysis, 569-581
structure of, 46
superposition of, 162-166
tabular method of integration, 344
temperature difference in, 356-357
torsion in, 356
uniform load, subjected to, 211
virtual strain encrgy, deflection by, 355-360
virtual work, method of, 343-354

Bending, 292, 332, 343-354
deflections due to, 343-354
internal, 292
strain energy, 332

Betlti’s law, see Maxwell’s theorem

Boundary conditions, 298

Bowstring truss, 80-81

Bracing struts, 4

Bridges, 15-16, 82-83, 226-229, 337, See also Trusses
bracing, 82
camber in, 337
highway loads, 15
intluence lines for construction of, 226-229
primary member, 227
rzilroad loads, [5-16
structural elements of, 82
trusses for, 82-83, 226229, 377
types of, 83

Building codes, 9

Building loads, 12-14

Cables, 7, 179-187, 195201
concentrated loads, subjected to, 180-181
Hexibility of, 180
intreduction to, 179~178
parabolic shape for, 183
structure of, 7
uniform distributed loads, subjected to, 182-187
Camber, 337
Cantilever method, 287283

_ Carry-over factor (COF), 472, 506-507

moment distribution, 472
nonprismatic members, 506-507
Castigliano’s theorem, 361-372
beams and frames, 367-372
discussion of, 361-362



method of least work, 361-362
procedure for analysis using, 363, 368
trusses, 362-366
Columa matrix, 603
Columns, 6, 278-283 |
axial stress in, 279
beam, 6
building frames, in, 278-283
ferce in, 279
structure of, 6
Compatibility, 47, 385-386, 441
dispiacement, 386
equations, 47
nodes, at, 441
requirements, 385
Compatibility method, see Force method
Camplex trusses, 87, 108-111
formation of, 87
method of substitute members, 108111
procedure for analysis of, 108-109
reduction to simple stable trusses, 108109
superposition of, 109
Composite structures, 407-408
Compound trusses, 86, 104-1G7
classification of, 104-167
formation of, 86
procedure for analysis of, 104
Compression, defined, 92, 93
Compressive force, 84, 226
Concentrated loads, 180181, 230-243
absolute maximum shear and moment, 240-243
cables subjected to, 180-181
maximum influence at a point, 230-239
moment, determination of, 234-235
series of, 230
shear, determination of, 230-233
Conjugate-beam method, 314-321, 506-513
discussicn of, 314
loading properties, 506-513
nonprismatic members, analysis using, 504-505
procedure for analysis using, 316
supports, for, 314-316
thecrems of, 314
Conservaticn of energy principle, 328
Conservative forces, defined, 362
Coordinate systems, 530, 566
global (x, ¥), 530, 566
member, 530, 566
structure, 530
Curvature, 296-767
center of, 206
defined, 296
elastic, 297
radius of, 296

Deck, bridge fruss, 82
Deflection per unit force, 386
Deflections, 291-327, 329331, 504-505. See also Energy methods
bending, 343354
conjugate-beam method, 314-321
defined, 291-292
diagrams, 291295
double-integration method, 298-303
clastic-beam theory, 266-297
elastic curve, 291-295, 297
energy methods, using, 329-381
inflection point, 293
internal axial forces, 292
internal bending, 292
moment-area theorems, 304-313

