TEXT BO0K 0F
TRANSF(DRMATI‘DN f
GE()METRY

. L . L . L .

/ General Equations of Reflection et
2 |
: j Let S;be reflectionona lineL:ax + by +¢c = 0.
A
i 4 Then, S; (x,v) = (x',y") where
: ; Zalax+by+c)
- X =X T L
1 a“+b“
1
1 P e 2blax+by+c) ¢
: J y =) a’+b?
_ 1 General Equations of Rotation
1 Let R-gbea CCW rotation through an angle of &
: ] With center C = (a,b) .Then, R g(x,y) = (x',¥")
3 ¢
. x =(x—a)cos@ —(y —b)sinB+al |
j Where
y' = (x —a)sin6 + (y —b)cos6 + b/ J
Written by Begashaw Moltot (.MED+MSC)/ 2007 0




Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Contents
CHAPTER-1
TRANSFORMATIONS
1.1 ReVISION ON MEAPPINGS ..eouveieiiieiteite sttt sb bbb eneas 4
1.2 TYPES OF IMAPPINGS....c.eeivieieeie ettt sttt re et sreenreenne e 5
1.3 Composition of Transformations and Their Properties..........ccccoovreneienenennnnnnn. 12
1.4 Identity and Inverse TransfOrmations ...........ccccoveierenininesieeeeeee e 15
1.5 Fixed Points of Mappings and INVOIULION.............cccoooiiieiiiie e 19
1.6 Collineations and DilatationS ............cceveiiveriirriieii e 21
e (0] o] 1=T 0 0 TS = O USRI 24
1.7 Definitions and examples of Transformation Groups............ccccevveverieeiecieseene. 28
1.8 Criteria for Transformation GrOUPS ..........cccoveiieierereninisesee e 30
e (0] o] 1=T 0 0 TS = SRR 33
CHAPTER-2
AFFINE GEOMETRY

2.1 Introduction to AffiNe SPACES .......ceccviiiiiiieii e 36
2.2 GEOMELry iN ATFINE SPACE......cuiiiiiieieriree e 39
2.3 Lines and Planes in AffiNg SPACE .........cooiiiiiiiiieese e 44
2.3.1 Lines in AffiNe GEOMELIY .....ccviiiiciie e 44
2.3.2 P1anes in AFINE SPACE .....c.voiiiiieieie e 53
ProDIEM SEL 2.1 ... ns 54
2.3.3 Collinearity in AFfINE SPACE........cceiie it 56
2.4 The Classical THEOIEMS ........ciuiiieiieie ettt e sre e enee e 59
PrODIEM SEL 2.2 ... ns 66

Prepared by Begashaw M. 1



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

CHAPTER-3

ISOMETRIC (ORTHOGONAL) TRANSFORMATIONS

T8 A 111 0o U ot o] SRR 68
3.2 Definition and Examples of ISOMELFEeS.......cccvcvviieiiiie i 69
3.3 Properties of Isometric (Orthogonal) Transformations............c.cceceevvviniienennenne 72
3.4 Fundamental Types of Isometric Transformations .............ccocveeveieieiincneicninins 76
B4 L TrANSIALION. ... et 76
A2 REFIECHION ... e e 82
KB B o (o L1 o] o SRS 95
3.3.4 Glide REFIECION ..o s 109
3. 5 Orientation and Orthogonal Transformations............cccceeveveeieiie v 116
3.5.1 0rientation OF VECIOIS.......ccviieieeieiie et 116
3.5.2 Orientation of Plane FIQUIES .........cccecieiieiiiiccecce e 121
3.5.3 Orientation Preserving and Orientation Reversing Isometries................. 123
3.6 Fixed PoINtS OF ISOMELIIES........cciveiiiieiieie e 130
3.7 Linear and NON-1inear ISOMELIIES. ........cccuiirieieierie et 132
3.8 Representations of Orthogonal (ISOMEtric).......cccocvvevveieiiieieeie e 136
Transformation as a Product of Reflections..........cccccvvvveeiviii i 136
3.8.1 Product of Reflections on TWO LiNES........cccovvieiiieniinisieiene e 137
Case I: When the two Lines are INtersecting .........cccooveveiieieeve e 137
Case I1: When the two Lines are Parallel...........ccooovveiviiiiieieeeeeceee e 144
3.8.2 Product of Reflections on Three LiNeS.......cccovvvveienininiieiene e 152
Case-1: When the three lines are CONCUITENt .........cccoceviieiininiieee e 152
Case-11: When the three lines are parallel ..., 152
Case-I11: When the three lines are neither parallel nor concurrent .................... 156
3.8.3 The Fundamental Theorems of ISOMEtries.........ccccvvvierinieiieneee e, 161
3.9 Equations of Orthogonal Transformations in Coordinates ...........ccccccevvvivervennnne 165
3.10 Equations of Even and Odd ISOMELIIES ........ccovveiuieiieiiie i 166
3.10.1 Equations of EVEN ISOMELIIES ......ccvveviieiiieiie e 166
3.10.2 Equations of Odd ISOMELIIES.........ccureeieierieie e 166
3.11 Test for Type Of ISOMELIIES ....c.vveiiiiiie e 171
Review Problems On Chapter-3...........oooiiiiiieeeee e e 175

Prepared by Begashaw M. 2



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

CHAPTER-4

SIMILARITY TRANSFORMATIONS

o I (oo [3Tox o] PSS PR TP PRI 178
4.2 Properties of Similarity Transformations............cccooeviiiniiiiiiieieiesc e 180
4.3 Common Types of Similarity Transformations ...........c.ccocvvvnieieienc i 182

4.3.1 ISOMELIIES ...ttt ettt b b enes 182

4.3.2 Homothety (Homothetic Transformations)...........ccccvvvevveieseenenrieseene. 183
4.4 Representation of Similarity Transformations............ccocoovveiiniiieienc s 184
4. 5 Equations of Similarity Transformations in Coordinates .............cccccevvevvereenen. 190
4.6 Direct and Opposite SIMIAITIES ..o 191
Review Problems on Chapter-4 ... s 195

CHAPTER-5
AFFINE TRANSFORMATIONS

ST oo [Uod o] o RSO PRRR 198
5.2 Basic Properties of Affine Transformations .............cccccoceiveiieiii e, 200
5.3 Types of Affine TranSfOrmMationS............ccovriiiiiiiene e 203

5.3.1 Line (Skew)-RefleCtions ...........ccovevuiiieiiciecc e 203

5.3.2 COMPIESSIONS ....veeuveeiiecieeieete st e eteete s e steeste et e te e te e e saeesteensesteenteaneesreennas 205

TR G S 17 £ 206

5,304 STHIAMEIES .vevveieie et 208
5.4 Affine Transformations and Linear Mappings........ccccovvevieeiieiiiesieesieeesie e 210
5.5 Matrix Representation of Affine Transformations............c.cceovveiiieiencncnennnn 211
5.6 Orientation and Affine Transformations (Revisited) .........c.cccccevviivieiieciee i, 217
5.7 Area and Affine TransSformMations ...........cocooeieeiiin i 220
5.8 Inverse of Affine TransformMations...........cccooeviieiiiie i 225
Review Problems on Chapter-5 ........ccvoiieiiiiie e 227
REFERENCES.......c.ooioiie ettt sttt 232

Prepared by Begashaw M. 3



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

CHAPTER-1

TRANSFORMATIONS

1.1 Revision on Mappings

Definition: Let X and Y be nonempty sets. Then, a mapping f from X to Y is a
rule which assigns to every element xin X exactly one (unique) value f(x) in
Y, here, f(x)is called the image of x under f . The set X is said to be the
domain of f and Y is the co-domain of f . The set of all images of f is called
range of f. In this definition of mappings, the word unique (exactly one)

refers to the idea of well definedness. A rule which assigns to every element in
the domain (in X ) some value in the co domain (in Y ) is said to be a mapping
if it is well defined.

To show well-defined ness, it suffices to show that f(x)=y, f(X)=z=>y=z.
Notation: The mapping f from X to Y is denoted symbolically by f : X - Y.
Examples

1. Let g:R? — R? be given by g(x,y) = (2x,3y). Show that g is a mapping.
Solution: Clearly gis a rule which assigns to each value in R* a value inR?.
Now, let’s show that g is well-defined. Suppose g(x,y) = (a,b) A g(x,y) = (c,d)

g(x,y) = (@b)A g(xy) = (c,d) = (2x,3y) = (a,b) A (2x,3y) = (c,d)
=2x=a,3y=ba2x=c,3y=d
—a=cAb=d=(ab)=(cd)

This implies that the image of any point (x,y)inR? is unique and hence gis

well defined and it is a mapping.
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2*. Let Z be set of integers. Consider the setS ={x e Z :|x—1<2}. Define

h:Z —S by h(x)=x”. Is h a mapping or not?

Solution: Here, S ={xe Z:|x-1|<2}={xeZ:-2<x-1<2}
={xeZ:-1<x<3}={-10123}

As we see, x=-1isin S. But there is no integer in the domain such that

h(x) =—1. This means x =-1has no pre-image. Hence, h is not a mapping.

1.2 Types of Mappings

Definitions:

a) One-to-one (Injective) mapping: A mapping f : X —Y is said to be a one-
to-one (injective) mapping if and only if f sends distinct elements of X in to
distinct elements of Y. This means x=y= f(x) = f(y). In other words, fis
onetooneifandonlyif f(x)=f(y)=x=y.

b) Onto (Surjective) mapping: A mapping f:X —Y is said to be onto
mapping if and only if for every point yin Y, there exists an element x in X
such that

y = f(x). Or if the image of f is the whole of Y . That is every element of Y
has at least one pre-image in X .

¢) Bijective mapping: A mapping is said to be bijective if and only if it is both
one to one and onto mapping.

Examples:

1. Verify that the following mappings are one to one but not onto.

a) f:N N given by f(x) =2x
b)g:2 -2z given by g(n) = (n0)
¢) h:NxN N given by h(m,n) =2".3"

d) f:M,, >M,,givenby f(A)=A"
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Solution:

a) 1) One to one: Assume f(x)= f(y) for any two numbers x,yin n. Then,
f(x)=f(y)=2x=2y=x=y. So, fisone-to-one.
i) Onto: Let x be in the co-domain of f . Particularly, y=3 (you can select

any other odd natural number as well). Then, if axe N in the domain of f, such

that f(x)=vy, then fis on to. But, f(x):3:>2x=3:>x=g. The number

which maps to 3 under the given function is g But %is not member of the

domain (natural number). So, the map is not onto.

b) i) One to one: Assume g(m)=g(n) for any two integers m,nin z. Then,
g(m) = g(n) = (M,0) = (n,0) = m=n and thus m=n= (m,0) = (n,0).

So, f is one-to-one.

i) Onto: For each (m,n),n=0 in the co-domain of g, we can not find a
preimage in Z, such that g(m) = (m,n)because the second coordinates of all
image members is zero, or of the form (m,0) .So, the map is not onto.
c) i) One to one: Here, h(m,n)=h(a,b)=2"3" =223 = 2™ =3"",
Since the basis are different, we have

2" =3""=m-a=0b-n=0=>m=ab=n=(m,n)=(a,b).

So, f isone-to-one.

i) Onto: For each y in the co-domain of h, we can not find a pre-image in
N x N, such that h(m,n) = y. For instance if we take any natural number which
is not a common multiple of 2 and 3, like 1,5,7 and so on we cannot find a pre-
image. So, the map is not onto.
d) i) One to one: Using property of inverse,
f(A)=f(B)=A'=B*'=(A")"=(B"')" = A=B.So, fisone-to-one.
i) Onto: For singular matrix, we cannot find a pre-image in the co-domain

because only non-singular matrices have inverses. So, the map is not onto.
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2*. Let Z be set of integers. Consider the setT ={x e Z :|x+2| <3}. Define

h:T —Z by h(x)=x*.Is h amapping? If it is a mapping, is it one to one?

Solution: Here, T ={xe Z :|x+2 <3}={xeZ:-3<x+2<3}
={xeZ:-5<x<1}={-4-3-2-10}

As we see, h(x) = x? = h(-4) =16,h(=3) =9,h(=2) = 4,h(-1) =1, h(0) =0.

This means for every element in T, we can get an image in Z.

Besides, every element in T, maps into a unique element in Z . Therefore, h is

a one to one mapping.

3. Verify that the following mappings are onto but not one to one.

a) f:R—R" given by f(x)=|x] b) f:22 -z givenby f(x,y)=x+y

o) f:M,, >R given by f(A) =det(A) d)h:R—R" given byh(x) = e

Solution:

a) Since f(x)= f(-x), the map is not one to one.

For instance, f(2)=f(-2)=2. But for every, positive real number x,
f (x) =[x = x, That means there exist at least itself such that f(x)=x vxeR".

Thus, the map is onto.

b) Since f(2x,—x) = x, f(x,0) = x,and so on the map is not one to one.
For instance, f(4,-2) = f(2,0) =2 but (4,-2) # (2,0) . But for every, integer
x,3(x,0),> f (x,0) = x + 0 = x . That means the map is onto.

2 5 7 =5
So. The map is not one to one. But for every, real number

c) For A:[l 2}5:(4 _3} f(A)=f(B)=det A=detB=1but A=B.

0 .
X, A= (g J,a f (A) = det A = x.That means the map is onto.

d) For x=3, y=-3h(3) =h(-3) =¢e° but 3= -3. So. The map is not one to one.
Now for every positive real number vy if 3x such that h(x) =y the map will

be onto. However, h(x)=y=e* =y=x?=Iny=x=+/Iny.

