CHA”ER ‘Displacement Method of Analy31s
| * Slope Deﬂectxon Equations

In this chapter we will briefly outline the basic ideas for analyzing structures
using the displacement method of analysis. Once these concepts have been
presented, we will develop the general equations of slope deflection and then
use them to analyze statically indeterminate beams and frames,

11-1 Displacement Method of Analysis: General Procedures

All structures must satisfy equilibrium, load-displacement, and
compatibility of displacements requirements in order to ensure their
safety. It was stated in Sec. 10-1 that there are two different ways to
satisfy these requirements when analyzing a statically indeterminate
structure. The force method of analysis, discussed in the previous chapter,
is based on identifying the unknown redundant forces and then satisfying
the structure’s compatibility equations. This is done by expressing the
displacements in terms of the loads by using the load-displacement
relations. The solution of the resuitant equations yields the redundant
reactions, and then the equilibrinm equations are used to determine the
remaining reactions on the structure.

The displacement method works the opposite way. It first requires
satisfying equilibrium equations for the structure. To do this the unknown
displacements are written in terms of the loads by using the load-
displacement relations, then these equations are solved for the
displacements. Once the displacements are obtained, the unknown loads
are determined from the compatibility equations using the load-
displacement relations. Every displacement method follows this general
procedure. In this chapter, the procedure will be generalized to produce
the slope-deflection equations. In Chapter 12, the moment-distribution
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Fig. 11-1

method wilt be developed. This method sidesteps the calculation of the
displacements and instead makes it possible to apply a series of
converging corrections that allow direct calculation of the end moments.
Finally, in Chapters 14, 15, and 16, we will illustrate how to apply this
method using matrix analysis, making it suitable for use on a computer.

In the discussion that follows we will show how to identify the
unknown displacements in a structure and we will develop some of the
important load-displacement relations for beam and frame members. The
results will be used in the next section and in later chapters as the basis
for applying the displacement method of analysis,

Degrees of Freedom. When a structure is loaded, specified points on
it, called nodes, will undergo unknown displacements. These displacements
are referred to as the degrees of freedom for the structure, and in the
displacement method of analysis it is important to specify these degrees
of freedom since they become the unknowns when the method is applied.
The number of these unknowns is referred to as the degree in which the
structure is kinematically indeterminate.

To determine the kinematic indeterminacy we can imagine the structure
to consist of a series of members connected to nodes, which are usually
located at joints, supports, at the ends of a member, or where the members
have a sudden charige in cross section. In three dimensions, each node on
a frame or beam can have at most three linear displacements and three
rotational displacements; and in two dimensions, each node can have at
most two linear displacements and one rotational displacement
Furthermore, nodal displacements may be restricted by the supports, o1
due to assumptions based on the behavior of the structure. For example
if the structure is a beam and only deformation due to bending is
considered, then there can be no Hnear displacement along the axis of
the beam since this displacement is caused by axial-force deformation

To clarify these concepts we will consider some examples, beginning with
the beam in Fig. 11-1a. Here any load P applied to the beam will cause
node A only to rotate (neglecting axial deformation}, while node B i
completely restricted from moving. Hence the beam has only one unknowr
degree of freedom, 8 4, and is therefore kinematically indeterminate to the
first degree. The beam in Fig. 11-1b has nodes at 4, B, and C, and so has
four degrees of freedom, designated by the rotational displacements 64
g, B¢, and the vertical displacernment Ac. Tt is kinematically indeterminate
to the fourth degree. Consider now the frame in Fig. 1i-1c. Again, if we
neglect axial deformation of the members, an arbitrary loading P appliec
to the frame can cause nodes B and C to rotate, and these nodes can be
displaced horizontally by an equal amount. The frame therefore has three
degrees of freedom, 8p, ¢, A g, and thus it is kinematically-indeterminate
to the third degree.

In summary, specifying the kinematic indeterminacy or the number oi
unconstrained degrees of freedom for the structure is a necessary firsi
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step when applying a displacement method of analysis. It identifies the
pumber of unknowns in the problem, based on the assumptions made
regarding the deformation behavior of the structure. Furthermore, once
these nodal displacements are known, the deformation of the structural
members can be completely specified, and the loadings within the
members oblained.
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As indicated previously, the method of consistent displacements studied
in Chapter 10 is called a force method of analysis, because it requires
writing equations that relate the unknown forces or moments in a
structure. Unfortunately, its use is limited to structures which are not
highly indeterminate. This is because much work is required to set up the
compatibility equations, and furthermore each equation written invalves
all the unknowns, making it difficult to solve the resulting set of equations
unless a computer is available. By comparison, the slope-deflection
method is not as involved. As we shall see, it requires less work both to
write the necessary equations for the solution of a problem and to solve
these equations for the unknown displacements and associated internal
loads. Also, the method can be easily programmed on a computer and
used to analyze a wide range of indeterminate structures.

The slope-deflection method was originally developed by Heinrich
Manderla and Otto Mohr for the purpose of studying secondary stresses
in trusses. Later, in 1915, G. A. Maney developed a refined version of
this technique and applied it to the analysis of indeterminate beams and
framed structures.

General Case. The slope-deflection method is so named since it relates
the unknown slopes and deflections to the applied load on a structure. In
order to develop the general form of the slope-deflection equations, we will
consider the typical span A B of a continuous beam as shown in Fig. 11-2,
which is subjected to the arbitrary loading and has a constant E1. We wish
to relate the beam’s internal end moments M 45 and Mp, in terms of its
three degrees of freedom, namely, its angular displacements 8 4 and 6,
and linear displacement A which could be caused by a relative settlement
between the supports. Since we will be developing a formula, moments
and angular displacenents will be considered positive when they act
clockwise on the span, as shown in Fig. 112, Furthermore, the linear
displacement A is considered positive as shown, since this displacement
causes the cord of the span and the span’s cord angle i to rotate clockwise.

The slape-deflection equations can be obtained by using the principle of
superposition by considering separately the moments developed at each
support due to each of the displacements, 8 4, 85, and A, and then the loads.

Elisconstant _
positive sign convention

Fig, 11-2
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V=40, conjugate beam

&)

Fig. 11-3

Angular Displacement at A,0,. Consider node A of the member shown it
Fig. 11-3a to rotate 8 4 while its far-end node B is held fixed. To determine the
moment M, needed to cause this displacement, we will use the conjugate
beam methad, For this case the conjugate beam is shown in Fig. 11-3b, Notics
that the end shear at A’ acts downward on the beam, since 8 4 is clockwise
The deflection of the “real beam” in Fig. 11-3a is to be zero at A and B, an
therefore the corresponding sum of the moments at each end A’ and B" 0
the conjugate beam must also be zero. This yields

n £_[1(MBA) ]2;:

SUE s - B e =
o |1 Mpal, |L 1(MAB) ]ZL

(tEMp =0, [2( ET )L]:‘S [2 I L 3 + 0, =0

from which we obtain the following load-displacement relationships.