Index

nronprismatic members, 304-505
slope, 299
Pegrees of freedom, 4344335
Densities, 30-11
dead loads, minimum, 11
design loads, minimum, 10
live loads, minimum, 13
Design, 9, 15, 18-22, 27, 84, 112-113
cades for structural, 9
LRFD Bridge Design Specifications, 15
space trusses, 112-113
structures, 27
trusses, 84
wind pressure, 18-22
working-stress method, 27
Determinacy, 47-50, 87, 112
compatibility equations, 47
degree of indeterminacy, 47, §7
statically determinate, 47
statically indeterminate, 47
structural, 47-50
trusses, 87, 112
Diagonal matrix, 603
Differential equations, 296-297
Displacement, 385, 336, 436437
angular, 436
compatibility of, 386
defined, 385
lcad-displacement refationships, 436-437
relative linear, 437
Displacement method, 385, 433-467, 469501
beams, analysis of, 44148, 482487
degrees of freedom, 434435
fixed-end moments (FEMs), for, 438439, 470
fraimes, analysis of, 449-461, 488497
moment distribution, 469-501
no sidesway in frames, 449-453, 488-489
procedures for, 433435
sidesway in frames, 454461, 490-497
slope-deflection equations for, 435-440
stiffness factor modifications, 482-487
use of, 385
Displacement transformation matrices, 531, 533, 534, 587
coordinates, determination of, 533
frames, determination of, 587
trusses, determination of, 534
use of, 531
Distribution factor (DF), 471
Double-integration method, 298-303
boundary conditions, 298
continuity conditions, 208
discussion of, 208
procedure for analysis using, 299
sign convention for, 298

Earthquake loads, 25-26
dynamic analysis, 25
earthquake respense spectrum, 25
selsmic response coefficient, 26
static forces, 26
Elastic-beam theory, 296-297
differential equations for, 266-297
flexural rigidity, 296
radius of curvature, 296
tabulated results of, 297. See also Inside front cover
Elastic curve, 201295, 297, 209
deflection diagrams for, 291295
determination of, 297
procedure for analysis using, 239
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Elastic deflections, 259
Energy methads, 329-351

nxial lead, 355

beams and frames, 343-354, 367-372
Castigliano's theorem, 361372
conservation of energy principle, 329
external work, 320-332

shear, 335

strain enerpy, 329-332

temperature, 356-357

torsion, 356

trusses, 336-342, 362-365

virtaal strain, 355--360

virtual work, ponciple of, 334-354
work and energy, principle of, 333,334

Fauilibrium equations, 4647, 54-63, 385

application of, 5463

free-body diagrams, use of, 46, 54-56
iaternal leads from, 46

principle loads, 46

procedure for analysis using, 56

Equilibrium requirements, 385
External work, 329-332

average force magnitude, 330
conservation of energy principle, 329
force (£, 330-331

moment (Af), 331

statically indeterminate structures, 383386
symmetric structures, 410412
trusses, analysis of, 404407
use of, 409410
Force transformation matrices, 531, 533, 535, 5838
coordinates, determination of, 533
frames, determination of, 588
trusses, determination of, 535
use of, 531

Frames, 8, 61, 157-161, 343-354, 355-360, 367-372, 400403, 415421,
440461, 488-497, 503-527, 585-601. See alse Beams, Portal frames

analysis using stiffness method, 585-601
axial loads in, 355

bending, deflections fram, 343-354
Castigliano’s theorem, 367-372
displacement method acalysis of, 449-461
displacement transformation matrix, 587
force method of analysis, 400403, 415-421
force transformation matrix, 588
frame-member global stiffness matrix, 589
frame-member stiffness matrix, 585-586
influence lines for, 415421

moment distribution for, 488497
multistory, 430-491

no sidesway in, 440453, 488-489
nonprismatic members, analysis of, 503-527
procedure for analysis of, 343, 368, 590-591
shear and mement diagrams for, 157-161

Finite elements, 530

Tink truss, 80-81

Fixed arch, 188

Fixed-end moments (FEMs), 438439, 470, 506
defined, 438
determination of, 470. See also Inside back cover
ronprismatic members, 506

sidesway in, 454461, 490497
slope-deflection equations for, 449461
stiffness method, application of, 590-598
structure of, 8, 63

torsion in, 356

virtual strain energy, deflection by, 355-360

virtual work, method of, 343-354
Free vector, defined, 57
Free-body diagrams, 46, 54-56
Funicuiar arch, [88

Gauss elimination method, §13-614
Girders, 38, 222-225. See also Beams
defined, 38
floer, 222-225
idealized model of, 38,222
Global coordinate system (x, ¥), 530, 566
Global member stiffness matrix (k}, 536-537, 561, 589
Gusset plate, defined, 79