So, Vy e R*,Ix==£,/Iny,>h(x) =™ —¢"¥ =y That means the map is onto.
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3. Verify that the following mappings are bijective.

a) f:R2 > R? given by f(x,y)=(x y-1 b) f:R?—>R% f(xy)=GE/x-1y*+3)
c) f:R2—>R? IVEN DY f(x,y)=(x+y,x—Y) d) f:R—>R" given by f(x)=e*
Solution:

a) Assume f(x,y)= f(zw) for any two points (x,y) and (z,w)in r%. Then,

(2x, y-1) = (2z,w-1). But from equality of order pairs, this equality is true if and

only if {ixjfzw_l:xzz, y=ws (x.y)=(zw)- SO, fisone-to-one.

i) Let (a,b) e R? be in the co-domain of f .Then, if 3(x, y) e r? in the domain of f ,

such that f(x,y) =(a,b), then f ison to.

But, f(x,y)=(2x y-1)=(a,b)=2x=a, y—lzb:x:%, y=b+1.Thus, we can find

(X y) = (g,b+1) e R? such that f (x, y) = f(%,b+1) = (a,b), V(a,b) e R?.

So f ison to. Therefore, the given map is bijective.

b) Assume f(x,y)= f(z,w) for any two points(x,y) and (z,w)in r?. Then,
f(x,y)=f(z,w) = @/x-1,y* 1) = @z -1,w® —1) . But from equality of order
pairs, this equality is true if and only if

{mzm

Vw1 —x—1=7-1 Y =W = x=2,y=w= (x, y) = (z,w)- S0, f is one-to-one.
i) Let (a,b)R? be in the co-domain of f .Then, if 3(x, y) e R? in the domain of f ,
such that f(x,y)=(a,b), then fison to.

But, f(x,y)=@/x-1,y’-)=(ab)=¥x-1=a, y*-1=b=x=a’+1 y=3¥b+1.

Since both the expressions x=a’+1, y=%b+1are always defined, we can
find (x,y) = (@® +1,¥b+1) e R? such that

f(x,y)=f@+1¥b+1)=(ab), ¥(a,b)eR?. So fis on to. Therefore, the

given map is bijective.
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c) Assume f(x,y)= f(z,w) for any two points(x,y) and (z,w)in Rr2.
Then, f(x,y)= f(z,w) = (x+y,x—y)=(z+w,z—w). But from equality of

order pairs, this equality is true if and only if {“ LR N T
X—y=Z-W

Again using x=zin x+y=z+w, we get y=w.

Hence, f(x,y)= f(z,w) = (x,y) =(z,w).

So, f isone-to-one.

i) Let (a,b) eR? be in the co-domain of f .Then, if 3(x,y) e R? in the domain of f ,
such that f(x,y)=(a,b), then f ison to.

But, f(x,y)=(x+y,x-y)=(a,b)=>x+y=a, x—y=b:>x=a—J2rb, y=a7_b-

This means we can find (x, y) = (aTer’aT—b) e R? such that

f(x,y)= f(aTm,aT_bh(a,b), V(a,b) e R?. So fison to.

Therefore, the given map is bijective.

d) i) Assume f(x)= f(y) for any twonumbers x and yin Rr.

Then, f(x)=f(y)=>e*=e’ = x=y. Hence, f(xX)=f(y)=x=Yy.

So, f isone-to-one.

i) Now for every positive real number y if 3x such that h(x) =y the map
will be onto. However, f(x)=y=e*=y=x=Iny.

So, Yy eR*,Ix=Iny,> f(x) =e"? = y. That means the map is onto.

Therefore, the given map is bijective.

Prepared by Begashaw M. 9



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Transformation Mappings :
Definition: Transformation is a one-to-one mapping from a set X onto itself.

In other words, the map f : X — X is said to be a transformation if and only if it

is one to one and onto. This means that for every point P in the domain there is

a unique point Qsuch that f (P) =Qand conversely, for every point R in the
range there is a unique point S in the domain such that f(S)=R.
Examples
1. Let f:R— R begivenby f(x)=ax,a#0, aeR. Show that fisa
transformation.
Solution: To show that f (x) =axis a transformation, we need to show that it is
one to one and onto.
i) Assume f (x) = f(y). Then,ax=ay = x=Yy, since a=0. So, f isone-to-one
il) Let y e Rbe in the range of f . Then, if 3x e Rin the domain of f , such that
f(x)=y, then fisonto. Butfor a=0, we canfind x=y/aeR such that
f(x)=f(y/a)=y.So fisonto.Hence, fisa transformation.
2. Verify that the following mappings are transformations.

a) g:R*> > R? givenbyg(x,y) = (Xx+y+1 x—y-1)

b) f:R* —>R? givenby f(x y)=(xx-y)
Solution:
a) 1) Assume g(x,y) =g(z,w) for any two points (x y) and (z,w)in r?. Then,
X+y+Lx-y-)=(z+w+1Lz—-w-1).
But from equality of order pairs, this equality is true if and only if

{X+y+izz+w+i:>2x=2z:>x=z, y=w - This gives (x,y)=(zw) So, gis one-to-
X—y-l=z-w-

one.
ii) Let (a,b)eRr? be in the co-domain of g.Then, if 3(x,y)<R? in the domain of

g, such that g(x,y) =(a,b), then gison to.

Prepared by Begashaw M. 10
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But, g(x,y) =(x+y+Lx-y-1)=(ab)
{x+y+1:a a+b a-b-2
- 2

= 2Xx=a+h=x= , Y=
x—y-1=b 2

Thus, we can find (x y)= (L;b, a—g—z) < Rr? such thatg(x,y) = (ab). SO g is on to.

Therefore, the given map g is a transformation.
b) Assume f(x,y) = f(z,w) for any two points(x,y) and (z,w)in Rr?.
Then, f(x,y)=f(z,w) = (X,x—y)=(z,z—W).

But from equality of order pairs, this equality is true if and only if

{Xzz 3X=Z:y=WZ>(X!y)=(ZvW)'
X—y=Z—-W

So, f isone-to-one.

i) Let (a,b)R? be in the co-domain of f .Then, if 3(x, y) e rR? in the domain of f ,
such that f(x,y)=(a,b), then f ison to. But,

f(xy)=(xx-y)=(@b)=>x=a x-y=b=y=a-b.

This means we can find (x, y) = (a,a—b) € R* such that

f(x,y) = f(a,a—b)=(a,b), ¥(a,b) e R*. So f ison to.

Therefore, the given map is a transformation.

Equality of Transformations: Two transformations f and g on the same set
from X to X are said to be equal if and only if they have the same value for
each xin X .Thatis, f =g < f(X)=g(x), Vxe X.

Examples:

1. Let fand g be transformations on R? given by f (x, y) = (2ax® —3,4y) and
g(x,y) = (6x> +2b,4y). If f =g, find the constants aandb .

Solution: By definition of equality,

f=g< f(xy)=9(xy),v(xy)eR?
< (2ax® —3,4y) = (6x° + 2b,4y)
& 2ax’ —3=6x"+2b
< 2a=6-3=2b<=a=3b=-3/2
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2. Let fand g be transformations on the whole R? such that f(1,3) = (3~10)
and g(x,y)=(a+x,2-by). If f =g, find the constants aandb.
Solution: By definition of equality, f =g < f(x,y)=g(x,y),V(x,y) e R*.

Partticularly,g(1,3) = f(1,3) = (a+12-3b) =(3,-10)
=a+l1=32-3p=-10=a=2b=—4

1.3 Composition of Transformations and Their Properties

Let f:X —>Y and g:Y —Z be mappings. Then for each xe X, f(x)eY.
Thus, there exists y eY such that f(x)=y. Besides, as gis a mapping from
Yto Z for eachyeY, there exists zezZsuch thatg(y)=z. Thus,
g(y) = g(f(x)) =z which makes sense to write g(f (x))as a mapping from X to
Z . This mapping is evaluated by applying f first on the elements of X
followed by g. This is defined as go f(x)=g(f(x))for eachxe X. So, the
mapping gof (" f follwed by g') is called the composition mapping. In such
cases, one has to remember that the range of the first mapping is a subset of the

domain of the second mapping.

In particular, composition of transformation is defined as(g- f)(x) = g(f(x))
where f and g are transformations on the same set X.

Proposition 1.1: Composition of mappings is associative

If h:X ->Y,g:Y —>Z and f:Z —W are mappings, then the compositions
(fog)oh and f o(goh) represent the same mapping from X in toW . That is
(fog)oh=fo(geoh). Particularly, (fog)oh=fo(goh)holds if f,g and h
are transformations on the same set X .

Proof: Since the domain of his X , by definition of composition of mappings

we can see that the domain of (fog)ohis alsoX. But, the domain of
f o(goh) is the same as the domain of gohand the domain of goh is X.

Hence, the domain of (f o g)ohis the same as that of f o(goh), thatis, X.
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So, (fog)oh and fo(goh) are mappings with the same domain.

Furthermore, for any xe X,

((f 2 g) e h)(x) = (T = g)(h(x)) = f(g(h(x))), ¥x e X
Also, (o (g oh))(x) = f((g°h)(x)) = T(g(h(x))),¥x € X

Hence, by definition of equality of mappings(f cg)oh=f o(goh).
Note: Composition of two transformations need not be commutative. That is

even though both fog and go f exists and have the same domain and co-
domain, fogandgo f may not be equal.

Examples:
1. Let f:R—>R,g:R—R bedefined by f(x)=x-3and g(x)=2x+5.

Solution: Here, (f o g)(x) = f(g(x)) = f (2x+5) =2x+2 and
(ge F)(x) =9g(f(x) =9(x-3)=2x-1.

Thus, 2x+2#2x-1= fog=go f.

Hence, composition of mappings is hot commutative.

2.Let f:R—R,g:R— R be defined by f(x)=3x+8,g(x)=2x+k. Find the
value of the constant ksuch that go f = fog.

Solution: Here, by definition of equality of transformations,
gef="Ffeg=(gof)(x)=(f-9)(x),vxeR
= 6X+16+k =6x+3k+8
=>2k=8=k=4

3. Let f(x,y)=(ax+83y-5)and g(x,y) = (7x,4y +b) be the transformations.
If (go f)(x,y)=(14x+812y+23-b), then, find the constants aand b.

Solution:

Here, (f o g)(X,y)=(14x+812y +23-h)
= f(g(x,y)) =(14x+812y +23-h)
= f(7x,4y+b)=(14x+812y +23-h)
= (7ax+812y +3b—-5)=(14x+812y + 23-b)
= 7ax+8=14x+8,12y+3b-5=12y +23-b
= 7a=14,3b-5=23-b
—a=2,b=7
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Proposition 1.2: The composition of transformations on the same set are again
transformations.

Proof: Letf:X — X,g:X — X be any two transformations on set X . We
need to show that f o gis also a transformation. That means we need to verify
that fogis one to one and onto. By definition of composition f ogis a
mapping from X into X . To show f o gis one to one, let xand y be arbitrary
elements of X such that f o g(x) = f o g(y).

Then, fog(x)=fog(y)= f(g(x)= f(g(y))=g(x)=g(y)=x=y (because
both f and gare one to one). Thus, f o gis one to one.

To show f ogis onto, let t be any element in X (considering X as co-domain
of f), since f is onto there exists an element yin X ('in the domain) such that
f(y)=t.

Again, g is onto corresponding to the element yin X there is an element xin
X suchthat g(x)=y. Asaresult, (f°g)(x) = f(g(x) = f(y)=t.

Thus, f ogis onto. Hence, we have got that f - g is one to one and onto on the
set X . Therefore, fog 1is a transformation whenever fand gare

transformations on X .
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1.4 Identity and Inverse Transformations

Definition: A transformation from aset X into X denoted by i is said to be

identity transformation if and only if i(x) = x, ¥xe X..

Any two transformations f and gfrom X to X are said to be inverse of each
other if both go f and f o g are identity transformations.

That is (go f)(X)=(f og)(X) =i(X) =X, ¥xe X, then fis called the inverse of
gand g is called the inverse of f . We denote the inverse of a transformation f

by f*(Read as “the inverse of f ” or f —inverse).

Example: Verify that f(x)=5x-20and g(x) :%x+4are inverse of each
other.

Solution: Using the definition, we have

(fog)(x)=f(g(x)) = f(%x+4j:5@x+4j—20=x+20—20:x and

(go f)(x)=g(f(x))=g(5x—20)=%(5x—20)+4=x—4+4=x

Thus, (go F)(X)=(f o g)(X) =i(x) =X, ¥xe X.Hence, f *=gand g™ = f.

Remark: Any mappings which have inverse are called invertible mappings.
Only these mappings which are bijective have inverses. That means a mapping
is invertible if and only if it is both one to one and onto. Thus, any
transformation has an inverse because transformations are one to one and onto

mappings on the same set.
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Finding Inverse of a transformation: Now let’s see how can we find the

inverse of transformations. Since every transformation f is bijective, its
inverse denoted by f “always exists. But there is no hard and fast rule on how
to find f *from the formula of f . Any way, one can use the following hints on
how to find f *whenever the formula of f is given. Let f:S—Sbhe a
transformation such thaty = f(X). Then, to find f *:

Step-1: Interchange X and Y in the formula of f

Step-2: Solve for Y (for coordinates of Y ) in terms of X (coordinates of X ).

Step-3: Equate f (X)) =Y fromY = f(X). That will be the formula of f *.

Examples:
1. Find the inverses of the following transformations
a) f :R — R given by f(x)=3/x -1 b) f : R —> R given by f(x)=3eX _42
e +

c)g:R* > R? g(x,y)=(2x-14y+5 d) f:R->R, f(X)= InGJF—Xj
Solution:
a) y=f(x)=3x-1
Step-1: Interchange xand y.Thatis x =3/y —1
Step-2: Solve for yin terms of x.That is
3y —1=x=3y =x+1=y = (x+1)° = x* +3x* +3x +1
Step 3: Equate the value of y obtained in step 2 with f *(x).
Thatis f*(x)=x>+3x*+3x+1.
b) Step-1: Interchange xand vy.
3e*-2 e -2
e*+4 == el +4
Step-2: Solve for yin terms of x.That is

Thatis y=f(x)=

y_
X = e —2 =3’ -2=x(e"+4)=>e’(3-x)=4x+2=¢e’ = ax+2 = y=|n[4x+2j
e’ +4 3-x —X
Step-3: Equate the value of y in step-2 with f 7(x).