My =0

- 4ET
MAH =04 (111
L .
Mpa = =704 (112

Angular Displacement at B, 8. In asimilar manner, if end B of the bean
rotates to its final position 8, while end A is held fixed, Fig. 11-4, we cai
relate the applied moment Mg, to the angular displacement 6 and th
reaction moment M 4z at the wall. The results are

E

MBA = '-4_133 G
L

SRR 7 Bl

J'I/IA_B = Tﬂg (11-—4
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Fig. 1~

Relative Linear Displacement, A. If the far node B of the member is
disptaced relative to A4, so that the cord of the member rotates clockwise
{positive displacement) and yet both ends do not rotate, then equal but
opposite moment and shear reactions are developed in the member,
Fig. 11-5a. As before, the moment M can be related to the displacement A
using the conjugate-beam method. In this case, the conjugate beam,
Fig. 11-5b, is free at both ends, since the real beam (member) is fived
supported, However, due to the displacement of the real beam at B, the
moment at the end B’ of the conjugate beam must have a magnitude of A
as indicated.* Summing moments about B', we have

wemp =0 [Say(Z)] - [J(5e)] - a o

(11-5)

By our sign convention, this induced moment is negative since for
equilibrium it acts connterclockwise on the member.

real beam conjugate beam

(a) : (b

Fig. 11-5

#*The moment diagrams shown on the conjugate beam were determined by the method
of superposition for a simply supported beam, as explained in Sec. 4-5.
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real beam canjugate beam

(a) b

Fig. 11-6

Fixed-End Moments. In the previous cases we have considere
refationships between the displacements and the necessary moments M 4
and Mg, acting at nodes A and B, respectively, In general, however, th
linear or angular displacements of the nodes are caused by loadings actin
on the span of the member, not by moments acting at its nodes. In orde
to develop the slope-deflection equations, we must transform these spa.
loadings into equivalent moments acting at the nodes and then use th
load-displacement relationships just derived. This is done simply by findin
the reaction moment that each load develops at the nodes. For exampl
consider the fixed-supported member shown in Fig. 1164, which i
subjected to a concentrated load P at its center. The conjugate beam {o
this case is shown in Fig. 11-6&. Since we require the slope at each end t
be zero,

1/ PL 1/ M
HEE =0 e A5 () o

This moment is called a fived-end moment (FEM), Note that accordin
to our sign convention, it is negative at node A {counterclockwise) an
positive at node B {clockwise). For convenience in solving problem:
fixed-end moments have been calculated for other loadings and ar
tabulated on the inside back cover of the book. Assuming these FEM
have been computed for a specific problem (Fig. 11-7), we have

_ﬂffAB = (FEM)AB IMBA = (FEI\/I)BA (11‘6

Fig. 11-7
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Slope-Deftection Equation,  If the end moments due to each displacement
{Eqs. 11-1 through 11-5) and the loading (Eq. 11-6} are added together,
the resultant moments at the ends can be written as

My 2E(£)[29,; 05— 3(%)] - (EM)
(11-7)

I A

Since these two equations are similar, the result can be expressed as a
single equation. Referring to one end of the span as the near end (N)
and the other end as the far end (F), and letting the member stiffness be
represented as k = [/L, and the span’s cord rotation as  (psi) = A/L,
we can write

: JWN B 2Ek(23N + 61:.‘

Fdr Intemal Span or End Span 'wﬂh Far End leed a8

where

My = internal moment in the near end of the span; this moment
is positive clockwise when acting on the span.

E, k = modulus of elasticity of material and span stiffness k = /L.

B, 87 = near- and far-end slopes or angular displacements of the
span at the supports; the angles are measured in radians and

are positive clockwise.

ir = span rotation of its cord due to a linear displacement, that
is, ¢y = A/L; this angle is measured in radians and is positive
clockwise.
(FEM)y = fixed-end moment at the near-end support; the moment is

positive clockwise when acting on the span; refer to the table
on the inside back cover for various loading conditions.

From the derivation Eq. 11-8 is both a compatibility and load-
displacement relationship found by considering only the effects of
bending and neglecting axial and shear deformations, It is referred to
as the general slope-deflection equation. When used for the solution
of problems, this equation is applied swice for each member span
(A B); that is, application is from A to B and from B to A for span
AB in Fig. 11-2.

-
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Pin-Supported End Span. Occasionally an end span of a beam or
frame is supported by a pin or roller at its far end, Fig. 11-84. When this
oceurs, the moment at the roller or pin must be zero; and provided the
angular displacement 85 at this support does not have to be determined,
we can modify the general slope-deflection equation so that it has to be
applied only once to the span rather than twice. To do this we will apply
Eq.11-8 or Egs. 11-7 to each end of the beam in Fig. 11-8. This results in
the following two equations:

My = 2Ek(28y + 0p — 30) + (FEM)y
0 = 2Ek(26r + 6y — 3¢) + 0

Here the (FEM)y is equal to zero since the far end is pinned, Fig. 11-8b.
Furthermore, the (FEM)y can be obtained, for example, using the table
in the right-hand ¢olumn on the inside back cover of this book.
Multiplying the first equation by 2 and subtracting the second equation
from it eliminates the unknown 0 and yields

(11-9)

(11-10)

Since the moment at the far end is zero, only one application of this
equation is necessary for the end span. This simplifies the analysis since
the general equation, Eq. 11-8, would require nvo applications for this
span and therefore involve the (exira) unknown angular displacement
&y (or 0p) at the end support.

To summarize application of the slope-deflection equations, consider the
continuous beam shown in Fig. 11-9 which has four degrees of freedom.
Here Eq. 11-8 can be applied twice to each of the three spans, i.e,, from
AtoB,Bto A, Bto C,Cto B, to D,and D to C.These equations would
involve the four unknown rotations, 8 4, 0, 6¢, @p. Since the end moments
at A and D are zero, however, it is not necessary to determine 8,4 and 8p.
A shorter solution occurs if we apply Eq. 11-10 from B to A and C to D
and then apply Eq. 11-8 from B to C and C to B. These four equations
will involve only the unknown rotations f5 and 8.