Handbook of Frame Constants, 514
Hiphway bridge loads, 15

Hinge pin, 214

Howe truss, 80-83

Hydrostatic pressure loads, 26

Idealized structure, 3344
line drawings, 3839
models, 34-35, 3§39
purpose of, 33
support connections, 34-37

sign convention for, 438
slope-deflection equation for, 438439
Flanges, 4
Flexural dgidity (ET), 296, 304
determination of, 296
MIEI diagram, 304306
Floor beams, bridge truss, 82
Floer pirders, 222-225
idealized modet of, 222
influence lines for, 222-225
panels, 222-223
Floor joists, 38
Force {F), 36, 84, 96, 114, 211, 226, 330-331, 362, 383431, 570
axial, 84, 332
compressive, 84, 226
concentrated, on beams, 211
conservative, 362
defined, 36
external work, of, 330-331
force-displacement, reguirements, 385
member forces, determination of in beams, 57¢
method, analysis by, 383431
strain energy, 332
tensile, 84, 226 symbals for, 37
X, ¥, Z components, 114 tributary loadings, 4044
zero, 96 Identity matrix, 604
Force method, 383431 Impact factor, 16
beams, statically indeterminate, 391-399, 412-414 Impact loads, 16
Betti’s law, 390-301 Inflection point, 293
compatibility of displacement, 386 Influence lines, 203-257, 412421 N
comnpatibility requirements 385 . absotute maximum shear and moment, 240-243 *
composite structures, 407408 beams, for, 211-213, 412114
development of, 385 concentrated loads, at a point due to a series of, 230-239
eguilibrium, satisfaction of requirements, 385 defined, 203
force-displacement, satisfaction of requirements, 385 envelope of maximum values, 241
frames, statically indeterminate, 400-403, 415421 equations, procedure for constructing, 204
influence lines, 412421 floor girders, for, 222-225
Maxwell’s theorem of reciprocal displacements, 390-391 frames, for, 415421
procedurs for analysis using, 386389 introduction to, 203-204



moment, determination of, 234-235, 240-241
Mitller-Breslau principle, 214-216, 412
point, maximum influence at, 230-239
procedure for establishing, 414
qualitative, 214-221, 414, 415421
skear, determinalion of, 230-233, 240
statically indeterminate structures, for, 412421
tabulate values, procedure for constructing, 204
trusses, for, Z26-229

[nternal axial forces, 202

Internal bending, 292

Internal loadings, 135-177
beams, 146-156, 162-166
frames, 157-161
method of sections, 135, 137
method of superposition, 162-166
moement diagrams by superposition, 162-166
procedures for analtysis of, 137, 142, 150
resuitants, 135
shear and moment diagrams, 146-156, 157-161
shear and moment functions, 141-145
sign conventions for, 136
specific point, at, 135-140

Joint stiffness factor, 471
Joints, see Method of joints

K-truss, 82-83

Kinetic indeterminacy, 531, 566-367
beams, for application of stiffness method, 566-567
trusses, for application of stiffness method, 531

Laminated beams, 5
Laplace's expansion, 669, 612
Lateral bracing, 82
Lateral lcads, 272-283
building frames, on, 272-283
cantilever methaod, 287-283
portal method, 272-277
Line drawings, 38-39
Linear displacement, 435, 437
Linear flexibility coefficient, 386
Live loads, 12-26. See afso Loads
concentrated, 12
influence area of, 13
minimum, 12-13
reduction equation for, 13
types of, 12-26
uniform, 12
Load and resistance factor (LRFD), 27
Load-displacement refationships, 436437
Loads, 3,931,404, 46, 135-177,180-181,211, 230-243, 2064-266,272-283,
411, 436438, 570. See alse Concentrated loads; Internal [oadings
absolute maximum shear and moment, 240-243
antisymmetric, 411, 484
building, 12-14
building codes for, 9
building frames, on, 264266, 272-283
cables subjected to, 180181, 132-187
concentrated loads, 180-181, 230-243
dead, 10-12
design codes for, 9
earthquake, 25-26
highway bridge, 15
hydrostatic pressure, 26
impact, 16
intermediate loadings, determination of, in beams, 570
internal loadings, 46, 135-177
introduction to, 9-10
lateral, 272-283
linear distribution of, 40
load-displacement relationships, 436-437
live, 1226
maximum influence at a point, 230-239
methed of sections, 46