Thatis f *(x) = In(43X+ 2)
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c) Forg(x,y)=(2x-1y+5),let Y =g(X) where X =(x,y), Y =(z,w).
Step-1: Interchange coordinates of X and Y
g(Y)=X=9(z,w) =(x,y) = (2z-Lw+5) =(X,Y)

Step-2: Solve for coordinates of Y in terms of coordinates of X .That is
(2z-1L,w+5)=(X,y)=>2z-1=X,W+5=y=z =§+%, w=y-5
Step-3: Equate the coordinates of Y obtained in step 2 with f (x, y).

Hence, g*'(X)=Y = g'(x,y) =(z,w) = g (x,y) = (g+%,y—5)

Thus, g(x,y)=<2x—1,y+5)@g-l(x,y)=(§+%,y—5)

X3

X2

2. Let f(x)= 1 Find x such that f *(x) = 2.

Solution: From the definition of inverse, we have that f *(y)=x < y = f(xX)
Thus, f*(X)=2<x=f(2) < x=8/5.

Preposition 1.3: The inverse of a transformation is unique. Besides,
(fH*="f.

Proof: Let f be a transformation whose inverses aregand h. Thatis f* =g
and f*=h.Weneedtoshowg=h.Here, f'=g=fog=gof=iand
f'=h=foh=hof=i. But, g=icg=(hof)og=ho(fog)=hoi=h
(Because composition is associative as well as g and hare inverses of f ).

From this we can conclude that the inverse of a transformation is unique.

Examples:

1. Let f(x)=%x+2. Find the value of a if h(x) =%x—6is the inverse of f.
Solution: Here, f(x) =%x+2: f *(x) =3x-6. Then, from the uniqueness of

inverse, we have %x—6:3x—6:>%:3:>a:12.
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2. Let (go f)™(x,y) =h(x,y) where g(x,y)=(1-x~Yy),h(x,y)=(x+1y+3).
Then, find the formula for f (x,y).
Solution: Let’s apply the property (f )™ = f.

Here, (g )7 (x,y) =h(x,y)
=g ) T (xy)=h"(xy)

= (9o H)(xy)=h"(x,y) [Using the property[(go f) "] =go f]
=g o(ge f)(x,y)=g " oh™(x,y), [Operatebothsides by g ]
= f(xy)=(g oh™)(x,y) [Using the propertyg ™o g =i ]

But h(x,y)=(x+1y+3)=h"(x,y)=(x-1,y-3) and

g(x,y)=(A-x-y)= g7 (xy) =(1-Xx-Y)
Therefore, f(x,y)=(g"ch™)(xy)=g7(h"(xy)=9"(x-Ly-3)=(2-x3-y
Preposition 1.4: The inverse of a transformation is again a transformation.
Proof: Let f:X — X be any transformation on set X . Then, f *also exists as
f is bijective. Now, we need to show f ™ is also a transformation.
(i) One-to-ones: Let aand bbe arbitrary elements in X . Since f is bijective,
there exists unique x, ye X, > f(x)=a, f(y)=b.
But, f(x)=a, f(y)=b=x=f"(a), y="f"(b).
Now, assume that f *(a)= f *(b).
But, f (@) =f'(b)=>x=y=f(x)=f(y)=a=b
Thus, f *(a)=f *(b)=a=b.Hence, f* isone toone.
(ii) Onto ness: Let x be arbitrary element in X . Since f is onto, f(x) € X, S0,
for every xe X, 3f(x) e X, > f *(f(x)) = x. Hence, f " is onto. Therefore, from
(i)and (ii) , whenever f is a transformation on set X and sois f .
Proposition 1.5: (Reverse Law of Inverse)

For any two transformations fandg, (fog)™ =g o f™.
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1.5 Fixed Points of Mappings and Involution

Definition: Let f :S — T be a mapping. Then, a point x, € S (in the domain of

f ) is said to be a fixed point of f if and only if f(x,) = x,.Generally, the set of

fixed points of a mapping f is the set given by S ={x: f(x) = x}.
Examples: Determine the fixed points of the following mappings.

a) f :R— R given by f(x)=x>—-3x

b) g:R* — R?given by g(x,y) = (x3,y*)

c) f:R* > R% f(Xx,y)=(x,x+y—-3)

d) h:R? — R? given by h(x,y) = (x,3/y)

e)t:R> > R% t(x,y)=(x+1y-1)

f)g:R* > R% g(x,y)=(y—x,6—Xx)

Solution:

a)S={x:f(X)=x}={x: x> =3x=x}={x: x> —4x =0}
={x:x(x* —=4) =0} ={x: x(x—2)(x + 2) = 0}
={x:x=0,2,-2}={0,2,-2}

b) S ={(x¥): g(x, ¥) = (%, )}={0x ¥) : (x*, y*) = (x, y)}
={(x ) =x y* =y} ={(xy): X’ =x=0, y* ~y =0}
={(x,y):x=0,1,-1, y=0,1,-1}
={(0,0)(0,1),(0,-1),(1,0), 11), (1,-1),(-1,0),(-11),(-1-1)

¢) S={(xy): f(x,y)=(xy)}
={(x, ) : (x,x+y-3)=(x,y)}
={(X,y): Xx=X,X+y—-3=YVy}
={(x,y):x=3, yeR}={@,y):yeR}

d) S={(xy):h(x,y) ==L y): (}&y) = (x )}
={(xy):X=x 3y =y}

={(x,y):x>0, y-y’ =0}
={(x,y): x>0, y=0,1,-1}
={(x,0),(x,0),(x,-1), Vx> 0}

Here, forany x>0andy =0, 1, —1, (x, y)is the fixed point of h(x,y) = (|x|,3\/§) .
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e) Here, t(x,y) =(x+Ly-1) =(x,y)
=>X+1=Xx,y-1=y=1=0,-1=0

But this is impossible. This means thas no fixed point.

f) S={(x,y):9(xy)=(x,¥)}
={(x,y):(y—x6-x)=(x,y)}
={(xy)y—-x=x,6-x=y}={(x,y):y=2x,6-x=y}
={(x,y):2x=6-x}={(x,y) : x=2,y =4} ={(2,4)}

Note: From the above examples, we can conclude that a given mapping can
have exactly one fixed point, finitely many fixed points or infinitely many
fixed points. On the other hand, part (f), shows that there are mappings that
have no fixed points.

Involution: A non-identity transformation « is said to be an involution if and
only if a*> =aoa =i. That means a’(x) = (a - a)(X) = a(a(x)) =i(x) = x for all
xin the domain of « .

Examples: Verify whether the following transformations are involution or not.
a) f:R—Rgiven by g(x)=1-x

b) h:R?> > R?, h(x,y)=(-x+7,—y—-2)

c) a:R—>Rgiven by a(x)=x+3

d) g:R* > R?, g(x,y)=(x-3,y+5)

Solution:

a) B2(x) = Bo B(X) = B(B(X) = LX) =x=i(X) = B° =i.

So, pis an involution.

b) h?(x,y) =h(h(x,y)) =h(-—x+7,—y=2) = (x,y) =i(x, y) = h? =i.

So, his an involution.

¢) a?(X) = a(a(X)) = a(x+3) = x+6 = X =i(X) = a® #i = « is not an involution .
d) g%(x, ¥) = 9(9(x, y)) = g(x -3,y +5) = (x -6,y +10) # (x, y) =i(x,y) = g* #1i.

Hence, g is not an involution.
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1.6 Collineations and Dilatations

Definition: A transformation f is said to be a collineation if and only if the
image of any line lunder f is again a line. In other words, for any point P el
the image f(P) e f(l). Further more; f is said to be a dilatation if and only if
the image of any line lunder fis a line parallel to I. That is f(I)//1 whenever
f is acollineation then f is said to be a dilatation.

Examples:

1. Leta:R* —R? be given by a(x, y) = (x+1,y-2). Show that « is a dilatation.
Solution: First let’s show that « is a transformation. But, to show that « is a
transformation, we need to show that it is one to one and onto.

One- to- one: Assume «(x,y)=a(z,w) for any two points (x,y) and (z,w)in Rr?,
Then, (x+1y-2)=(z+1Lw-2). But from equality of order pairs, this equality is
true if and only if x+1=z+1 andy-2=w-2. This gives x=z and y=w which
implies (x, y)=(z,w). SO, « is one-to-one.

On to ness: Let (a,b)eR? be in the co-domain of o« Then, if 3(x y)eRr? in the
domain of «, such that «(x,y) = (a,b), then «is on to. But,
a(x,y)=(x+Ly-2)=(ab)=x+1=a, y-2=b=x=a-1 y=b+2 Thus, we can find
(x,y)=(a-1b+2)eR? such thatg(xy)=(a,b). SO ais onto. Therefore, the given
map « is a transformation. To show that « is a collineation we need to show
the image of an arbitrary line I:ax+by+c=0is again a line.

Let (x,y)be any point on I. Then, the image (x',y")=a(x,y) =(x+1y-2).
Solving this for xand y we get x=x'-1, y=y+2. So,the image line will be

I a(x'-1) + b(y'+2) + ¢ = 0 = ax'+by'+2b +c —a =0 and this is equation of a line.
Hence we can say that «is a collineation. Besides, ' has the same slope to
that of 1which means I'is parallel to I. In other words, 1/ «(l). Therefore, « is

a dilatation.
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2. Leta:R? - R? be given by «(x,y)=(-y,x+1). Then, find

a) The image of the line | : x+3y =6 under«..

b) The pre- image of the line I': 2x+ y+3=0underc«.
Solution: Images and pre-images: Let « be a transformation. Then, for any
two objects P and Q, if a(P)=Q, the object Q is called the image of the
object P undera and the object P is called the pre-image of Q under«.
Besides, to find the image of any line | under any coollination « :
First: Select any two points P and Q from the given line (the selection is

arbitrary you can select in any way you want !) and find their images P'= a(P)

and Q'= «(Q).

Second: Form the equation of a line using the image points P' and Q'. This is
the required image line under « .

a) Using the above steps, select P =(0,2) and Q=(6,0) on I:x+3y=6(you
can select any other points). Now find their images.

That is P'= a(P) = 2(0,2) = (-2,1),Q'= a(Q) = «(6,0) = (0,7)

Hence, the image line is the line through P'=(-2)and Q'=(0,7) .

That is the slope is m=ﬂ=§=3.
AX 2

Then, using slope intercept form Iy =mx+b=3x+b=y=3x+7.

b) In this case, we are asked the pre-image, that means what is the line whose

image is given. To, do so, select two points P' and Q' on the image line

I"2x+y+3=0.Say P'=(0,-3) and Q'=(-2,1). Then, find two points P =(a,b)

and Q = (c,d) such that «(P)=P' and «(Q)=Q'.

Thus, a(P) =P'= a(a,b) =(-b,a+1)=(0,-3) >a=-4,b=0= P =(-4,0) and

a2(Q)=Q=a(c,d)=(-d,c+1) =(-2)=>d=2,c=0=>Q=(0,2)

Hence, the pre-image of the line I:2x+y+3=0 is a line through P =(—4,0)
Ay 2 1

and Q =(0,2). That is the slope is m it Then, using slope intercept
X

form I:y:mx+b:%x+b:>y:%x+2:>x—2y+4:0.
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Remarks:

1. The main difference between collineation and dilatation is that any
collineation maps a pair of parallel lines to a pair of parallel line but a dilatation
maps every line to a line parallel to the given line. This means a transformation

ais a collineation if and only if for any two lines mand n,
m//n= a(m)// a(n). A transformation « is a dilatation if and only if for any
line m, m/ a(m).

2. If a(x,y) =(x',y')wWhere x'=ax+by+h, y'=cx +dy+k, then the necessary
and sufficient conditions on the coefficients of xand y such that « to be a

transformation is thatad —bc = 0.(This is known as transformation test).
Examples:

1. Definea:R? - R? by a(x, y)) = (-, x). Show that « is a collineation but not

a dilatation.
Solution: Clearly, «is a transformation. Besides, for any two arbitrary parallel

lines m:ax+by+c=0and n:ax+by+k =0(Parallel lines differ by a constant),

m'=a(m):ay—bx+c=0, n'=a(n)=ay—-bx+k=0. Still, m'and n'have the
same slope which means they are parallel. ie m/n= a(m)// a(n).Thus, «is a
collineation. But, if we consider only the single line m:ax+by+c=0
separately, m'=a(m):ay—bx+c=0. In this case, slope of line mis —2while
that of m' is 2which gives the product of their slope is —1. This means
iem_La(m)=m.In other words, mand «a(m)=m'are not parallel lines.
Particularly, take the line m:6x—-2y+5=0. Then, its image under «ais
a(m)=m'":2x+6y+5=0. Consequently, « is a collineation but not a dilatation.
2. Find the value of the constant t for which a(x,y) = (4x—ty +7,8x+6y—2) will

not be a transformation.
Solution: By the second part of the above ramark, «will bot be a
transformation if and only if 4.(6)-8.(-t)=0=24+8t=0=8t=-24=t=-3.
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Problem Set 1.1

1*. Let Z,Nand W be the set of integers, natural numbers and whole numbers.
a) Define f:Z — N by f(x)=x*.Is f amapping? If so, is it one to one?

b) Define g:N — Z byg(x)=x*. Is g amapping? If so, is it one to one?

c) Consider the setT ={x e Z :|x-1 < 2}. Define h:T —Z byh(x)=x>. Is h
a mapping? If so, is it one to one? is it onto?

d) LetS ={xeZ:|x+2/<3},T={0,1,4,9,16, 25}.

Define r:S > Tby r(x) = x*. Is this relation a mapping? If not, justify! If it is
a mapping, is it bijective?