Fig. 11-9
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91-3 Analysis of Beams

PROCEDURE FOR ANALYSIS

_Degree,s' of Freedont.”::T.abel dll the. supports and joints’(nodes) in.
‘order to- xdenhfy the spans of the beam orframe between the nodes.
_ -By drawing the’ ‘deflectéd shape of the structurc it will be possﬁ:io
o identifythe number of degrees of freedom Here. oach podé-can:
‘possibly have an angnlar':dlsplacement and a linear d1splacement
“Conipatibility at the nodés is maintained proyided the members that
‘are flxed connected to a node’ undergo the same displacemems as’;
' Af:these c_iisplac ' m_ents are unknown,'and in ‘general t '
; convenience assume they act in the positive direction”:
ember. or joint, Fig. 1152,

]

S lape—Daﬂecnon Equations. : The slope- deﬂechon ‘equations relate.
"the unknown moments apphed fo the nodes to the displacements of =
the nodes for any span of the structure, If a foad exists on the span, .-
compute the FEMs using the. table given on the ms1de back caver,
Also, if a node has a linear displacement, A, compute i = ‘AJL for
‘the adjacent spans. Apply Fq.11-8 t0 each end of the span, thereby -
_-generatmg two slope- deﬂec’uon equatlons for each span, ‘However, =
“if -2 spanat the.end of a continuous beam or frame is pin’ supported
apply Eq. 11-10 onlyto the. restrained. end reby eneratmg one -
'slope deﬂectlon equatlon for the ‘$pan; :

'Ethbrmm Equatzom Wnte an equlhbnum equatxon for each'___
‘unkniowsn degree’ of freedom for the structure. Each ‘of ‘ these
'equatlons ‘shoutd ‘be expressed in terms of unknown ‘internal -
‘moments as specified by the. sEope—deﬂectlon equations, For beams
and frames write the moment equation of ethbnum at ‘each -
“support, and for frames: also write joint moment equations of
“equilibrium. If the frame sidesways or deflects honzontally, column
~shears should be related to the momeuts at the ends of the: colum
_' Thls is dlscusseci in Sec.11-5." '

Subsnmte the; slope deﬂectlon equatxons into the: equilibrivm :
' equauons and solve foi the unknown joint. chspiacements These
“results are then substituted into the slope-defiection equations to I
“deternine the internal moments at the ends of each member. If
“any ‘of the resulfs are negarwe, thcy ‘indicate’ cozmterclockwwe
“rotation;. ‘whereas posmve moments and dlsplacoments are .
-"apphed clockw:se T A , E




442 « CHAPTER 11 Displacement Method of Analysis: Slope-Deflection Equations

Draw the shear and moment diagrams for the beam shown mmFg 11-10q.
Elis constant. o o S
6K20/m . B

Fig. 11-10
Solution ] N ] : _
Slope-Deflection Equations, Two spéﬁs'must be considered in this
problem. Since there is no span having the far end pinned or roller
supported, Eq. 11-8 applies to the solution. Using the formulas for

the FEMS tabulated for the triangular loading given on the inside back
cover, we have :

2 66y S
(FEM) pc = —% - go) = 72kN.m.
_wL*  6(6)
(FENI)CB = TO" = 20 = 10.8kN'm

Note that (FEM)p. is negative since it acts counterclockwise on the
bearn at B. Also, (FEM) 15 = (FEM) 4 = 0 since there is no Ioad on
span AB.

In order to identify the unknowns, the elastic curve for the heam
is shown in Fig. 11-10b. As indicated, there are four unknown internal
moements. Only the slope at B, g, is unknown. Since A and € are
fixed suppoits, 8,4 = #- = 0. Also, since the supports do not settle,
nor are they displaced up or down, ¥is5 = g = 0. For span AB,
considering A to be the near end and B to be the far end, we have

I El Lo
Now, considering B to be the near end and A to be the far end, we have
i
Mpy = 25(5)[293 +0-300)}+0= %93 2)

In a similar manner, for span BC we have

Mye = 25@)[233 +0 - 3(0)] - 72 = 3‘?—193 72 N

Mey = 2E(~é){2(0) + 85— 3(0)] + 10.8 = %93 + 108 @
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Equilibrivm Egquarions. The above four equations contain five
unknowns. The necessary fifth equation comes from the condition of
moment equilibrium at support B. The free-body diagram of a
segment of the beam at B is shown in Fig. 11-10¢. Here M 34 and Mg,
are assumed to act in the positive direction to be consistent with the
slope-deflection equations.* The beam shears contribute negligible
moment about B since the segmenlt is of differential length. Thus,

FEMp =0 Mgy + Mge =0 (5
To solve, substitute Egs. (2) and (3) into Eq. (5), which yields
_on
BT EI
Resubstituting this value into Egs. (1)-(4) yields
Mgy =154 kN-m

Mps = 3.09kN-m
Mpe = —3.09kN-m
ﬂ':[CB = 1286kN-m

The negative vatue for Mp, indicates that this moment acts
counterclockwise an the beam, not clockwise as shown in Fig. 11-105.

Using these results, the shears at the end spans are determined
from the equilibrium equations, Fig. 11-104. The free-body diagram
of the entire beam and the shear and moment diagrams are shown in

Vo, Mg,

(=)

Mg, | Vg,

B,

(0)

6 kN/m

Fig. 11-10e.

1.54 kN-mm

B, =0579kN
[

A, = 0579 kN 8m 3.09kNm

B, =437

l;ﬁ m 12.86 kN-m

3.09 kN-m

kN

(d)

6kN/m
C, =13.63kN

"

154 kN'm

1363 kN

AT

0.579 xN
¥ (k)

—
—

12.86 kN-m
495 kN

4.37

3[\10.95 14

x {m)

—0.57%

-13.63
x {m)

*Clockwise on the beam segment, but—by the principle of action, equal but opposite
reaction—counterclockwise on the support.

-12.86
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1
!

Draw the shear and moment diagrams for the beam shown in Fig. 11-11a.
ET is constant.