Index « 641
natural, 26
railroad bridge, 15-16
snow, 2224
soil pressure, 26
span loadings, 438
structural design and, 27
trapezoidal, 42, 57
triarigular, 42
tributary area, 40
tributary leadings, 4044
uniform, 182-187, 211
veriical, 264-266
wind, 16-22, 62-63
LRFD Bridge Design Specifications, 15

M/ET diagram, 304-306
Matrices, 409, 530-531, 532-541, 555, 567-569, 570, 585-586, 589, 602615
addition and subtraction of, 604
analysis for truss changes and errors, 555
beam-member stiffness, 567-568
beam-structure stiffness, 569
column, 570
defined, 602
determinants, 609-610
displacement transformation, 531, 533, 534, 587
equatity of, 604
flexibility, 409
force transformation, 531, 533, 535, 588
frame-member global stiffness, 589
frame-member stiffuess, 585-586
Gauss elimination method, 613614
global stiffoess (k), 536-537, 561, 589
inverse of, 611-613
Laplace’s expansion, 609, 612
member stiffness (k’), 531, 532-533, 567-568, 585-586
maultiplication by a scalaz, 604
multiplication of two matrices, 605-606
operations, 604-508
partitioning, 607-608
stracture stiffness (K), 530, 537-541, 569
transposed, 607
truss stiffness, 537-541
types of, 602-604
y" displacements, 567
Z’ rotations, 568
Maxwell's theorem, 390-351, 409
fexibility matrix, 469
reciprocal displacements, 390391
reciprocal rotations, 391
Member cocrdinate system, 530, 566
Member identification, 530, 563
{ember relative-siiffness factor, 472
Member stiffness faczor, 470
Member stiffness matrix (k*), 531, 532-533, 567-568, 585-586
beams, determination of, 567-368
frames, determination of, 585-586
global stiffeess (k), 536-537, 561, 589
trusses, determination of, 532-533
unit displacement, 533, 589
1se of, 531
Methed of constant displacements, see Force method
Method of joints, 92-95, 115
procedure for analysis using, 93
space trusses, 115
trusses, 92-95
Method of least work, 361-362
Method of sections, 46, 98163, 115, 135, 137
equations of equilibrium, use of for, 46
internal Joads at a specified point, determining, 135, 137
procedures for analysis using, 100, 135
space trusses, 115
trusses, 98-103
unknown member force, 99
Method of substitute members, 108-109
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Method of virtual displacements, 336
Method of virtual forces, 335, 343
Method of virtual work, see Virtual work
Maodels, 34-35, 38-39, 222,259
approximate analysis of, 259
beams, idealized, 39
floor system, idealized, 222
pirdess idealized, 38, 222
structures, 34-35, 38-39
support connections, idealized, 34-35, 3839
Moment (M), 36, 162-166, 234235, 240-241, 331, 438439, 454
absolute maximuns, 240-241
defined, 36
determination of at a point, 234-235
diagrams, 162-166
envelope of maximum influence-line values, 241
external work, of, 331
fixed-end (FEM), 438439, 470
unequal, causing sidesway, 454
Moment-area theorems, 304-313
first, 304
MIET diagram, 304300
procedure for, 306
second, 305
Moment diagrams, 162-166
Moment distribution, 469-501, 517-522
beams, for analysis of, 473481
carry-over factor {COF), 472
distribution factor (DF}, 471
fixed-end moments (FEMs), 470
frames, for analysis of, 488497
joint stiffness factor, 471
member stiffness factor, 470
member relative-stiffness factor, 472
no sidesway in frames, 488489
nonprismatic members, for analysis of, 517522
principles of, 469
proceduge for analysis using, 477
sidesway in frames, 490-497
sign convention for, 470
stiffness-factor modifications, 482-487, 517-522
Miiller-Breslau principle, 214-216