Answer :a) Itis not a mappingbecause for x=0eZ , f(0)=0?=0¢ N.
This mean there is no image in the set of natural numbers N for x =0.
b) Itis a mappingbut neither one toone nor onto.
c) Itis amapping, it is one toone but not onto.
d) Itis a mapping, itis ontobut not one toone.

2. Determine whether the following mappings are transformations or not on R?

a) f(x,y)=(e"y") b) g(x,y) =(-2x,y+3) c) h(x,y) = 3y, x+2)

d) a(x,y)=@y-22x+1) ) p(x,y)=(x"—x,Yy) f) B(xy)=@/x-1,y+2)
9) 5(x, ) = (2y - x,x—2) hy a(x, y) = (x*, y°) i) h(x,y) = (/y—-1,x°)

J) w(xy) = (x—y+32x+3y-8) K) 7(%,y) = (x+y+Lx—y-1)

Answer : Only b,c,d, f,g, h, j, k are Transformations
3. Find the fixed points (if any) of each of the following mappings
a) a:R? — R?, given by a(x,y) = (y*,¥/x)  b) f:R® > R?, f(x,y)=(xX,y-x)
c)7:R> > R* (%, y)=(x+y+Lx-y-1) d)@:R*>R? o(x,y)=(x*-x,Y)
e) k:R* > R?, k(x,y) =(x|y] f) f:R* > R* f(X,y)=(X+Yy,x—-Y)
g) f:R? > R* f(X,y)=(x+y-2,y+3) h)k:R> > R* k(X,y)=(X,y—X)
Answer :a) S ={(0,0),(11),(-1,-1)} b) S={(0,y):yeR} c) S={(-1-1)}
d) S ={(0,y).(¥2,y).(V2,y):yeR} e) S ={(x,y):x,y=0}
f) S={(0,0)} g) It has no fixed points h) S={(0,y):yeR}
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4. Let t :z >z beamap given by f (x) = nx,vx e Z . For which values ofn, f,
is one to one? Onto? Answer : Onetoone n=0 and onto n=+1

5. Let f:R—>R,g:R—R bedefined by f(x)=kx+8,g(x)=2x+4.Find the
value of the constant ksuch that go f = fog Answer :k =3

6. Consider the transformations f(x,y) = (ax,3y +2)and g(x,y) = (5x,4y +2b).
If (go f)(x,y)=(10x,12y—40), then, find aand b. Answer:a=2,b=-7
7. If Sisafinite set, show that f :S — S is one-to-one if and only if it is onto.

8. Find the formula for the inverse of the following functions.

a) f(X)=|nGJ_r—§j b) h(x,y) =(2-x,6-Yy) c¢) B(xy)=R&x-1,y+2)
d) 5(x,y)=(x—-y,x+y) e) w(xy)=(Xy—X)
Answer : a) f *(x) = e -1 b) f(x,y)=(2-x,6-Y)

e’ +1

10-x

9. Let a:R* — R?be given by o{xj:(
y y+2t—-6

J. What value of t makes «

an involution? Answer it =3

10. *Consider the line L:y=x+3such that f : L — Ris given by
f(x,y)=2x,V(x,y)eL. Show that f is bijective. If f(P)=3, find the
coordinates of P. Answer : P =(3/2,9/2)

11. Let hbe any transformation from Rto R defined byh(x) =3x-6. If

g(x):gx+2 is the inverse of h(x) , then what must be a? Answer:a=2/3

12. Let a and g be any two transformations with B(P) = 2a(P) - P, VP e R*. If
B(7,3) =(9,9), then calculate «(7,3). Answer :(8,6)

13. If a(x,y)=(X,y)where x=ax+by+h, y'=cx+dy+k, then find the
necessary and sufficient conditions on the coefficients of xand y such that « to
be a transformation. Answer : ad —bc =0
14. Find the constant cfor which a(x,y) = (5x—3y+2,cx+6y—5) will not be a

transformation. Answer : ¢ =-10
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15. Let w : R* — R?be given by w(x,y) = (x—y +7,2x—3). Show that y is a

(y+3 y—2x+17

transformation and find . Answer : (X, y) = 5

)

16. Defineg:R? - R? by g(x y)=(ax+c,by+d) Where aand bare non-zero.
Show that a) gis a transformation b) gis a dilatation ifand only if a=b
17. Show that « : R* — R*given by a(x,y) = (3y, x—y) is a collineation and find
the pre-image of the line I:y =3x+2undera. Answer:x-10y—-2=0

18. Definey :R> ->R* by w(x,y)=(-y,x+1). Show that y is a
collineation but not a dilatation.

19. Show that :R?* — R? given by A(x,y) = (x+ 2,y —23)is a dilatation.

20. Givena(x,y) = (Bmx—2x+1,my+6y—1). What should be the value of mso
that « is a dilatation? Answer : m=4

21. Prove: Ifa is an involution, then for any transformation g, BoaoB'is
also an involution.

22. If f an involution such that f (1,5) = (2,1, find f *(1,5)and f *(21).

23*. Show that any collineation sends a pair of parallel lines to a pair of

parallel lines.

24. Find the condition on aand b such that w(x,y) = (ay,%) is an involution.
Answer :a=b

25. For what value (s) of k is w(x,y) =((3k2 —1)y,2—32xj an involution?
Answer :k =+5/3

26*. Let pB:S — Rbe a mapping given by g(t) = |2 ]4_ ————Wwhere the set S is

givenby S={t:0<t<1}.

Show that gis a bijective mapping but not a transformation.
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27. Consider the napping f(x)=sinx. Define an equivalence relation

XRy <> sinx =siny. Find the equivalence class determined by y =%

Answer :R_,, ={z/2+nxz;neZ}
28. Let p:m,, »>M,, be a mapping given by ga)=A*, vAeMm,,, Where m,,, IS
the set of all invertible 2x2 matrices. Show that g is an involution and
calculate all the fixed points of 3.
28. Show that the mapa:C—>C given bya(X+Yyi)=X—-Yyi is a
transformation with infinite number of fixed points.
29. For each order pair (a,b)of integers define 4,,:Z —>Z by 4,,(n)=an+b.
For which pair (a,b)is A,,injective (one to one)? For which pair (a,b)is 4,,
surjective (onto)?
Answer : A4_is injective fora=0,vb e Z, A, issurjectiveonly fora=+1
30. Let M =(a,b)and w : R?* — R*be a mapping with the property that for any
point Pin R? the mid point of Pand w(P)isM. Prove that yis a
transformation with fixed point M itself.

31*. Let L be the set of all lines in the plane and let« be a collineation in R?.

Then, « is a transformation from LtolL.
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1.7 Definitions and examples of Transformation Groups

Definition: LetG be the set of all transformations on a non empty setS . Then
the system (G,0)is said to be a transformation group if and only if the following

conditions are satisfied:
i) Forall f,g inG, gof isinG.
ii) Forall f inG,3geG>fog=gof=ianddenotedby f*=g.
iii) Forall f inG, 3ieGs foi=iof =f.

Examples

1. Let f,,: R— Rbe defined by f,, (x)=ax+b,a=0.

LetG ={f, /a,beR,a=0} Show that (G,)forms a transformation group.

Solution: To check whether the elements of G are transformation or not, for
any fin G. f,(x)=f,(y)=>ax+b=ay+b—= x=yand for each r e R, there

exists x=r;b,a¢oin R such that
a

f,(X)= fab(r_b)za(r_b)+b=r—b+b=r. Thus, any element f_in Gis a
a a
transformation.

i) Taking a=1, b=0,we get f,(x)=x,VxeR. So, i= f,which is the identity

transformation contained in G.
i) Forany f,and f,in G,
frpofu(X)="T,(f (X)) =f,(cx+d)=acx+ad+b= fac’ad+b (x)

Since fand f,in G, a#0,c-0=ac=0.Thus, f, of, ="f, .., €G.This

ac,ad+
shows closure property holds true.

iii) To have inverse for any f_ in G, we have to find f_in G such that
fap o fog = foq o fp =1 =1y

But f o f i (X) = foag0 (X) = fo(X) =x=acx+ad +b=x.

So,acx+ad +b=x=ac =1, ad+b:0:>c:§:a1,d :—gz—alb.

Since a=0, cand d are defined and hence (f,,)™" = fi .4 DECause
fpof i o (X)=fy@x+-a"h)=a@ 'x+-a"b)+b=x-b+b=x=f(x).
Hence, (f,)™ =f_. . is the required inverse of f, in G. Therefore, by

definition (G,0)forms a transformation group.
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2. Consider the transformations f (x) = x, g(x) = —x, h(x) :1, k(x) __1 defined
X X

on the domain R/{0}. Show that (G,0) forms abelian group of transformation
where G ={f, g, h, k}.

Solution: To show whether a finite set together with a binary operation forms a
group or not is simple by making a table called Cayley table. Each cell is filled

using the calculation as follow:
fof(X)=f(f(X)=f(X)=x=fof=T,

fog(x)=1f(g(x)=f(-x)=-x=9(x)=f-g=9
goh(x)=g(h(x)) = g(%) :—% =k(x) and soon.

7 g h k

S Sle h k

g g f k h
h h |k f 2
k k| h g S

From this table, we can infer the following results.

1) Existence of Identity: In the table, f og=go f = gand so on for all elements
of G. Thus f is the identity transformation in G .

i) Existence of inverse: As we see from the table,
fof=1Ffgog="f,hoh=1f,kok=fwhere fis identity. So every element is
its own inverse.

iii) Closure property: If all the cells in the body of Cayley table is filled with
elements from the set, then closurity holds which is true in our case. Hence,
(G,0) forms transformation group.

3. Let p,be a mapping for k=0given by S, (xYy)=(X, y')where{;: )Iiy'
Show that the set G ={g, : k = 0}forms abelian group of transformations with
composition. Particularly, give the identity element and the inverse of

B5(%y) = (x,-3y)in this group.

Proof: Apply the definition.

4. Show that the set of all transformations on the plane forms a transformation
group.

Proof: Apply the definition.
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1.8 Criteria for Transformation Groups

So far we discussed about transformation groups and we saw how to show a
given set of transformations forms a transformation group using definitions and
or using Cayley table. But, some times definitions alone are not easy or
efficient to use in any cases. That is why mathematicians are looking for a short
cut method to use.
In transformation geometry, they developed the following theorem as a test for
a transformation groups.
Theorem 1.1 ( Test for a transformation groups):
Let Gbe a nonempty set of transformations on a set S. Then, G with
composition is a transformation group if and only if the following conditions
are satisfied:

a) feG=f'1eG, Vf eG

b) f,geG="fogeG, Vf,geG
Proof: Suppose (G,0)is a transformation group. We need to show conditions
(a)and (b) hold true. Since (G,0)is a transformation group, from the definition
vf,geG, f*eG and fogeG whish implies that conditions (a)and (b) are
true. Conversely, suppose conditions (a)and (b)hold true. We need to show
(G,0) is a transformation group.
i) Existence of Inverse: SinceG=®, 3f eG but VvfeG, f'eG from
condition(a). So, G contains inverse transformation.
i1) Closure property: From condition (b), f,geG= fogeG, Vvf,geG.
iii) Existence of Identity: vf <G, f*eG from condition(a) and from
condition (b), f'ofeGand fof'eG.
But, f'of=ieGand fof'=ieG.
Thus, G contains identity transformation. Therefore, by definition, (G,-)forms
a transformation group.
Examples:

1. Let g,:R— Rbe defined by g,(x)=ax, a=0. Let G={g,/ aeR, a=0}.
Show that (G,-) forms a transformation group.
Solution: So far, we have seen that g, is a transformation. Using the above test

for transformation group, we will verify the problem as follow:
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i) Foranyg, €G, g,(x)=ax= g, (x) “lycaxo g, €G.
a

if) Forany g, g, €G, g, °9,(X) = 9,(9, (X)) = abx = 9.,(X) = 9, Gy = Go
Since g,,G,and g, g, =9,,, We get g, og, € G. Hence, by test of
transformation group, (G,o)forms a transformation group.

2. Let f,:R* »>R? f (x,y)=(2a-x,Y), VaeR such thatG ={f, :vaeR}.
Using criteria of transformation group, determine whether (G,0)is

transformation group or not.

Solution: For any f, €G, f,(x,y)=(2a—x,y). First of all, we need to show
that every element of G is transformation.
Now suppose, f. (x,y) = f,(z,w).

f,(xy)="1f,(z,w)= (2a-x,y)=(2a—z,w)
—=2a-x=2a-2,y=wW
=>X=z, y=w=(X,Y)=(z,w)

This shows that each f,is one to one.
Besides, to each (z,w) < R?(in the co-domain), 3(x,y)=(2a—-z,w)eR? such
that f,(x,y) = f,(2a—z,w) =(z,w).
So, each f,is also onto.
Therefore, from these explanations every element of G is a transformation.
Forany f, €G,
f.x,y)=Qa-xy)= f. ' (x,y)=QRa-xy)=f'=f = f'eG.
But for any two elements f,, f, €G,
foof,(xy)="1,(2b—xy)=(x+2a-2b,y)= f.(X,y), VieR=f o f, ¢G.

This means the second condition of the above theorem (test for a
transformation group) fails.

As aresult, (G,o)does not form transformation group.
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Theorem 1.2 (Cancellation Laws on Transformation Groups):

Let G be a transformation group. Then, for «, 8, o In G

Q) aof=a-oc= B=oc (Thisis called Left Cancellation Law)

b) aopB=0c°pB=a=c(Thisis called Right Cancellation Law)
Proof: Let G be a transformation group. Then, for «, 5, o in G

a) aoff=aco=a o(aof)=ao(acoc)=pf=0

b) acf=cepf=(acp)ef =(cop)ef =a=0
Theorem 1.3: In any transformation group G, for any «, B in G, the equation
a oo = has a unique solution for o in G which is given byc=a"- 3.
Proof: For , f inG, aco=f=a " o(aco)=a'ocf=oc=a"ofecG
Hence, the equation has a solution inG . For the uniqueness of this solution,
assume there are two different solutions say o, @, then
acc=p, ac=pB=>acc=a-0=c=_0(by Left cancellation)
Example: Let (G,o) be a transformation group such that «, g,c in G. If
a(X,y)=@-x5-Y),B(x,y) = (3-2x,5-3y). Find o suchthat oo =p
Solution: By the above theorem, a-o = A has a unique solution for o in G
which is givenby o =a ™0 3.
But after some ups and downs we get o '(x,y) = (3—-x,5-Y).