60 kN

40 kN/m
¥

(@
Fig. 11-11

Solution

Slope-Deflection Equations. Two spans must be considered in this
problem. Equation 11-8 applies to span AB. We can use Eq. 11-10
for span BC since the end C is on a roller. Using the formulas for the
FEMs tabulated on the inside back cover, we have

w1 ”
(FEM) 4p = =~ = 15 (40)(6)* = ~120 kN'm
_wl? 1 -
(FEM)pg = == 5 (40)(6)" = 120 kN'm
3PL 3(60%(2)
= -t = - R 27 5 KNm
(FEM)c 16 16

Note that (FEM),p and (FEM)pc are negative since they act
counterclockwise on the beam at A and B, respectively. Also, since
the supports do not settle, i 45 = 5 = 0. Applying Eq. 11-8 for span
APB and realizing that 8, = 0, we have

My = 25(%)(2@, + 8 — 3) + (FEM)y

Myp = 2F (%) [2(0) + 65 — 3(0)] — 120
Mup = 0.3333EI6, — 120 ) @
Mgy = 2E (%) [285 + 0 — 3(0)] + 120
Mg, = 0.66TEIfg + 120 (2)
Applying Eq. 11-10 with B as the near end and C as the far end, we have
My = 3E(§;)(9N ~§) + (FEM)y

Mpe = 3E (‘53(9}3 - 0) — 225 ""\

Mge = L5EIog — 22.5 (3)

Remember that Eq. 11-10 is nor applied from € (near end) to B
(far end).
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Equitibrium Equations. The above three equations contain four Myc
unknowns. The necessary fourth equation comes from the conditions (A— V)
of equilibrivm at the support B, The free-body diagram is shown in Mas
Fig. 11-115. We have By
FEMp = 0; Mpa + Mpe =0 )] )
To solve, substitute Egs. (2) and (3) into Eq. (4), which yields
45
Oy = — ——
"7 E

Since 85 is negative (counterclockwise) the elastic curve for the beam
has been correctly drawn in Fig. 11-11a. Substituting 85 into Eqgs.
(1)-(3), we get

—135 kN-m

1l

ﬂ/IAB
MBA = G0 kN'm

Mpe = —90 kN'm

Using these data for the moments, the shear reactions at the ends
of the beam spans have been determined in Fig. 11-11¢. The shear
and moment diagrams are plotted in Fig. 11-11d.

u=127.561?;‘:“f“t “““ f) -75&

135kme3m—ﬁ3m4%ka 90kNm

‘le=15kN
Tm

V (kN)
) iy
1275 ©
75
15 m
3.1875 57 8
125
M (kN-m)
68.2
. x
31875 * (m)
~135

CY
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Determine the moment at A and B for the beam shown in Fig. 11-12a,
The support at B is displaced (settles) 80 mm. Take £ = 200 GPa,
I = 5(10°) mm*,

()
Fig, 11-12

Solution

Slope-Deflection Equations. Only one span (AB) must be
considered in this problem since the moment M g, due to the overhang
can be calculated from statics. Since there is no loading on span AB,
the FEMs are zero. As shown in Fig. 11-12h, the downward
displacement (settlement) of B causes the cord for span AB to rotate
clockwise. Thus,

E
e B Yap = Wps = O'OEm ~ 0.02 rad
The stiffness for AB is
() 1 5(10%) mm*(10712) m*/mm®
k= L 4m
Applying the slope-deflection equation, Eq. 11-8, to span A B, with
#4 = 0, we have

= 1.25(107%) m?

I
My = 2E(E)(2BN + 8p — 3%) + (FEM)y

Mp = 2(200(10%) N/m?)[1.25(107%) m*][2(0) + 65 — 3(0.02)} + 0 (1)

Mpy = 2{200(10%) N/mH)[1.25(1075) m®}[265 + 0 — 3(0.02)] + 0 (2)
Vs, SOOON Equilibrium Equations. The free-body diagram of the beam at
= l)gmﬂ NG m) support B is shown in Fig. 11-12¢. Moment equitibrinm requires

| +ZMg =0, My — 8000N(3m) =0
Substituting Eq. (2} into this equation yields
1(10%05 — 30(10%) = 24(10°%) 7

8p = 0054rad

Thaus, from Egs. (1) and (2),
Map = —3.00kN-m
JWBA = 240kN-m
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Determine the internal moments at the supports of the beam shown
in Fig. 11-13a. The support at C is displaced (settles) 30 mm. Take
E = 200 GPa, I = 600(10%) mm*.

20 kN/m

] 6m L 45m

% 1 - : R g ~trep b
72 m ] . I . B$ 0 o 5 %

+dge € Vo

@ | ®)
Fig. 11-13

Solution

Slope-Deflection Equations. Three spans must be considered in this
problem. Equation 11-8 applies since the end supports A and D are
fixed. Also, only span AB has FEMs.

wl? 1 9
_ - oz s 2)° = —86. kN
wi? 1
(FEM)g, = ET ST (20)(7.2)* = 86.4 KN'm

As shown in Fig. 11-13b, the displacement (or settlement) of the
support C causes §zc to be positive, since the cord for span BC rotates
clockwise, and ip to be negative, since the cord for span CD rotates
counterclockwise. Hence,

0.03
Ype = M = (.005 rad I,I!CD = - o
6m 4.5m

= —0.00667 rad

Also, expressing the units for the stiffness in meters, we have

= 6———_0(106)(10_12) = 83.33(107%) w?

AB T 79
0 6 -1z
kyc = S00QOI0 1) 2(10 ) . 100(107%) m’

600010%(107%)
°" T as

Noting that §,4 = #p = 0 since A and D are fixed supports, and
applying the stope-deflection Eq. 11-8 twice to each span, we have

= 133.33(107%) m°
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For span AB:

M4 = 2[200(10°)83.33(107 9120} + 65 — 3(0)} — 86.4 -
Mg = 33333305 — 864 W
Mg = 2[200(10%{83.33(107%)[285 + 0 — 3(0)] + 864
@) My, = 66666.705 + 86.4 (2)

For span BC: : C e
Mpc = 2[200¢10%)[100(1076)]265 + 6 — 3(0.005)] + 0
Mpe = 800008y + 400008, — 600 (3)
Meg = 2[200(105[100(1075)]26¢ + 85 — 3(0.005)] + 0
Mg = 800006¢ + 400006 — 600 4

For span CD:
Mep = 2[200(10%[133(10 %26 + 0 — 3(—0.00667)] + 0
Mep = 106666.76¢ + 0 + 1066.7 (5)
Mpe = 2[200(10%[133.33(109]2(0) + 6. — 3(—0.00667)] + 0
Mpe = 5333336, + 10667 (6)

Equilibrium  Equafions. These six equations contain eight

Vs, Mpe Vg Mep . ey & )
B c unknowns. Writing the moment equilibrium equations for the
(J lj (\T =1 l\) supports at B and C, Fig. 10-13¢, we have
Vet 1T Ma I Veo o +3Mp =0 Mpa + Mpe = 0 0
¥
L+E.ﬂ/l€ = 0; MCB + AJCD =0 (8)

(e}
In order to solve, substitute Egs. (2) and {3) into Bq. (7), and Egs. (4)
and (5) into Eq. (8). This yields

B + 3.66705 = 0.01284
=B ~ 0.21485 = 0.00250
Thus,
fp = 0.00444 rad 8 = —0.00345 rad

The negative value for 8¢ indicates counterclockwise rotation of the
tangent at C,Fig. 11-13a. Substituting these values into Eqgs. (1)-(6) viclds

Myg = 616 kN-m Ans.
Mgy = 383 kN'm Ans.
Mpe = —383 kN-m _ Ans,
A/ICB = —§98 kN-m -‘\ CAns,
Mep = 698 kKN-m Ans,

Mpe = 883 kN'm Ans,
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11-4 Analysis of Framesrz No Sidesway

A frame will not sidesway, or be displaced to the left or right, provided
it is properly restrained. Examples are shown in Fig. 11-14. Also, no
sidesway will occur in an unrestrained frame provided it is symmetric
with respect to both loading and geometry, as shown in Fig. 11-15. For
both cases the term ¢ in the slope-deflection equations is equal to zero,
since bending does not cause the joints to have a linear displacement.