Nodes, 434-433, 441, 530, 565, 550
beam identification, stiffness method, 565
compatibility at, 441
defined, 434
degrees of freedom, 434435
frame identification, stiffness methed, 550
truss Identification, stiffness methad, 530
Nonprismatic members, 503527
carzy-over factor (COF), 506-507
conjugate-beam method, 506-513
deflections of, 504-505
fixed-end moments (FEMs), 506
Handbook of Frame Constants, 514
' load properties of, 506-516
momeni disteibution for, 517-522
slope-deflection equations for, 523-524
stiffness factor (K, 506-507
stiffness factor modifications, 517-522
Normal force, defined, 36

One way slab, 40
One-way systern, 4041, 43

Panel points, 222

Panel shear, 223

Panels, floor girders, 222-223
Parker truss, 82-83

Pins, as points of deflection, 264
Pivotal equation, 613

Plane frames, see Frames
Planar trusses, 6

Plate girder, 4

Portal bracing, 82
Portal frames, 267271, 272-277
approximate analysis of, 267-271
fixed support, 268
lateral loads on, 272-277
partial fixity, 268
pin supported, 267
trusses, used with, 269
use of, 267
Portal method, 272-277
Pratt truss, 80-383
Primary member, 227
Primary stress, 84
Primary structure, 386
Principle of superposition, 45

Radius of curvature, 296

Railroad bridge loads, 15-16

Reciprocal displacements, 390-391. See also Maxweil’s theorem
Resultant forces, defined, 57

Rigid, defined, 535

Roller guides, 214

Roof trisses, 80-81

Rotation, determination of, 356-357

Row matrix, 603

Sawtooth truss, 50-81

Scissor truss, 81, 95

Secondary stress, 84

Sections, see Methed of sections

Shear, 230-233, 210241
absolute maximom, 240
determination of at a point, 230-233
positive, 230, 232
envelope of maximum influence-line values, 241

Shear and moment diagrams, 146-136, 157-161
beams, 146-156
frames, 157-161
procedure for analysis using, 150
relationships between loading, shear, and moment, 149

Shear and moment functions, 141-145

Shells, structural, 8

Sidesway, 449-461, 488497
in frames, 454461, 480497
moment distribution foz, 488497
not in frames, 449453, 488489
slope-deflection equaticns for, 449161
unequal moments in, 454

Sign convention, 136, 298, 435-436, 470
double-integration method, 298
internal leadings, 136
moment distribution, 470
slope-deflection equations, 435-436

Simple truss, 85

$lope, determination of, 299

Slape-deflection equations, 433467, 523-524
angular displacements, 435436
development of, 435
displacement method, in, 433467
fined-end moments {FEMs), for, 438-430
linear displacement, 435, 437
load-displacement rzlationships, 436-437
nonprismatic memberts, for, 523-524
pin-supported end span, for, 440
procedure for analysis using, 441 |
sign conventicns for, 435430 N
use of, 439

Snow loads, 22-24

Soil pressure loads, 26

Space trusses, 6, 112-118, 560-561
analysis of, 560--561
design of, 112-113
external stability of, 112
formation of, 6,112