Therefore, o(X,y) =a ' o S(X,y) = a ™ (B(X,Y))
— a}(3—2x,5-3Yy) = (2x,3Y)
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Problem Set 1.2

1. Consider the following transformations on R /{1,0) .

f(x)=x, g(x)zi, h(x) =1- X, k(x):ﬁ, m(x):XT_l, n(x):xi—l'

If G={f, g, h, k, m, n},show that (G,o) forms a transformation group.
2. Consider the set G={f, g, h, k}where f, g, h, kare transformations from
R? toR*given by:

f(X! y) =(X! y)’ g(X! y)=(2_y’ X)
h(X, y) = (y12 - X), k(X) = (2 - X!2 - y)

Show that (G,o) forms an abelian transformation group.
3. Prove that if ais a fixed element of a groupG, and «:G — G is defined by

a(X) =ax, Vx e G, then « is a transformation.
4. Let f:R— Rbedefined by f, (x)=ax+b, a=0. Let
G={f,/abeR,a=0}, H={f, :beR}. Show that

a) (H,o) is a subgroup of the transformation group (G,)

b b
b)R={(a,b) :j f (x)dx = j g(x)dx, Vf, g e G}is an equivalence relation

a a

5. Let a,be a mapping for k=0given by ¢, (X, y)=(x',y')where{xlz kx

Show that G ={«, :k#0}forms abelian group of transformations with
composition. Give the identity element and the inverse of a(x,y)=(5x,Yy)in

this group. List the involution elements (if any).

Answer : Identityelement, i = «,, Inverseof o is a, (X, Yy) = (% X, Y),
5

Theset of all involution elements: { e, , }
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6. *Let «,,B,be maps for a,b=0given by «,(x,y)=(axy), 5, (X, y) = (x,by).
Consider the set G ={a, o 3, : a,b = 0}. Show that (G, )forms abelian group of

transformations. Give the identity element and the inverse of «, o 43,in this
3

group. List all the involution elements .

: : : 1
Answer : Identityelement, i = o, o S, Inverseof a, o B, is a; o B, (X,y) = (3X,E y),
3 2
Theset of all involution elements: { e, o B, e, 0 B e, 0 B 0B |

7. Let G be a nonempty set of transformations on a setS. Then, (G,o)forms a
transformation group if and only if f,geG= fog™ eG, Vf,geG.
8. Let G be any group. Define f :G -G by f(a)=a™,vaeG. Show that f is
a transformation.
9. Suppose «, B, o are transformation such that « oo(X) = B(X)where
a(x,y) =(-y,x)and B(x,y) =(1-x,~y—10). Find equation of o .

Answer :o(X,y) =(-y—-10,x-1)
10. In a transformation groupG, if f=1f" vfeG, then prove that Gis
abelian.
11. Let G be a finite transformation group. Show that in a Cayley table of G,

each element appears exactly once in each raw and in each column.

12. Let G be a transformation group. If f og =g, then show that f =i.

13. If G is the set of transformations given by G ={f,g,h}, then complete the
following Cayley table of G .Which element of Gis the identity? Give the
inverse of each element. Which element (s) of G are involutions?

° 7 g I
4

| on [,
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14. In a transformation group G, if (a° f)* = a® o g*for each «, SinG, prove
that G is abelian group of transformation.

15. Let (G,0) be a transformation group with the property that

vf eG= fof =f?=i Prove that; every element of G is its own inverse.

16. In a transformation group G, if all the non-identity elements are involution,
then show that G is abelian.

17. Let «a, B, o be elements of a transformation group G such that

aoo(xy) = B(xY), V(x,y) € R*where a(x, y) = (-3y,2x +1) and

B(x,y) =(9y,4x +1). Find the equation of & .

18. Let (G,*) be arbitrary group. Prove that there is a group T of transformation
onG and a one to one mapping g:G — T which assigns to each aeG, a

transformation f, €T such that f,,, =f o f,, VabeG.

b*a
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CHAPTER-2

AFFINE GEOMETRY

2.1 Introduction to Affine Spaces

Affine geometry is a type of geometry that can be used to make analysis in a
plane and space whose major entries or elements are vectors. The properties
and conditions of affine geometry work in any dimensional space (finite or
infinite). As a result, affine geometry is treated as dimension free. The space
that we will work using this geometry is called affine space (which is formally
defined below). In this space, there is no specified origin.

As vectors are the main elements in this geometry, most of the theorems and
problems that we know in Linear Algebra courses are treated in this unit only
by using vectors and vector analysis rather than using coordinates and
Synthetic analysis. Now, we will prove and solve different theorems and
problems using vector method in order to understand the notion of affine
geometry and affine spaces. Finally, you may appreciate to what extent vectors
are useful in analysis of theorems and problems that we already know in
different branches of Mathematics.

Definition: A non-empty set W is said to be an affine space associated with the

vector space V if and only if the following three conditions are satisfied:
i. To every two points A, Bin W, there exists a unique vector u = AB =B - Ain

V ,and u is the zero vector if and only if A=B.

ii. To any point A in W and any vector u in V there exists a unique point B

such thatu = AB .

iii. For any three points A B,C inW , we have AB+BC=AC .

Prepared by Begashaw M. 36



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

In any affine space W, its elements are called vectors. Most of the concepts
like norm, projection, cross product and other concepts of vectors in Euclidean
Geometry are similarly defined in affine geometry.

Examples:

1. Let V = R®be the vector space with the usual operations. Determine whether
each of the following sets are affine spaces associated with V or not

a) W={(x,y,z): x=y=12}

b) W ={(x,y,2) : x+y+z=0}
c) W ={(x,0,0): xe R}

d) W={(x,y,2):x-2y+z=T7}

Solution: Follows directly from the definition.

2. Let vV =M, be the vector space of 2x2 matrices with the usual operations.
Verify that W ={Ae M., : A= A'} forms an affine spaces associated with V .
Perpendicular and Parallel vectors:

Definition: Two non-zero vectors aandb are said to be orthogonal or

perpendicular if their dot product is zero.

Denoted by alb. Thus, alboab=0.

Note that if ais perpendicular tobandk is any scalar, then a is also
perpendicular to kb because a-kb=k(ab) =k.0=0=>a L kb.

Example: Show that the vectors a= (3-15)and b= (1,3,2) are orthogonal.
Solution: Here, ab=3-13+10=0=a Lb.

Definition: Any two non-zero vectors are said to be parallel if and only if one

is the scalar multiple of the other.

Let aand bbe any two non-zero vectors. Then, allbe3t=0ec R,> a=tb and

note that if a//b, >a=tbwe always have b//a, >b=1a.

a

The scalar t is said to be norm (length) ratio and given by |t| = -
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Examples

1. Verify that the vectors a = (2,-1,3)and b = (-6,3-9) are parallel.

Solution: Here, b = (-6,3-9) = -3(2,-13) =—-3a = Jt =-3,5b=-3a.

Therefore, the two vectors are parallel. That is a//b.

2. Let a=(m3-4)and b=(2-n8). Find the values of mand nso that the
vectors aand b are parallel.

Solution: Here,

allb < 3t=0eR,5b=ta < (2,-n,8) =t(m,3,~4)
<2=mt, —n=3t, 8=-A4tst=—2=>m=-1,n=6

Proposition 2.1:

i) Parallelism relation denoted by // on vectors is an equivalence relation.

i) If aand b are not parallel, then Vv r,t e R, the equation ra =tb has a unique
solution r=t=0

Proof:

i) For any vector a=1.a=>a//a and thus// is reflexive. Suppose allb. Then,
JteRs>a=th=h= %5 = b/la.Thus, /lis symmetric. If allb and

blic , then a=rb and b=tc. Therefore a=rtc = a//c so // is transitive.
From the three conditions, // is an equivalent relation on vectors.

i) Suppose r =0 such thatra=tb, then a=1b=>a//b which contradicts with

the assumption that aand b are not parallel. Thereforer = 0and similarly by

assumingt = 0it can be shown t=0.
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2.2 Geometry in Affine Space

Since the elements of affine space are vectors, the geometric theorems that we
know are analyzed using vector analysis. Now, let’s analyze some theorems
and problems using vectors in order to understand affine geometry and affine
space.

Proposition 2.2:

1. The line segment joining the mid-points of two sides of a triangle is parallel
to the third side and its length is half of that side.

Proof: Consider AABC below (figure 2.1a) where M and N are the mid-points

of ACand BC.
c
ol
// \\\ D e
e ., B ——
H// \F-H /// ‘t,b T - //
Ve . Ve Fh P
Iy S, Va e A
// \\p B \‘f’/
A B B
3 k)
Figure 2.1

From the third condition in the definition of affine space, we have
AC = AB + BC = 2MC = AB + 2NC
— 2MC - 2NC = AB
—2(C-M)-2(C—-N)=AB

_— —

= 2MN = AB = MN =1 AB
Besides, sincewzgﬁ, MNis a scalar multiple of AB with scalart=1.
Hence, MN // AB .
2. The diagonals of a rhombus are perpendicular.
Proof: Let ABCD be a rhombus with diagonals AC and BD as shown in figure
2.1b above. To show that the diagonals ACand BDare perpendicular, it

suffices to show that their dot product is zero. Let AB =a, BC =bsuch that

— —_— -

E=a+5, B=a-b .
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b.

Besides, since the four sides of a rhombus are congruent AB = Hé“ =

2

2

=0.

-

Thus, A—cﬁsz(5+6)-(a—6):5.5_5.5+5.5_5.5:H5 5

Hence the diagonals are perpendicular to each other.
3. The cosine laws: In AABC, suppose the lengths of the sides of the triangle
opposite to the angles ZA, #B, ZC respectively area, b, c. Then,

a’ =b?+c? —2bccos ZA

b* =a® +c® —2accos /B

¢’ =a’ +b*—2abcos £C
Proof: Consider figure 2.2b. In this diagram, the arrow indicates in which
direction we considered the vectors along the sides so that to determine what
angle between the vectors to be taken. Because angle between two vectors is

the angle formed by the vectors when they share (made to share) the same

initial points or tails. For instance, the angle between the vectors AC and CBiis

0 givenbyd=r—-~C

a)

Figure 2.2

Here, we have

AC +CB = AB = (AC +CB).(AC + CB) = AB.AB
:Ez +@2 +2ACCB = ﬁz
=b’+a’+ ZHEHHC_BHcose =c’

= b? +a® +2abcos(r — ~C) = c?
=c?=a’+b*—-2abcos ~C, cos(r—~C)=-cos~C

Similarly, the other identities can also be derived.
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4. Sum and Difference Formula of Trigonometric: Let «and gbe any two

angles. Then,
i) sin(a + B) =sinacos S +cosasin S
i) cos(a + ) =cosacos f—sinasin S
i) sin(a — B) =sinacos S —cosasin S
iv) cos(a — ) =sina cos S+ cos asin

Proof: LetOAand OB be two unit vectors along the linesOL and OM making
angles of  and g with the x-axis respectively as shown in the diagram below.

+

M
Here;

a) OA = cosa.i +sin a., OB = cos pi—sin S

b) ZMOL=/ZMOC+ £ZCOL=a+ f

Now, to prove (i), let’s proceed as follow.

OAx OB = (Cos i +sin a.j) x (Cos B.i —sin A.j)
=cosa cos B(ixi)—cosasin B(ix j) +sinacos B(jxi) —sinasin B(jx j)
=—cosasin B(ix])+sinacos f(jxi), [ixi=]jx]=0]
=cosasin B(Jxi)+sinacos f(jxi), [ixj=—jxi]
=[cosasin S +sina cos F](J x i)
=[cosasin S +sin a cos Sk, [T ==K (1)

On the other hand, using H(TA” = “@“ =1, /MOL =a + S, we have

OAxOB = HCTA\'”.Ho_B'Hsin ZMOLK = SIN(G £ B)Kerrrrrreeerrreeesssessssoeeeseeeesssssssseseseseeee (ii)
Thus, from (i) and (ii), we have
OAxOB = H@‘.H(ﬁ”sin ZMOLK =sin(a + )k =[cosasin +sina cos Sk

= sin(a + ) = cosasin S +sina cos f =sina cos S+ cosasin S
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To prove part (ii), let’s appy dot product.

That is OAOB = (cos a.i +sin ax.j).(cos B.i —sin B.j) = cos a cos B —sin asin B

On the other hand, OAOB = HOTA’MO_B’H cos Z/MOL = cos(a + f)

Combining the two equations, gives us cos(a + f) = cosa cos B —sinasin

5. The sine Law: Suppose the sides of AABC are represented by the vectors

36 and  where [3] ~aB|=b/[g|=c. Then, - 2___b___°¢_
sihnZA sinZB sinZC

Proof: Consider AABC with /A= «a, /B = 3, ZC = y as shown in the diagram.

Now, observe that:

1) The angle between the vectors aand bis 7—a. (Do you see why?)
I1) The angle between the vectors a and cis z — 3. (Do you see why 5 ?)
iii) The angle between the vectors b and ¢ isz—y. (Do you see why?)
Iv) For any angle 4, sin(z —6) =sin@ (Difference formula of angles)
Besides, by parallelogram lawa+b+c=0 (zero vector).
But a+b+c=0=>a+b=-c. Here, if we cross by aboth sides, we get
ax(a+b)=ax—c=axa+axb=-axc

—axb=cxa, [because axa=0,—axc=cxa]

Similarly, if we cross by b both sides, we get

bx(—c)=bx(a+b)=-bxc=bxa+bxb=-bxc=-axb=bxc=axb
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From the two results, we get that bxc=cxa=axb.