The following examples illustrate application of the slope-deflection
equations using the procedure for analysis outlined in Sec. 11-3 for these
types of frames.

Fig. 11-14

i
1
I
!
H
1
i
1
1

1
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24 kN/m

(@

Fig. 11-16

Determine the moments at each joint of the frame shown in Fig. 11-16a.
EI is constant.

Solution

Slope-Deflection Equations. Three spans must be considered in this
problem: AB, BC, and CD. Since the spans are fixed supported at A
and D, Fq. 11-8 applies for the solution,

From the table on the inside back cover, the FEMSs for BC are

Swi2 __S@AEP _
96 96

(FEM)pe = —80KkN-m

SwL?  5(24)(8)
(PEN[)CB = 2% = 96 =80kN'm
Notethat 84 = 0p = Oand ¢ 15 = tfrzc = hep = 0, since no sidesway
will occur.
Applying Eq. 11--8, we have

My = 2Ek(20y + 6 — 3) + (FEM)y

Mg = zp:(f%)[z(m oy~ 3(0)] + 0

A"IAB = 0.1667EIBB (1)
I
-'[‘VIBA = 0.333EI93 (2)

Mpge = ZE(é)[ZBB + 0 — 3(0)] — 80
Mye = 05EI8y + 025EI6 — 80 (3)
Meg = 2E(é)[29c + 05 — 3(0)] + 80
Mcy = 0.5EI6c + 025EI0; + 80 {4)

Mep = 2E(II—2)[29C +0—3(0)] + 0

Mep = 0333E10, : ()

Y
b
Mpe = 0.1667EI6¢ (6)
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Egquilibrivm Equations. The preceding six equations contain eight
unknowns. The remaining two equilibrium equations come from
moment equilibrium at joints B and C, Fig. 11-165. We have

Mygq + Mpe =0 7
Mep + Mep =10 (8}
To solve these eight equations, substitute Egs. (2) and (3} into Eq. (7)
and substitute Eqgs. (4) and (5) into Eg. (8). We get
0.833EI8g + 025EI0. = 80
0.833E18, + 0.25E10 = —80

Solving simultaneously yields

137.1
b= 0 =TT

which conforms with the way the frame deflects as shown in Fig. 11-16a.
Substituting into Eqs. (1)-(6), we get

Mag=229kN-m Ans,
Mgy =457kN'm Ans.
Mpe = —457kN-m Ans.
Mep = 457kN'm Ans.
Mep = —457kN-m Ans.
Mpe = —229kN'm Ans.

Using these results, the reactions at the ends of each member can
be determined from the equations of equilibriom, and the moment
diagram for the frame can be drawn, Fig. 11-16c.

§23kN-m

(

457 KN-m ASTRNMN N 457 kNem

22,9 kN-m A2 9KNm

()
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Determine the internal moments at each joint of the frame shown in
Fig. 11-17a. The moment of inertia for each member is given in the
figure. Take £ = 200 GPa.

30 kN

77 7300105 mum
2.4 m+2_4 ot

45 f
‘B 0(10%) mm*

Fig. 11-17
Solution

Slope-Deflection Equations. Four spans must be considered in this
problem. Equation 11-8 applies to spans AB and BC, and Eq. 11-10
will be applied to CD and CE, because the ends at D and E are pinned.
Computing the member stiffnesses, we have
_160(10%(1071%) _80(10f) (1071

kap= ———— - 3556(107%) m? SR S 11781078
AR 135 (10 m*  kep 15 (107% ny

-12
= 6667010 Y m’ kg ) 72.23(107%) m?

32001051073
kpo = —"-4—

_ 260¢10%)(10
36

The FEMs due to the loadings are

(FEM)BC - *% = —@%—8—) = —18 kKN-m

30(4.8
(FEM)cg = fS_L: - -(8—) ~ 18 kN'm

2 2
Applying Egs. 11-8 and 11-10 to the frame and noting that 84 = 0,
¥ap = ¥c = Ycp = Yeg = 0 since no sidesway occurs, we have
My = 2Ek(20y + 67 — 3¢) + (FEM)y
M5 = 2[200(10%)](35.56) (10 5)[2(0) + 65 — 3(0)] + O

Map = 1422220, 1)
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My = 2[200(105)](35.56)(10’5){29;3 +0-30)] +0

Mgy = 28444.40y ' 2
Mpe = 2{205(105)](66.67)(10’6)[293 + 8. — 3(0)] — 18
Myc = 53333385 + 26666.76; — 18 3
Mep = 2[200(109](66.6T)(1075)[26. + 05 — 3(0)] + 18
Mcg = 26666.705 + 5333336¢ + 18 1CY)
My = 3Ek(By — ) + (FEM)y

Mep = 3[200(10%](17.78)(10 %)[6c — 0] + 0 (5)

Mcp = 1066678,
Mg = 3[200(10%}1(72.22)(10 %[0, — 0] — 81
Mcp = 4333336, — 81 (6)

Equations of Equilibrium. These six equations contain eight
unknowns. Two moment equilibrium equations can be written for
joints B and C, Fig. 11-17h. We have

‘WBA + A’fﬂc ={ (7)
-FVICB + IMCD + JVICE =0 (8)

In order to solve, substitute Egs. (2) and (3) into Eq. (7), and Egs. (6)-(6)
into Eq. (8). This gives

81777.70p + 2666676 = 18
26666,705 + 107333.36, = 63

(b}

Solving these equations simultaneously yields
05 = 3.124(107 % rad 8¢ = 5.792(10 ") rad

These values, being clockwise, tend to distort the frame as shown in Fig.
11-17a. Substituting these values into Eqs. (1)-(6) and solving, we get

Map = 0444 kN-m Ans,
Mga = 0.888 KEN‘m Ans.
Mpe = —0.888 kN'm ) Ans.
Mep = 49,7 kN-m Ans,
Mep = 6,18 kN-m Ans.