internat stability of, 112
member stiffness matrix, 561
procedure for analysis of, 115
stiffness method, S60-561
x.y,2 force components, 114
zerc-force members, 114-115
Span loadings, 438
Span ratio, 41
Specifications for Steel Raitway Bridges, 15
Square matsix, 603
Stability, 51-33, 87-91, 112
defined, 51
determination of, 52
external, 87, 112
improper constraints, 51-52
internal, 88-89, 112
partial constraints, 51
trusses, §7-91, 112
Statically determinate strizctures, 33-77, 79-133. See also Structures;
Trusses
defined, 47
structures, analysis of, 33-77
frusses, analysis of, 79-133
Statically indeterminate structures, 47, 259-289, 383-431. See alse Force
method
advantages and disadvantages of, 384
analysis, methods of, 385
approximate analysis of, 259-28%
Beti’s law, 360-391
building frames, 264-266
Cantilever method, 278-283
defined, 4, 383
displacement method, 385
force method, analysis by, 383431
Maxwell's theorem of reciprocal displacements, 390-391
portal frames, 267-271
portat methed, 272277
trusses, 260-263, 267-271
Stiffeners, use of, 141
Stiffness factors (K), 470-472, 482487, 506-507, 517-522
beam pin supported at far end, 517
joint, 471
member, 470
member relative-stiffness, 4§72
modifications of, 482487, 517-522
nonprismatic members, 506-507, 517-522
pin suppaorted at far end, 482
relative joint translation of a beam, 520
symmetric beam and antisymmetric loading, 484, 519
symmetric beam and loading, 483, 518
Stiffness influence coefficient, 537
Stiffness method, 529-563, 565-583, 585601
application of for beam analysis, 569581
application of for frame analysis, 590-598
application of for truss analysis, 542-549
beam analysis using, 565-582
beam-member stiffness matrix, 567568
beam-structure stiffness matrix, 569
displacement transformation matrices, 531, 533, 534, 587
fabrication errors, effects on trusses, 555
finite elements, 530
force transformation matrices, 531, 533, 535, 588
frame analysis using, 585-601
frame-member global stiffness matrix, 589
frame-member stiffness matrix, 585-586
fundamentals of, 529-531, 565-567
global coordinate system (x, y), 530, 566
global stiffness matrix (k), 536-537, 561, 589
intermediate [oadings, determination of, 570
kinetic indeterminacy, 531, 566-567
mattix analysis due to changes and errors, §55-55%
member cocrdinate system, 530, 566
member forces, determination of, 570

Index + 643
member identification, 530, 565
member stiffaess matrix (k*), 531, 532-533, 567-548, 585-586
podal coordinates, 550-553
node identification, 530, 365
procedure for analysis by, 543, 571, 590-531
space-truss analysis, 560-561
structure coordinate system, 530
struéture stiffness equation, 542
structure stiffness matrix (K), 530, 537-541, 569
thermal changes, effects on {russes, 554
truss anaiysis vsing, 520-563
truss stiffness matrix, 537-541
Strain energy, 329-332, 355-360
axial force, 352
bending, 332
development of, 329-331
elastic, 329
virtual, 355-360
Strength design method, 27
Stress, 84,279
axial, 279
primary, 84
secondary, 84
Stress distribution, 135
Stringers, bridge truss, §2
Structure coordinate system, 530
Structure stiffness equation, 542
Structure stifiness matrix (K}, 530, 537-541, 569
Structures, 3-9, 27-31, 3377, 259-289, 383431, 517-522. See also Beams;
Force methed; Frames; Statically indeterminate structures; Trusses
analyzing, 34, 56
approximate methods, use of, 259-260
arches, 7
beams, 4-5, 57-58, 351-399, 412414
building frames, 264-266, 272283
cables, 7
classification of, 4-8
cclumns, 6
composite, 407-408
defined, 3
design of, 27
determinacy, 47--50
elements of, 4-6
equations of equilibrum, 4647, 51-63
force method, analysis by, 353431
frames, 8, 61, 264283, 400403, 415421
free-body diagrams, 46, 54-56
girder, 38, 60
ideatized, 3314
istroduction to, 3—4
joint reactions, procedure for anslysis of, 56
maoment distribution fer, 517-522
normal force, 36, 58
portal frames, 267-271
portal method, 272-277
principle of superposition, 45
resultant force, 57, 60
stability, 51--53
statically determinate, 33-77, 79-133
statically indeterminate, 47, 259-289, 383431
surface, 8
symmetric, 410412
te rods, 4
trusses, 67, 260-263, 269, 404406
types of, 6-8
Subdivided trusses, 82
Substitute members, method of, 108-109
Superposition, 45, 109, 162-166
complex trusses, 109
method of, 162-166
moment diagrams by, 162-166
principle of, 45
Support connections, 34-37, 112113
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coplanar structures, for, 36-37 temperature changes, 337
distributed surface loads in, 36 {hermal effeets on, 554
ideatized models for, 34-35, 33-39 truss stiffness matrix, 537-341
one-way system, 4041, 43 types of, 7983
space trusses, 112-113 vertical cormponent, 260
two-way system, 42-43, 44 virtual work method, for displacement of, 336-342
types of, 35-35,37 zero-force members, 96-97, 260
unknowns, 36-37 Two-binged arch, 188
Supporls for conjugate-beams, 314-321 Two-way slab, 42
Surface structures, § Two-way system, 4243, 44