But if two vectors are equal, then their norms are equal and if the angle

between any two non-zero vectors a and bis @, then

Héxﬁ :Ha BSine,Osegz.
Hence,
bxc=cxa=axb=|bxc|= ExéH:HéxB
= [o|l[¢|sin¢z = ) =]id]. 5”8"1(72’— B) = Ha”.HBHsin(ﬂ—a)

= b.c.sin ZA=c.asin /B =a.b.sin ZC

= i(b.c.sin ZA=c.asin ZB =ab.sin ZC)

ab.c
sinZA sinZB sin«C a b C
: = = :} - = - = -
a b c sinZA sinZB sin«ZC

a b c
sinZA sin«ZB sinZC

Inany AABC, the result is known as The Sine Law.

6. Using vectors, prove Pythagoras Theorem.
Proof: Consider AABCwith right angle at vertex A. We need to show
¢’ =a’+b’.

From figure 2.2a, HN?JH —a, HEH — D, HB_CH —¢, AC.AB =0 and

AB+BC = AC = BC = AC-AB. Thus,

2 [N

c? =H§ -BC.BC

= (AC — AB).(AC — AB)
_AC —2AB.AC + AB
_AC +AB, AC.AB=0

=a’ +b?
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2.3 Lines and Planes in Affine space

From Euclidean geometry, we know that any two distinct points determine a
unique line whose equation can be determined using the concepts in coordinate
geometry. But, in affine space lines and planes are defined using the concept of
vectors. So our next discussion focuses on analysis of lines and planes in affine

space using vectors.
2.3.1 Lines in Affine Geometry

Definition: Let W be an affine space. Then, a line in W through two different

points A and B is defined as the set < A B>={X eW - AX =tAB,t e R}

or I: X = A+tAB,t e R. Here, the vector AB is called direction vector of the line
and the scalart is called parameter. Now, let I be any line through the points A
and B in affine space. Then, 1 <AB>={X eW ' AX =tAB,t e R}.

Letting X =(X,Y,2), A= (Xy, Yo:2Zp)s d=AB= (a,b,c), we get that

12 (X, Y,2) = (X, Y,,2,) +1(a,b,c) (This is called vector equation of the line).

Parametric and Symmetric Equations of a line:
X =X, +at
Equating corresponding components from this equation, we have<y =y, + bt
z=1,+ct
(This is called Parametric Equation).
Again, from the parametric equation (whenever a,b,care all non zero), solving
X=X,
a
Y= Yo
b
~z,

X=X, tta=t=

for the parameter t gives us, Y=y, +th =t =

z
I=7,+tc=>t=

Equating these values of timplies X — y—byo — 2~ %0 (This is known as the
a C

Symmetric Equation).
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Remarks: The case when one of a,b,cis zero gives the following equations.

D'faZQX:me_yOZZ_%
b C

ii) If b=0,y =y, ~0=2""%
a c

i) If c=0,z7=7, X% Y=Y
a b

Examples: Give the vector, parametric and symmetric equations of the line /7
that passes:
a) Through the points A(2,-11) and B(1,3,-2)

b) Through the point A(1,3,0) and parallel to the vectoru = 2i —5 j + 7k

c) Through the point A(2,3-5) and parallel to the vectoru = 4 +8k

Solution:
Q)VE :1: X = A+tAB = (2,-11) +t(-1,4,-3),
X=2-t
Parametric Equations :{ y = —1+ 4t, and Symmetric Equation : _12 = y;rl _Z _31
z=1-3t
b) Vector equation (VE) : I : X =(1,3,0) +t(2,-5,7)
Xx=1+2t
Parametric Equations (PE):{y =3-5t and Symmetric equation (SE) : XT_l = y_—53 =
z=1Tt
X=2
c) VE:I: X =(2,3,-5)+1(0,48),PE: <y=3+4t, SE:x= 2;yT_3 :ZTJrS
z=-5+8t

Note that the vector and or the parametric equations of a line are not unique.
That means we can find many parametric equations for the same line.
Proposition 2.3:

a) There is a unique line through any two points in affine space.
b) Any two different direction vectors of a line are parallel.

Proof: (Follows from the definition)
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Parallel and Perpendicular Lines in Affine Space:

Definition: Any two lines < A,B >and <C, D > are said to be parallel if their

direction vectors AB and CD are parallel and they are said to be
perpendicular if their direction vectors AB and CD are perpendicular.
Besides, the angle between these lines is the same as the angle between their
direction vectors.
Examples:
1. Determine whether the following pairs of lines are parallel, perpendicular or
neither and for these which are neither find the angle between them.
a) 1:X =@123)+t@2-nandm: X = (1,0,1) +t(-3,-6,3)
b) The lines through A=(1,3,5),B =(4,7,5)and C =(5-2,2),D = (1,1,7)
c) The lines through A=(2,-1,4),B=(2,-2,5)and C =(3,4,3),D = (35,3
Solution:
a) Here,u = (1,2,-1), v=(-3,-6,3) = v =—3u = U//V.
Hence, from the definition, the lines are also parallel.
b) In this case,u=B—A=(34,0), v=D-C =(-435) =>vu=0=>u LV.
Hence, the lines are also perpendicular.
c) u=B-A=(0,-11), v=D-C =(0,1,0). But those vectors are neither parallel

nor perpendicular and so are the lines through these points. Let 6 be the angle

between the lines. Then, cosd = v = “1og- cos*l(_—l) = 37”.

dlv| V2 J2

ujjjiv]

Oritcouldbe g=r_F 7.
4 4

2. For what value of kare the line 1:x=2t,y=1-3t,z=-2-7t and the line

m: X =(2,3,-5) + r(3,k,—3) perpendicular in Affine space?

Solution: The direction vectors of the lines areu = 2i —3j —7k,v = 3i + kj— 3k .
Then, the two lines will be perpendicular if their direction vectors are
perpendicular. So, U Lv=uv=0=6-3k+21=0=k =9.

Prepared by Begashaw M. 46



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

3. Find the value of aif the cosine value of the angle between the lines
.1
l:x=y=zand m:x=1+t, y=at+5, z=4+2t is —.
Y Y NE]
Solution: The angle between the two lines is the same as the angle between

their direction vectors u =i+ j+k, v=i+aj + 2k

So,cose— 1 uv a+3 —a+3=+a’*+5

Tl 57 s

= (a+3)°=a’*+5=a*+6a+9=a*+5=a=-2/3
4. Letl < A,B>and m:<C,D > be two non-perpendicular intersecting lines in

HABXCDH

affine space. Then, verify that tang = where @is the angle between

AB-CD
the lines.
Proof: From the above definition, the angle between two lines in Affine Space

is the same as the angle between their direction vectors. Thus, as 6 is the angle
between the lines, it is also #is the angle between their direction vectors AB

and CD. Besides, from vector analysis we know thatuﬁx(ﬁu = Hﬁm‘ﬁ”sme
and E-C—Dzuﬁé‘mﬁ)’”cow. Thus dividing the first relation by the second

yields, “éxﬁ“ _ E‘mﬁ sin @ _sing

505 = NB,HHC_D, st Coseztane.

Proposition 2.4: Two Lines I: X =A+ru and m: X = A+tv passing through
the same point P are equal (identical) if and only if uand vare parallel.

Proof: Suppose | =mand let Bel=m, B= A. Then,
B=A+ruy, B=A+tv= A+ru=A+tv
=>ru=tv=u=+v,[..BA=r=0]
= ullv
Conversely, let uand vbe parallel. Then, there exists a scalar k =0such that

u=kv. Let X be arbitrary point on line I.

Thus, X el & X =A+ru< X =A+r(kv)
S X=A+tvy, t=rkeXemsl=m
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Proposition 2.5: Given a line land a point Qnot onl. Then, there is exactly
one linem through Q parallel tol .
Proof: Let I:X =P+tu,then m: X =Q+tu for any point Qis parallel to |

(because by definition any two lines with the same direction vectors are
parallel). This proves the existence of parallel line to 1.
Now suppose there is another line nthrough Qparallel to I. In this case, it is
givenby n: X =Q+rv, m//n=ullv.
Therefore, from m: X =Q+tu and n: X =Q+rvwith u parallel tov we get
m=n by the previous proposition.
Theorem 2.1(Length Ratio Theorem): Let Ibe a line passing through two
different points Aand B givenby |:P=A+ rAB, r eR. Then,

a) |r|:£ b)—=£,if P+B

AB 1-r| PB
c) P isbetween Aand Bif O0<r<1
d) B isbetween Aand Pif r>1

r

Proof. a) From vector equation of the line I: P=A+ rAB, r R, we have

— — = =l s APl ap
P-A=rAB,rcR= AP =rAB = HAPH - HrABH - |r|HABH ==t =25
AB|l AB

b) For any point P on a line determined by two distinct points Aand B,
AB = AP + PB. Besides, from equation of the given line we have AP = rAB
which gives us AB =1 AP . From these relations, we get
LA — AP+ PB = (1—r)AP = rPB
;
=[a-r)As|-|rPg|

r

1-r

AP _

=[1-r|AP =|r|PB = o8

c) Here, we use the fact that for any vector aand a positive constatnt k, aand
ka have the same direction and HkéH = kHéH.
For 0<r<1,AP =rAB :‘WH - rHEH<HN3’H:» AP =rAB < AB.

This shows P is between AandB. The rest parts of the theorem can be derived
from what we did here.
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Examples:
1. If A=(5,0,7)and B = (2,-3,6) , then find a point P on the line < A, B > which

satisfies AP =3.
PB

Solution: From part (b) of Length Ratio Theorem, on the line 1: P=A+ rAB

if P«B, we have L :E.
1-r| PB
AP
But we need to find a point P which satisfies B = 3.
Thus, . E:B:L:ﬂ:rzﬁ or r:E. Besides, any point P on the
1 ri PB 1-r 4 2

line determined by Aand B isgivenby |:P=A+ rAB, reR.

3 3— 3 925
Using r=—,weget P=A+=—AB=(50,7)+—(-3-3-1) =(—,—,—
g 2 g 2 ( )4( ) = (4 1 4)
3 3— 3 911
Using r=—,weget P=A+=-AB=(50,7)+—-(-3,-3-1) = (-,—,—
g 5 g 5 (5,0,7) ( ) = (2 >

2. Application of Line Equation in Affine Space: Suppose an Engineer
wants to paint a rectangular portion ABCD of a building using white and
yellow colors where two of the vertices are A=(2,3-1)and B=(3,7,4). If he
divides the region into two sub-rectangles by a line through P (on the segment
AB) and Q (on the segment CD) so that to paint white color the region APQD
and yellow color the region PBCQ where the ratio of the length painted white

to the length painted yellow is known to be % = g Find the coordinates of P

where he should draw the dividing lineto Q.

r :ﬁ . But we need to
PB

Solution: From Length Ratio Theorem, we have 1
—r

find a point P which satisfies AP E.
PB 2
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r
1 r

E:§:>L:1L§:>2r:i3(l—r)
PB 2 1-r 2

=2r=3-3ror2r=3r-3=r=3/50rr=3

Thus, |—

Since we need a point P between Aand B, only r =3/5 is valid by part (c)
of

Length Ratio Theorem. Besides, any point P on the line determined by Aand
B isgivenby I:P=A+rAB, reR.

Hence, using r :% , we get P = A+gﬁ = (2,3,—1)+§(1,4,5) (E 2 2).

Here, if we use r=3, we get P=A+ 3AB = (2,3-1) +3(1,4,5) = (515,14).But we
didn’t do so. (Verify why this value of P is not used!).

Theorem 2.2 (Distance in affine space)

Let Ibe a line through AandB. If Cis any point not on the given linel, then
there is exactly one point P on the line | such that CPis perpendicular to AB

AC.AB

given by P = A+tAB, where t = ="~ |
|AB]

Moreover, if Qis any other point on the line, then CQ >CPand hence P is the

point on | closest toC . Besides, the shortest distance from the line to the point

JAC?AB?  (AC.AB)’ HAB x ACH

Cisgivenby d =CP =
g y AB

Proof: Let P=A+tABand assume CPis perpendicular to AB as shown in

figure 2.3 below.
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= 1

Figure 2 3 Distance in affine space

Then, CP.AB =0=> (P-C).AB =0
— (A+tAB-C).AB =0
= (CTAHE).E =0
— CA.AB +t(ﬁ.ﬁ) =0
— —AC.AB +t(AB.AB) =0
AC.AB
=t= 5
AB

The uniqueness of point P follows from the unique value of the parameter t.

(A =aB])

Now for any other pointQ, the inequality CQ >CP follows from Pythagoras
theorem. Because if Qis any other point on the line (on the either side of P),
then CQ® =CP? + PQ?* = CQ’ >CP? = CQ >CP. Equality holds whenP =Q.

Finally, from the diagram as the vector CPis perpendicular toPA, using
Pythagoras theorem we get,
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CP2=AC?— AP? = AC? —Htﬁ”z, P=A+tAB = AP —tAB
ot (AC ABJ AB?
AB’
_ AC2.AB? —(AC.AB)’
AB?
_|Ac|’|AB[” - (Ac]|AB]cos 6)*
AB’
_lAcl|AB|' - cos* o)
AB’
|Ac?(||AB]|"sin* o
AB’
_(jAc]jA8]sin6)
AB’

‘—. — 2

AB?

. 1-cos*@=sin%6

Taking square root both sides gives the required result.

Examples:

1. Let Ibe a line through the points A=(-2,13)and B =(1,2,4). Find a point P
on this line which is closest to the origin and calculate the shortest distance
from the line to the origin.