Mcg = —559 kIN'm Ans,
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11-5 Analysis of Frames: Sidesway

Fig. 11-18

A frame will sidesway, or be displaced to the side, when it or the loading
acting on it is nonsymmetric. To illustrate this effect, consider the frame
shown in Fig. 11-18. Here the loading P causes unequal moments M o and
Mz at the joints B and C, respectively. M g tends to displace joint B to
the right, whereas Mp tends to displace joint C to the left. Since Mg is
larger than M, the net result is a sidesway A of both joints B and C to
the right, as shown in the figure.* When applying the slope-deflection
equation to each column of this frame, we must therefore consider the
column rotation ¢ (since ¢ = A/L) as unknown in the equation. As a result
an extra equilibrium equation must be included for the solution. In the
previous sections it was shown that unknown angular displacements 8 were
related by joint moment equilibrivun eguations. In a similar manner, when
unknown joint linear displacements A (or span rotations ) occur, we must
write force equilibrinm equations in order to obtain the complete solution.
The unknowns in these equations, however, must only involve the internal
moments acting at the ends of the columns, since the slope-deflection
equations involve these moments. The technique for solving problems for
frames with sidesway is best illustrated by examples.

Determine the moments at each joint of the frame shown in Fig. 11-19a.
El is constant,

Solution

Slope-Deflection Equations. Since the ends A4 and D are fixed,
Eq. 11-8 applies for all three spans of the frame. Sidesway occurs here

m since both the applied loading and the geometry of the frame are

nonsymmetric. Here the load is applied directly to joint B and therefore
no FEMSs act at the joints. As shown in Fig. 11-194, both joints B
and C are assurned to be displaced an equal amount A, Consequently,
rap = Af4 and Ype = A/6. Both terms are positive since the cords of
members AB and CD “rotate” clockwise. Relating i 45 to ¢rpe, we
have frap = (6/Wpc. Applying Eg. 11-8 to the frame, we have

Myp = ZEG)[z(O) + 0y — 3(%%(:)] +0 = EI058 - 225ypc) (1)

My, = ZE(é)[ZBB +0 - 3(%%.;)] +0 = EI(106; - 225050) @)
. %,

Mpe = 25(?«)[295 + 8 — 3{(0)] + 0 = EK0.865 + 0.48,) 3

*Recall that the deformation of all three members due to shear and axial force is neglected.
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; . )
Meg = 2£(?)[zac + 8 — 3(0)] + O = EI0.88 + 0.465) 1) Mo

)‘ .
Mep = 2}3(?)[29C + 0 ~ W] + 0 = EN06670c — 1.0nc) 5

Mpe = 23(‘2‘)[2(9) + 8¢ = Jpc] + 0 = EI(03330; — L0po) (6} ®)

Equations of Equilibrium. The six equations contain nine unknowns.
Two moment equilibrium equations for joints B and C, Fig. 11-196, can
be written, namely,

I"/IBA +MBC:O (7)
Mcg + Mcp =0 ®
Since a horizontal displacement A occurs, we will consider suamming
fc_:gces on the entire frame in the x direction, This yields \
SEF =0 200-V,—Vp=0 ::*'cn
The horizontal reactions or column shears ¥,y and Vp can be related €
to the internal moments by considering the free-body diagram of each
column separately, Fig. 11-19¢. We have
Map + M
EMp=0; Va= —H G
Mpe + M,
M = 0, Vp = — l—Dc——él—CQ
Thus, Vo
Mg+ M, Mpe + M, () ¢
200 + 40— 4+ SR L =0 ) Mpe

In order to solve, substitute Egs. (2) and (3) into Eq. (7), Eqs. (4)
and (5) into Eq. (8), and Eqgs. (1), (2), (5), (6) into Eq. (9). This yiclds
1893 + 0'48C - 225¢’DC - 0
0463 + 14679C - IPDC =0

800

1565 + 0.6676c — 58330pc = 47

Solving simultaneously, we have
Elfg = 243.78 Elf. = 75.66 Elfpe = 20848
Finally, using these results and solving Egs. (1)-(6) yields

Mysp = —347 kN-m Ans,
Mpy = —225 kN-m Ans.
Mpe = 225 kN'm ’ Ans.
Mcp = 158 kN-m Ans.
Mep = —158 kN-m Auns,

Mpe = —183 kN-m Auns.
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(a)

(b}

Determine the moments at each joint of the frame shown in Fig, 11-20a.
The supports at A and D are fixed and joint C is assumed pin connected.

EI is constant for each member.

Solution
Slope-Deflection Equations.  We will apply Eg. 11-8 to member AB

since it is fixed connected at both ends. Equation 11-10 can be applied
from B to Cand from D to C since the pin at € supports zero moment.
As shown by the deftection diagram, Fig, 11-20b, there is an unknown
linear displacement A of the frame and unknown angular displacement
fg at joint B.* Due to A, the cord members AB and CD rotate
clockwise, ¥ = 45 = Ypc = Af4. Realizing that 8,4 = 8 = 0 and

that there are no FEMSs for the members, we have

in = 2E('§‘)(23N + BF - 3{,&) + (FEM)N

Fig. 11-20 I
I
My = 25(5){293 +0—3%) +0 o)
A A I
‘—B-I\\EE Bep _—"‘l ¢ My = 3E(Z)(GN B t;f) - (FEM)N
i I
i ? Mpc = 3E(§)(93 -0 +0 (3)
f ‘93 ',' bep I
! / M =3E(~)0— +0 4
o . Mpe 4 (0 — ) 4
{ / Equilibrium Equations. Moment equilibrivm of joint B, Fig. 11-20c,
| ] requires )
Mg+ Mpz=0 )
If forces are summed for the emtire frame in the horizontal

direction, we have
XsE =0 10— V,—Vpy=0 6)
As shown on the free-body diagram of each column, Fig, 11-20d, we have

_ Mg + Mpy

M ,
SMc = 0; Vp=——2E g
4 )

*The angular displacements 8,5 and .5 at joint C {pin) are not included in the

analysis since Eq. 11-10 is to be used.
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[__;

Thus, from Eq (6),

B’IAB + MBA n A’IDC _‘
4 4

Substituting the slope-deflection equations into Egs. (3) and (7)
and simplifying yields

10 + 0 . (N

3
=24
Op = 49
EIf3 15
g, — ) =
Thus,
240 320

=g VT nEr
Substituting these values into Eqs. {1)-(4), we have
Map=—171kN-m, Mz = —114kN-m Ans. (@)

Mge = HAKNm, Mpe = —11.4kN-m Ans,

Using these results, the end reactions on each member can be
determined from the equations of equilibrium, ¥ig. 11-20e. The
moment diagram for the frame is shown in Fig. 11-20f.