Sway bracing, 82

Symbols for supports, 37
Symmetric matrix, 604
Symmetric structures, 410412

Uniform leads, 182-187, 211
beams subjected to, 211
cables subjected to, 182-187
distributed, 182-187

TFabulate values, procedure for constructing influence lines, 204 Unit matrix, 604
Temperature, 337, 356-357, 554 ?
rotation due to thermal gradient, 356-357 Unknowns, nuaber of, 36-37
trusses, effects on, 337, 554 Velocity pressure, wind, 17, 18
uniferm change, 356 Vertical loads, 264-266
virtual strain energy caused by, 356357 average point of zero moment, 265
virtual work due to, 337 building frames, on, 264-266
Tensile force, defined, 84, 226 zero moment points, 264-265
Tension, defined, 92, 93 Virtual strain energy, 355-360
Tetrehedron framework, 112 axial loads, 355
Thin plates, structural, § beams and frames, deflection of, 355-360
Three-hinged arch, 81, 188, 189-194 shear, 355
Tie rods, structure of, 4 temperature, 356-357
Tied arch, 188 lorsion, 356
Trapezoidat load, 42 Virtual work, 334-342, 343-354
Triangle framework, 85 beams and frames, deffection of, 343-354
Triangular lead, 42 bending, deflection from, 343-354
Tributary area, 40, 42 camber, due to, 337
Tributary loadings, 4044 development of, 334-336
one-way system, 4041, 43 equation, 335, 336
twa-way system, 42-43, 44 external loading, due 1o, 336
Trusses, 6-7,79-133,226-229,260-263,269-271,336-342, 362366, 404406, fabrication errors, due to, 337
520-563 integration using tables, 344
analysis using stiffness method, 529-563 method of virtual displacements, 336
approximate analysis of, 260-263 methed of virfual forces, 335, 343
bay, 80 principle of, 334-334
bent, 80 procedure for, 338, 345
bridge, 82-83, 226-229 tabular method of inlegration, 344
camber in, 337 temperature, due to, 337
Castigliano’s theorem, 362--366 trusses, displacement of, 336-342
classification of, 85-91 unit-load method, 334-336
ggﬂgfjﬁf’gé’t’fgjﬂm Warren truss, 80-83, 270-271
defined, 79 ‘Web, beams, 4
design of 84 Wind loads, 16-22, 62
s above-ground signs, 22
determinacy of, 87 defined, 16

external loading, 336 i v s .
fabrication e,rmg}s in, 337, 554-555 dynamic approach for high-rise buildings, 19

A enclosed buildings, 18-21, 62
gﬁiﬁ)ﬁ?: d7§f analysis, 404108 pressure, 18-19,22
influence fines for, 226-229 msqltant force, 22
~ matrix analysis due te changes and errors, 555-559 static approach, 16-18
method of joints, 92-95, 115 veloctly pressure, 17, 18

thod of sections. 98-10%. 115 Wind pressure, 18-19, 22
E: thg 4 g P :ﬁ%;toi?usie memt,)ers, 108-109 Work, defined, 215. ,Sl'ee_a.’so External work; Virtual work
nodal coordinates far, 550-553 W‘ork~ and energy, principle of, 333, 334
planar, § : Working-stress design method, 27
portals, use with, 269-271 x, ¥, z foree components, 114
procedures for analysis of, 93, 104, 108-109, 338, 368, 453
purlins, 80 Yield, defined, 384
rgof,lsﬂggl, 94, 101 “Zero moment, 264-265
simple, average point, 265
space, §, 112-118, 560-561 poi_nts% 26P4ﬁ265
stability of, 87-91 Zero-force members, 96-97, 114-115, 260
statically determinate, 79-133 inspection method, 96-67
stiffness method, application of, 542-54% space truss analysis, 114-115
structure of, 6-7 truss analysis, 96-97, 260

subdivided, 82