Solution: From the above theorem, the closest point on the line to a given point

AC.AB

BZ

C (not on the line) is given by P = A+tAB, where t =

Inour case, A=(-213), B=(,2,4)and C =(0,0,0). Thus,

AC =<2,-1-3>, AB =<311>, [AB|= 1=t = =2 23> <3l1>_2

11 11
—SP=(- 213)+3<311 —(—E 13 §)
11 11'11'11
AC2AB? — (AC.AB)?
d:CP:\/ ( )" g V1544 \/150
AB J11 11
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2. Find a point on the line 1: X =(1,2,3)+r(2,3,4) closestto Q =(5,9,3).

Solution: From the above theorem, the closest point on the line to a given point

_—

AQ.AB

BZ

Q is given by P = A+tAB, where t = and AB is any direction vector of

the line. In our case, A=(1,2,3) and AB =(2,34).

<470>.<234> 29
29 T29

Therefore, P = A+tAB = P = (1,2,3) +(2,34) = (35,7).

Thus, t = 1.

2.3.2 Planes in Affine Space

Definition: Let W be an affine space.

Then, a plane = passing through three non-collinear points A B,Cis the set
given by < A B,C >={X e7: X = A+rAB+tAC, r,t e R}

From this equation, if we let A:(xo,yo,zo),ﬁ:(a,b,c), A_(f:(d,e, f), then
any arbitrary point X =(x,y, z) on this plane is given by

X =(XY,2) =(X,, ¥y,2,) +r(a,b,c)+t(d,e, f).

This is known as vector equation of the plane. Now by equating components

X=X, +ra+td
from the vector equation, we get <y=y,+rb+te. This is called parametric
Z=1,+rc+ftf

equation of the plane where r,tare parameters.

Example: Find vector and parametric equations of a plane passing through the

points A=(1,2,3), B =(4,-1,-2), C = (1,0,-1).

Solution: First let’s determine the vectors using the given points.

AB = (3-3,-5), AC = (0,-2,—4). Thus, the vector equation becomes,

7 <ABC>={Xer:X=(XY,2)=0123)+r(3-3-5) +1t(0,—2,—4)}
X=1+3r

The parameter equation with parameters r,t becomes <y =2-3r -2t
Z=3-5r-4t
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Problem Set 2.1

1. LetA=(3109), B=(7,5-1), D =(816,8). Show that ABand AD are
perpendicular. Find a fourth point D such that ABCD forms a rectangle.
2. Show that R is an affine space over R,
3. Using vector method, prove that:
a) An angle inscribed in a semicircle is right angle.
b) The altitudes of a triangle are concurrent.
c) The sum of the squares of the diagonals of a parallelogram is
equal to twice the sum of the squares of its sides.
4. Using vector method, show that:
a) cos(a — f3) = cos a cos B +sinasin B
b) sin(a — ) =sinacos B —cos asin S

5. If A=(0,4), B=(8-2), find a point P on the line AB such that %:%'

Answer : P =(2,5/2)
6. Show that a point P on the line < A B> is uniquely determined by the

ratim:ﬁ‘—E. If A=(23-1), B=(37,4), then find the coordinates of

point Pon AB such that AP _2Z
PB 5

7. Let A B, Cbe points in affine space. Show that the set (A B,C)is either

a plane, a line or a single point.
Particularly, if A=B=C, what is the geometric figure represented by
the set (A,B,C)?

8. If Pisany pointinside AABC , prove that P =rA+sB+tC where

r+s+t=1.
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9. If Pis any point inside AABCsuch that P=2rA-32B+1C, then what
must be the value of r?

10. Give the centroid of ADEF whose vertices are D =(-3,5,6), E =(-2,7,9)
and F=(217).

11.Let I be a line through A= (7,1,9), B = (-15,8) . Show that the length of the

projection of the segment CDis L = %wherec (1,2,3),D =(5,-2,6) .

12.Find a point on the line 1:X =(1,23)+r(2,3,4) which is closest to
Q=(593. Answer : (3,5,7)

13.Let I <A B>and mi<C,D> be any two intersecting lines in affine

space. Then, verify that cotd = Where @is the angle between

HABXCDH

the lines.
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2.3.3 Collinearity in Affine Space

Definition: (Co-linearity in affine space): Any three points A, B, C in affine
space are said to be collinear if and only if A=aB+bC where a+b=1.
Proposition 2.6: Suppose A, B, C, Dare distinct points such that any three of
them are not collinear. Then, AB =CDif and only if AB//CDand AC//BD.
Proof: IfAB=CD, thenB-A=D-C=C-A=D-B= AC=BD. But any
two equal vectors are parallel and thus AB // CD and AC // BD..

Conversely, suppose that AB//CDand AC // BD .Then, for some scalars randt,
AB =rCDand AC =tBD. This in turn implies, B— A=r(D-C)and
C-A=t(D-B). Here, if we can show that either r =1or t =1we are done.

Now, subtracting the second relation from the first gives
B-C=r(D-C)-t(D-B)=(1-t)B=(1-r)C+(r-t)D

If we assume t =1, we have (1—t)B = (1—r)C + (r —t)D = B :i_—:c +£—_:D
This shows that B =aC +bDwith a+b =1where a:i_:, b= ;_:

But this mean that B is on the line CD which implies that B, C, D are collinear
but this is a contradiction with the hypothesis that any three of the points are

not collinear. Hence, t =1. Similarly one can get r =1.

Therefore, AC=tBD—=C—-A=D-B=B-A=D-C = AB=CD.
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Theorem 2.3 (The intercept Theorem):

Let A B,C,Dbe non-collinear points such that AB//CD, AB =CD. Then, the

lines <A, C> and< B,D >intersect in a points O for which $=£=£
OC OD CD
AC _BD : : . . _
and — = —. Conversely, if the lines < A, C > and< B, D > intersect in a point
OA OB
o such that 2% =2 then AB//CD, AB CD.
OA OB

Proof: Consider figure 2.4.

o A o
Figure 2.4
Since AB//CD, AB = CDthe lines < A, C > and< B, D > intersect in a point.

Otherwise, if they don’t intersect, ABDC becomes a parallelogram such that

AB = CDwhich is a contradiction. Now suppose they intersect at some pointO
(refer the figure above)and then consider AOAB and AOCD .In these triangles,
ZOAB = /OCD, £OBA= ~0ODC (corresponding angles) as AB //CD.
Thus, AOAB ~ AOCD by Angle-Angle similarity theorem.

oh_G8_7

—_— T —

OC OD CD.
Besides, from this result,

As a result,
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O—A_O—B OoC 0D
oC op OA OB
%_1_@_1
OA OB
OC-OA OD-OB
> —=——
OA OB
AC BD
= ==
OA OB

Conversely, suppose the lines < A, C > and< B, D > intersect at some point O

such that c£:=c£).L t OC_OD_k Then, OoC = kOA OD =kOB.

OA OB OA OB

Thus, OC +CD = OD = CD = OD—0C = kOB — kOA = k(OB —0A)..
On the other hand, OA+ AB = OB = AB = OB-OA
So, from these two results, CD = k(OB —0A) and AB = OB —OA, we get

CD =kAB. Therefore, AB//CD besides AB = CD.

Otherwise, if we assume that AB=CD, then by Proposition 2.6, we get

AC//BD which in turn implies that the lines <A C> and <B,D> are

parallel. But this contradicts with the hypothesis.

Then, AB =CDif and only if AB//CDand AC//BD.
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2.4 The Classical Theorems

Definition: Three points A, B,C are said to be collinear if and only if AB//BC .
That means if all the lines lie on the same line it means. Two or more lines are
said to be concurrent if and only if they pass through the same point. The
common point at which the lines meet is called concurrency point or point of
concurrency.

Now let’s see the most useful theorems usually called Classical Theorems.

Menelao’s Theorem 2.4: LetD,E andF be points on the lines

<B,C> <AC>and < A B>of triangle ABC respectively. Then, the points

D, E and F are collinear if and only if B_,—D.C:E.i =-1
DC EA FB

Proof: Suppose D, E andF are points on the lines<B,C >, <A,C >and
< A, B > respectively such that D, E and F are collinear.
We need to show that B_.—D.C_.—E.i =-1

DC EA FB

Draw a line through B parallel to AE that intersects DF at a point P as shown

in the figure 2.5 below.

Figure 2.5

Since BP// AE, ADPB ~ ADEC, AFAE ~ AFBP by Angle- Angle similarity

theorem.
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Using this result together with the intercept Theorem,

DB PB FA EA
we get — =——and — = —.

DC EC FB PB
Multiplying these two equations, we get

55 FA_P8 EA_ DB FA EC_

DC FB EC PB DC FB EA
:%.i.g—l FA——AF EC =-CE
DC FB EA
_,BD AF CE__, BD--DB
DC FB EA
Hence, co linearity of D, E and F implies tha E.C_,—E.iz—l.
DC EA FB
Suppose BD.(LE.:_— ..................................................................................... (i)

We need to prove that the points D, E andF are collinear. Consider line
< D, E >and suppose that F is not on this line.

Assume that F'is another point on < D, E >such that D, E and F'are collinear.
Then, by the forward part

BD CE AF'

So, from (i)and (ii) we get,

BD CE AF' BD AF CE
DC EA F'B DC FB EA
F'B FB

F-A F-A
+1=

B—F B_F

:3B_A:B_A:B—FEB—F:FEF
B_F' B-F

= +1

Therefore, if S—D C—E.i = -1, then the points D, E and F are collinear.

C EA FB
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Ceva’s Theorem 2.5: LetD, E andF be points on the lines <B,C >, <AC >
and < A, B >of triangle ABC respectively. Then, the lines <A D><B, E >
and < C,F >are concurrent if and only if BD CE AR =1.

Proof: Suppose the lines <A D><B, E> and<C,F >are concurrent at a
point P. Draw lines through Band Cwhich are parallel to the line<A D >.
Extend the line< B, E >to a pointQand

<C,F >to apoint R (Refer figure 2.6 below).

A
A
/] 1€
/ : E
H . F?{.-"' ; P L=
.»f') T -
/S - ;
/- I .
B D C
Figure 2.6
Since AP //QC, AP//RB and BR//CO, we have =5 = €9 AF _PA g
EA PA FB BR
BD RP BR
DC PC CQ

p—— e —

Now, multiplying the three equations yields,

p— — e —

DC EA FB CQ PA BR

BD CE AF .

Conversely, suppose — .= .—==L..errrrrrrrrreeeeenen, (i)
Y, SUpP DC EA FB
Let the point P be the intersection of the lines< A, D >and < B, E >. Assume
the line <C,F >does not pass through this pointP. Then, we have another
point F'on line< A, B > such that the line <C, F'>passes through the pointP .
Then, by the forward part @.C:E.i =L, (ii).
DC EA F'B
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So, from (i)and (ii) we get,
BD CE AF' BD AF CE __ AF' AF__AF' _ AF
....... —_— D = —— 1::+1
DC EA FB DC FB EA FB FB F'B FB
_AF+FB_AF+FB_ AB _AB & g _ag
F'B FB F'B FB
=FB=FB=B-F=B-F=F'=F

Therefore, the lines< A, D >,< B, E > and< C, F > are concurrent whenever

—_—

BD CE AF

Corollary 2.1: The three medians of any triangle are concurrent.
Proof: Consider AABC below (figure 2.7a) where AD, BE, CF are the medians.

3 Figure 2.7 b

From the definition of medians, we know that AF = FB, BD = DC, CE = EA

Thus, (AF)(BD)(CE) = (FB)(DC)(EA) = E—EC) C—Ei % =111=1

Therefore, by Ceva’s theorem the medians are concurrent.

Corollary 2.2: In any triangle, the three altitudes are concurrent

Proof: The proof is given for the case when triangle ABCis acute angled
triangle. The case for obtuse follows the same reasoning and is left as exercise.
Consider AAFCand AAEB (refer figure 2.7 b above). In these triangles
/BAE = /BAE (it is common angle) and ~/BEA=_/CFA(Both are right
angles). Hence, AAFC ~ AAEB by AAsimilarity theorem.

AF _ AC
" AB

But AAFC ~ AAEB =

Prepared by Begashaw M. 62



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Similarly in ABDAand ABFC, ~ZABD = ZABD (it is common angle) and
/BDA = /BFC (Both are right angles). Hence, ABDA ~ ABFC by AAsimilarity

BD AB BD AB
= p— =

theorem. But ABDA ~ ABFC = aF Finally, by considering

BC ~FB BC’
CE BC
ACEB and ACDA, we get ACEB ~ ACDA. ACEB ~ACDA= — =—
DC AC
Multiply theses three ratios above will lead to Q.E.ﬁ =1.
DC EA FB

Therefore, by Ceva’s theorem the three altitudes are concurrent.

Corollary 2.3: The angle bisectors of a triangle intersect at a common point.
Proof: Use the same reasoning as above.

Desargue’s Theorem 2.6: Let AABCand ADEF be given where their

respective (corresponding) sides are parallel. Then, the lines <A D>,<B, E>

and <C,F > are concurrent and ﬁ;, = A_C, = E .
DE DF EF

Proof: GivenAABCand ADEF with AB// DE, AC//DF and BC// EF (refer
figure 2.8 below). Since AB//DE, AC//DF and BC//EF, then there exist

scalars k,r,tsuch that i =K, i =T, g =t. Now we need to show that
DE DF EF
these scalars are equal in order to prove that the sides are proportional.
Using vector addition,
AB +BC = AC = k DE +tEF =rDF = r(DE + EF)

— (k—r)DE = (r —t)EF

Figure 2.8
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Since DE is not parallel to EF , then by proposition 2.1, the equation
(k —r)DE = (r —t)EF has a unique solution given by k—r=r—-t=0=k =r =t.

Therefore, E = f BC

DE DF EF

=k where k is a constant. Here, there are two cases

to be considered depending on the values of the constantk .