381 kN 381 kN 3.81kN

3_2.86 N
286 kN

114 kN'm 11.4 kN

2.86 kN

714 kN
7114 kN-
A4 kNom 3.81 kN
381 kN
> 286 kN 114
81 kN
11.4 KNm 114
714 kN
2.86 KN
114 N-m
3.81 KN
714 kN
7.1 kN-m 17.1 114

381 kN ) 4
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{a)

Fig. 1121

Explain how the moments in each joint of the two-story frame shown
in Fig. 11-21a are determined, EI is constant.

Solution

Stope-Deflection Equation. Since the supports at A and F are fixed,

Eq. 11-8 applies for all six spans of the frame. No FEMs have to be

calculated, since the applied loading acts at the joints. Here the loading

displaces joints B and E an amount A, and C and D an amount

Ay + Ay As a result, members AB and FE undergo rotations of

Y = Ay/5 and BC and ED undergo rotations of i, = A,/S.
Applying Eq. 11-8 to the frame yields

Mg = 2E(—é—)[2(0) +0p— 3]+ 0 (1}
Mgy = 25@)[293 +0 - 3] + 0 2)

i‘d‘cg = 2K

TN
L] e

[280 + 85 — Juy] + 0 (4)

Mep = 2E{ = {200 + 6, — 3(0)] + O (5)

TN
i )
S’ S

Mpe = 2E(§)[299 + ¢ — 3(0)] + 0 6)
Myg = zg@){zeﬂ + 65— 3(0)] + 0 0
My = 2E(§)[263 1o 3040 - @)
Mgp = E(é)[?@g + 0 — 3] + 0 (9)
Mpg = 25 £)[2913, + 05— 0] + 0 (10)

[2(0) + 6z — 3] + O (11}

h|=~ tn
S

These 12 equations contain 18 unknowns.
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Nap, fMoc 40N
c F [ﬁlD
e i Mpg
Mcp
Mgc Mep
BN BT
B 31\1 h3) | E
I}j e T QE{J RN
~— A Mp YT Ty
M, . :

(&)

Equilibrium FEquations. NMoment equilibrium of joints B, C, D,

and E, Fig. 11-215, requires Vi t[j Vee ﬁg-

Mpa + Mgg + Mye =0 (13) ¥ ¥
Meg + Mep = 0 (14) ©
Mpe + Mpg =0 (15)

Mep + Mg + Mgp = 0 (16)

As in the preceding examples, the shear at the base of all the columns
for any story must balance the applied horizontal loads, Fig. 11-21c.

This yields
_l,
SIRF, = 0; 40 ~ Vgo — Vegp = 0
Mpe + M, Mgp + M
40 + e 7 Meg + 2ED HpE S (17
5 5
+ .
S3F =0 40 + 80 — Vg — Vig = 0
Myg + M, Mer + M
120 + —ABLTRA 4 TS SR g (8)

Sohution requires substituting Eqs. {1)-(12) into Egs. (13)-(18), which
yields six equations having six unknowns, yr, iy, 85, O¢, 0p, and 6g.
These equations can then be solved simultancously. The results are
resubstituted into Eqs. (1)-(12), which yields the moments at the joints.
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Determine the moments at each joint of the frame shown in Fig, 11-22a.
ETis constant for each member,

Ay 60
Ay

(c)

(b}
Fig. 11-22

Solution

Slope-Deflection Equarions. Fquation 11-8 applies to each of the
three spans. The FEMSs are

wll  30(3.6)

FEM = —
( Ysc 2 7

= —-324 kN'm

_wl? 30367
The sloping member AB causes the frame to sidesway to the right
as shown in Fig, 11-22a. As a result, joints B and C are subjected to
both rotational and linear displacements. The linear displacements are
shown in Fig. 11-225, where B moves A; to B’ and € moves Aj to
C’. These displacements cause the members’ cords te rotate Y. ¥
(clockwise} and — ¢, (counterclockwise) as shown.* Hence,
_ Ay _ & _ A
173 hTTig ke

As shown in Fig. 11-22¢, the three displacements can be related. For
example, A; = 0.5A; and A; = 0.866A;. Thus, from fthe above
equations we have

g = ~04Th; gy = 0,433y,

Using these results, the slope-deflection equations for thg‘frame are

*Recall that distortions due to axial forces are neglected and the arc displacements
BB’ and CC’ can be considered as straight lines, since i and 1ir3 are actually very small.
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Moy = 25 (é) [2(0) + 85 — 3] + ()
.M'BA-—ZE(;)QHB'}'O—?’WI]‘I'O ' @)
Mye = 2E (3%) [2605 + 0c — 3(—0417)] — 324 (3)
Mgy = 28 (3—%) [20c + 05 — 3(—0.417¢1)] + 324 (&)
Mep = ( [260c +0 — 3(0433y,)] + 0 )

[2(0) + 8¢ — 3(0433,)] + 0 (6)

|~ c\"w
R N

I‘/IDC = ZE(
These six equations contain nine unknowns.
Equations of Equilibrium, Moment equilibrivm at joints B and C
yields
Mpg+ Mg =0 )
I“L’CD + AdCB = 0 (8)
The necessary third equilibrium equation can be obtained by summing

moments about point O on the entire frame, Fip. 11-224. This
climinates the unknown normal forces N,y and Ny, and therefore

P+ SMp = O;
Mg+ Mpe _(%) (102) (i‘@%fm)(m.z@ ~108(1.8) = 0
— 2AM g — 34M s — 204Mep — 1.04Mpc— 1944=0  (9)

Substituting Eqs. (2) and (3} into Eq. (7), Egs. (4) and (5) into Eqg.
(8), and Egs. (1), (2), {(5), and (6) into Eq. (9) yields

9.72
0.73385 + 0.1670, — 0392y = ==
& Oc - E; 7 I g—l 3 m—l—l 3 m—
0.1670p + 05338, + 0.0784p; = — TET 4
58.32
—1.8408p — 0.5126, + 3.8804y = I Mg _ Map+ Myy n
Solving these equations simultancously yields N, 3
Elgp = 3551 Elfe = —3333 ENjy = 2747
Substituting these values into Egs. (1)-{6), we have .
v, = Mpc+ Mep N
Map=-313kN-m Mp=760kN-m M-p=-342kN-m Ans. o= 8 V\?« g
D¢

Mpgy=—T60kN-m Mp=342KkN'm Mp-=—-230kN-m Ans Np

()
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PROBLEMS

11-1. Determine the moments at A, B, and C. Assume
the support at B is a roller and A and C are fixed. EJ is
constant.

45 kN/m

30 kKN/m

L)

11-2. Determine the moments at 4, B, and €, then draw
the moment diagram. E{ is constant. Assume the support
at B is a roller and A and C are fixed.

30 kN 10 %N /m

Ei

o

2m i

Prob, 11-2

11-3. Determine the moments at A, B, and C, then draw
the moment diagram for the bearn. The moment of inertia
of each span is indicated in the figure. Assume the support
at B is a roller and 4 ard C are fixed. E = 200 GPa.

150 kN

16 kN/m

Lz = 1806{10%) mm?

S
5% 240(10%) mm? {62

6m | 2m —2m
Prob. 11-3

*11-4. Determine the reactions at the supports, then
draw the moment diagram, Assume 4 and D are pins
and B and C are rollers. The support at B settles 9 mm.
Take E = 200 GPa and J = 1800(10°) mm*,

27kN 27kN 36 kN

| | N
"12mi2mi12m 36m !

lb.A C

B

18m | 18m

Prob. 11

11-5. Determine the moments at A, B, and C.The support
at B settles 45 mm. E = 200 GPa and { = 3200(10%) mm?
Assume the supports at B and C are rollers and A is fixed,

5 kiNVm

| 6m i 9m

-t

FProb. 11-5

11-6, Determine the internal moment in the beam at B,
then draw the moment diagram. Assume 4 and B are
rockers and C is a pin,

8 kN/m

A_§ 45 = 6000 {10%) mm

I 5m I 6m

Prob. 11-6




11-7. Determine the moments acling at A and B,
Assume A is fixed supported, B is a roller, and C is a pin.
ET is constant.

20 kN/m

80 kN

3m!3m

Prob. 11-7

'11-8. Determtine the moments at the supports, then

draw the moment diagram. Assume A and D) are fixed. Ef
is constant,

60 kN/m

Prob, 11-3

11-9. Determine the moments at B and C of the
overhanging beam, then draw the bending moment
diagram, FT is constant. Assume the beam is supported by
a pin at 4 and rollers at B and C.

Prob. T1-9

11-10. Determine the moments at A and B, then draw
the moment diagram for the beam. £7 is constant.

12kN
2.5 kN/m 1

Prob. 11-10

ProBLeMs 463

11-11, Determine the moments at B and C, then draw
the moment diagram. Assume A, B and C are rollers
and D is pinned. Ef is constant.

|——12 m—-L—lZm—w—_IZ mJ “

Prob. 11-11

*11-12, Determine the internal moments at the supports
A, B, and C, then draw the moment diagram. Assume A
is pinned, and B and C are rollers. E is constant.

60 kN/m

Prob. 11-12

1113, Determine the moments at the ends of each
member of the frame. Take £ = 200 GPa. The moment of
inertia of each member is listed in the figure, Assume the
joint at B is fixed, C is pinned, and 4 is fixed.

40 kN/m

Prob. 1113
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11-14. Determine the reactions at A and D. Take Ef to
be the same for each member. Assume the supports at A
and [ are fixed.

120 kN/m

Prob, 11-14

11-15. Determine the internal moments acting at each
joint, Assume A, D, and E are pinned and B and C are
fixed joints, Take E = 200 GPa. The moment of inertia of
each member is listed in the figure,

480(10%) mm*

6m

Igp = 360(10°) mm*
ez = 600(10%) mm*

Prob. 11-15

CHAPTER 11 Displacement Method of Analysis: Slope-Deflection Equations

"11-16, Determine the moments acting at the ends of
each member. Take E = 200 GPa, I = 420(10%) mm”, and
I= 660(1{)5) mm*. Assume A and D are pin supported
and C is fixed.

|
60 kN/m |

Prob, 1i-16

11-17. Determine the moments at each joint of the
frame, then draw the moment diagram for member BCE.
Assume B8, C, and & are fixed connected and A and D are
pins.

10kN/m 3

(T

Prob. 11-17



11-18. When the 15 kN/m load is applied to. the three-
member frame the support at I settles 10 mm, Determine
the moment acting at each of the fixed supports 4, C,
and D). The members are pin connected at B. E = 2060 GPa,
and T = 800{10¢) mm*.

15 kN/m

Prob. 11-i8

§1-19. The frame at the rear or the truck is made by welding
pipe segments together, ¥ the applied load is 6000 N,
determine the moments at the fixed joints B, G D, and E.
Assume the supports at A and F arc pinned. £I is constant.

| | o
045 m 03 m03 m 045 m

0.6m

Prob. 11-19
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*11-20. The wood frame is subjected to the load of 6 kN,
Determine the moments at the fixed joints A, B, and D.
The joint at C is pinned. E7 is constant.

GkN

4m E
Prob, 11-20
11-21. Determine the moments at the ends of each

member. Assume A and ) are pins and B and C are fixed-
connected joints EI is the same for all members.

45 KN/m

Prob, 11-21
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11-22. Determine the moments acting at the ends of "11-24, Determine the moments acting at the ends of
each member. Assume the supports at A and D are fixed. each member, EI is the same for all members. Assume alf
The moment of inertia of each member is indicated in the joints are fixed.

figure. £ = 200 GPa.

30kN/m

16 KN/m [—>1:

;E 7.2m 1

Prob. 11-22
Prob. 1124
11-23. Determine the moments acting at the ends of 11-25, Determine the moment at each joint of the
each member of the frame, £7 is the same for all members. battered-column frame, The supports at A and D are pins,
EI is constant.
30kN/m

N

T5kN

3m

Prob, 11-23 Prob, 11-25



11-26. Determine the moments acting at the supports A
and D of the battered-column frame. Take E = 200 GPa,
I = 50(10% mm*,

160 kN /m

il e

\——Bm 4m 3m4—|

Prob. 11-26

PROJECT PROBLEM 457

11-27.  Wind loads are transmitted to the frame at joint £.
¥ A, B, E, D, and F are all pin-connected and C is fixed
connected, determine the moments at joint  and draw
the bending moment diagrams for the girder BCE, EI is
constant.

Prob, 11-27

PROJECT PROBLEM

T1-1P. The roof is supported by joists that rest on two
girders. Each joist can be considered simply supported,
and the front girder can be considered attached to the
three columns by a pin at A and rollers at B and C. Assume
the roof will be made from 75 mm thick cinder concrete,
and each joist has a weight of 2.5 kN. According to code
the roof will be subjected to a snow loading of 1.2 kN /m?.
The joists tave a length of 8 m. Draw the shear and
moment diagrams for the girder. Assume the supporting
columns are rigid.

tm im im im im Im Im lm

Y Y A St M A

= —1

Prob. 11-1P



The girders on this building frame are statically indeterminate, The force
analysis can be done using the method of moment distribution.