Supposek =1. In this case, assume the lines < A, D >and < B, E >intersect at
pointO. Thus, AAOB~ADOEby AA similarity theorem (because AB// DE

implies ~ODE = #OAB, ZOED = ~ZOBA). So,%—i. Similarly, suppose

OD DE
the lines <A D>and <C,F >intersect at pointP. This also gives

APAC ~ APDF by AA similarity theorem which in turn implies — ﬂ = A—C

PD DF

AB AC BC
DE DF EF

But from the first result, we have —

OA AB BC PA_ OA PA
Hence, — =— = =

— .
OD DE EE PD oD PD

Besides,

OA_PA_OA  _PA |

OD PD OD PD
OA OD PA-PD

oD PD
AD _ AD — PD-0D
oD PD

=>D-P=D-0=P=0
Hence, the lines <A, D >,<B, E > and< C, F >intersect at the same point and

then they are concurrent.

Finally, if the ratiok =1, then from — AB AC = BC =k, we

DE DF EF

get AB = DE, AC = DF. Besides from the hypothesis, AB// DE, AC // DF .

Prepared by Begashaw M. 64



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Hence, ABED and ACFD become parallelograms (A quadrilateral having a pair
of parallel and congruent sides is said to be a parallelogram).

Thus, the lines< A, D >,< B, E> and< C,F > are all parallel.
Therefore, the lines < A, D >,< B, E > and< C, F >are concurrent.

Papu’s Theorem 2.7: Let A C,E be pointson a linekand B,D,Fonalinel. If

AB// DE, BC // EF , thenCD // FA.
Proof: Consider the diagram below. Suppose the lines kand Iintersects at

some point O (Refer figure 2.9b).

a) When &l b) Whes kntersects [
Figure 2.9

Then, using the hypothesis AB// DE, BC // EF , and by The intercept Theorem,

OE OD__ OC OB

el —— and p——rE i

OA OB OE OF

Multiplying these equations, gives O_.—C = 2 :
OA OF

Therefore, by The intercept Theorem, CD//FA. Again, supposek// | (Refer
figure 2.9a). In this case, AE//BDand AB//ED.

Thus, AEDB is a parallelogram. So, AE = BDand BF = CE.
On the other hand,

AC = AE +EC = AC = AE —CE =BD - BF = FB +BD = FD
— AC = FD = AC// FD
Thus, AC and FDare congruent and parallel.
Hence, AFDC is a parallelogram.

Since opposite sides of a parallelogram are parallel CD// FA.
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Problem Set 2.2

1. In Affine Space, suppose the lines 1: X =t(1,1,3),m: X =(1,0,1) +r (2,3,8) and
n: X =(a,b)+k(0,12) are concurrent. Find aand b. Answer:a=3,b=5
2. Find the value of a for which the lines I:y=-3x+2,m:y=ax+7 and

n:y=2x-—3are concurrent.

3. The sign Law: Given AABC with AB =c, BC =a, AC =bas shown below.

Then, using vector method, prove that a__ b __¢
’ g P sinZ/A sin/B sinsC’
A
/ b
B C

o
4. Find the vector, parametric and symmetric equations of a line through the

. . .. 2 -2
intersection of m:y=x and n:y=2-xwhich is parallel I: X =(4j+t(6 j

5. LetD,E and F be points on the sides <B,C>,<AC>and <A B>of

AABC respectively where AB =12,EA=3, BC =15, FB =8, BD =6. If the lines

< A D > < B,E >and < C,F >are concurrent, then calculate the length CE.
Answer :CE =9

6. Let D, E, F be points on the sides (B,C), (A,C)and (A, B)of triangle ABC

such that 2 = Eandg = -12 . Then, findi
DC 4 EA 5 FB

a) If the points D, E, F are collinear.
b) If (A,D), (B,E)and (C,F) are concurrent.
7. Suppose D, E and F are collinear points on the lines < B,C >, < A,C >and
< A B> of AABC. If for any pointG, g.i.g =-1, prove that F =G.
GB DC EA
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8. Let k//l and let AC,E beonk and B,D,F be on | such that the lines

<A B>, <C,D>and <E,F ><E,F> are concurrent.

Then, prove that AC/CE =BD/DF .

9. Prove that the angle bisectors of a triangle are concurrent at a point.

10. Consider the vertices A=(1,2,5), B=(18,-1), C=(7,2,-1) of an equilateral
triangle ABC . Suppose the points D = (4,5-1),E =(4,2,2), F = (1,5,2) are on the
sides <B,C >, <AC>and < A B>of AABC respectively. Prove that the lines
< AD > < B,E >and < C,F >are concurrent.

11. Suppose the medians AP, BQ, CRof AABC intersect at point T. Then,

show that E+E+ R =1
AP

BO CR

12. Let ABC and DEF be triangles with the condition AB/DE = AC/DF .
Show that BC || EF.

13=*.Let D, E, F be points on sides BC, CA, AB of AABC respectively such that
the Cevians AD, BE, CF are concurrent. Show that if M, N, P are points on

EF, FD, DErespectively, then the lines AM, BN, CP are concurrent if and only
if the lines DM, EN, FP are concurrent.

14. If a circle is inscribed in AABC such that M,Nand P are points of tangency

on the sides BC,CAand AC, prove that AM,BN and CP are concurrent.

15. The bisector of any interior angle of a non-isosceles and the bisectors of the
two exterior angles at the other vertices are concurrent.

16. INAABC, let P ABand Q e AC such thatPQ// BC. Then, prove that PC

and QB concur (intersect ) at a point on the median AM .

17. Let P,Q,Rbe points on AABC distinct from A, B,C respectively. Then

sin ZCAPsin ZABQsin Z/BCR 1

AP, BQ, CRare concurrent if and only if = - - =1.
sin ZAPB sin ZQBCsin ZRCA

18. Prove that the angle bisectors of a triangle are concurrent at a point.
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CHAPTER-3

Orthogonal (Isometric) Transformations

3.1 Introductions

In order to introduce the concept of isometrics, first let’s consider the notion of
distance. Distance is a real valued non-negative function denoted byd(P,Q)
which assigns to any pair of points in the plane or space a non-negative real
number satisfying the following conditions:

i) d(P,Q)=d(Q,P)
i) d(P,Q) 2 0d(P,Q) = 0> P =Q

ji) d(P,R)<d(P,Q)+d(Q,R)
Here, the third property is known as triangle inequality and equality occurs if
and only if the points P, Q, R are collinear points.

Note: The notation d(P,Q)stands to mean the distance fromPtoQ and
equivalently denoted by d(P,Q) =|PQ)| =PQ. It is the length of the line segment

between P andQwhich shows that line segment is the shortest path between

two points.

In Euclidean geometry, distance between two points P andQ in a plane is given

by d(P,0)=PQ=1/(,~%,)* +(¥,~¥,)* , where P =(x,y,) and Q=(x,, ,)
It can be easily verified that this distance formula satisfies the above three

conditions. Throughout this text, the writer uses f(P)f(Q) to mean the

distance between f(P)and f(Q), PQ to mean the distance between P andQ.
In a plane, it is common to see the case where the norm of a vector or the
distance (length) between two points to have the same measure after the vector

or the points have been mapped to other vectors or points by some mappings.
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In such cases, whenever Hf(\7)” :M (That is the norm of the image vector is

equal to the norm of the vector before mapping) for any vector v and
f(P)f(Q)=PQ (That is the distance between the images of two points is equal
to the distance between the points) for any two points PandQ, we say that f is

norm, length or distance preserving. That is really what we mean isometric or

orthogonal transformations. Now let’s have the formal definition.

3.2 Definition and Examples of Isometries

Definition: An isometric transformation of a plane is a transformation from a
plane on to itself which preserves distances.
That is, f is an isometric transformation if for any two points P and Qin the
plane, d(f(P), f(Q))=d(P,Q).
Isometrics in Euclidean space are sometimes named as orthogonal
transformations or rigid motions.
Examples:
1. Verify whether the following transformations are isometries or mot.

a) f:R—>Rgivenby f(x)=x+5

b) f:R*—>R?givenby(y—-1,x+7)

c) f:R>—R?givenby f(x,y)=(3x3y)

d) f:R*—R?givenby f(x,y)=(2y—-9,2x+9)
Solution:

a) Since the distance between any two points xand yin Ris given by
d(x,y)=|x—y| and d(f(x), f (y)) =|x+5-(y+5)|=|x—y|=d(x, y).
Hence, f isan isometry.

b) Here, if we take any two points P = (x,y),Q = (z,w), we have

d(P,Q) =(z-X)2+(y-w)? .
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Besides, P'= f(P)=(y-1,x+7),Q'= f(Q) =(z—-1w+7)and thus
d(P.Q)=d(f(P), f(Q))

=[Z-D)~(y )P +[W+7) - (x+ )

=\(z-y)* +(w-x)*
This shows that d(P',Q") =d(f(P), f (Q)) =d(P,Q).

Hence, it is an isometry.
c) Here, for any two points P = (x,y),Q = (z,w), we have
d(P,Q) =+/(z=X)% +(y—wW)? .

Besides,

P'= f(P) = (3x,3y),Q'= f(Q) = (3z,3w)and thus
d(P',Q)=d(f(P), f(Q))
=/(32-32)% + (3w-3y)?
=J9(z-y)? +9(W-x)?
=3J(z-y)* +(W-x)’
This shows that d(P',Q") = d(f (P), f (Q)) =3d(P,Q) = d(P',Q) = d(P,Q).

Hence, it is not an isometry.

d) Using similar procedures as in part (c), it is not isometric transformation.

2. If f is an isomteric transformation and v = (a,6) is a vector such that

f(a,3)=(-3,4), find a.
Solution: Since f is an isomtery, for any vector v we have Hf (\7)” =H\7H

Thus, f(a,3) = (-3.4) = | (a,3)] =@3)
=+vJa?+9=+9+16

—=a’+9=25=a’=16=a=14
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3. Prove that any isometry preserves dot product and conclude that an isometry

preserves angle.

Proof: Let vand wbe any two vectors and f be an isometry. Since an isometry

prseves ngt v e e 165 - 1G9 -ifan

|- ]|y,

o161 0]~
=10~ @[ =f-¥

= (f(v) = F(W).(F(v) — f (W) = (V—W).(v— W)

= fV).F (V)= F (V). F (W)= F(W).T(V)+ F(W).F(W)=VV-VW—WYV+WW

2

2

2 - —

—2V.W+

-

\Y

—

2
= W

= Hf(\*/)H2 _2F (). F (W) +

‘f (W)

2

2

2 > —

—2V.W+

-

\Y

—

-2 - — —
= v —2f(v).f(w)+]|w W,

— —2f (v).f (W) = —2v.w
= f(v).f(W)=v.w
Hence, f(v).f(w)=v.w shows that f preserves dot product. Besides, if @is the
angle between the non-zero vectorsv, w and ¢ 1s the angle between the image
vectors f(v), f(w), then we have
fv).f(w) v.w

COSP =—= —— =——=C00S0 = ¢ =6.(Why?)
£ ()| £ (w) VM
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3.3 Properties of Isometric (Orthogonal) Transformations

Propositions 3.1: The inverse of an isometry is an isometry.

Proof: Let f be an isometry. Now let Pand Qbe any two points. We need to

show| f *(P)— f (Q)| = [P -Q]. Since f is an isometry,

I GER () B LG ER I (®))|
=[(f o £ )P)-(f = £ Q)| =]i(P)-i(Q)] =|P-Q]
=[f*P)- Q)| =|P-q]
Hence, for any isometry f, f 'isalso an isometry.
Proposition 3.2: The composition of any two isometries is again an isometry.
Proof: Let fand g be any two isometries. We need to show their composition
f o g is also an isometry. Let Pand Q be any two points.

Since f isan isometry, ||f(P)-f(Q)|=|P-Q|.

But g is also an isometry, so |[g(f (P))—g(f (Q))|=|f(P)- f(Q)].
Combining these two results together, we get that

lge f(P)—go f(Q)=[a(f(P)-a(f@Q)=]f(P)-TQ)=|P-Q].
Hence, the composition f o gisan isometry.

Proposition 3.3: An isometry maps distinct points into distinct points.

Proof: Let f be an isometry. We need to show A= B = f(A) = f(B).
But,AB = A-B=0=d(A B)=0. Besides, since f is an isometry

d(A B)=d(f(A), f(B)).

So, d(A B)=0=d(f(A), f(B))=0= f(A)—f(B)=0= f(A) = f(B).
Proposition 3.4: Any isometry preserves between ness. That means if the
points A',B',C'are the image of the distinct points A B,C under a given
isometry such that Bis between AandC, then B'is also between A'and C'.
Proof: Let f be an isometry such that A'= f (A),B'= f(B),C'= f(C). Then,
A'B'=AB,B'C'=BC, AC'=AC.
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Besides, as B is between AandC, AB < AC (from definition of betweeness).
Now suppose B'is not between A'and C'(It may be either to the left of A'or
to the right of C'refer figure 3.1).

Figure 3.1 B'
Thus, if we assume B'is to the right ofC', then A'C'< AB'= AC < AB
(Because A'B'= AB, A'C'= AC).
But this contradicts with the hypothesis AB < AC. Similar argument holds if
B' is assumed to be on the left of A'.
Hence, any isometry preserves betweeness.
Proposition 3.5: If three points A, B,C are collinear, then their images A',B',C'
are also collinear. This means any isometry preserves co linearity.
Proof: Apply Triangle inequality and proposition 3.4 to arrive at a
contradiction.
Proposition 3.6: An isometry maps lines into lines and parallel lines into
parallel lines.
Proof: Let |be any line and f be an isometry. Take any two distinct points
A, Bon Isuchthat f(A)=Aand f(B)=B.
But A=B= f(A)= f(B)= A'=B". Hence, A' and B'are distinct points and
determine a unique line I'. Besides, since f preserves co-linearity for any point
Pon |, f(P)=Pison I'. Moreover; if I //m, then f()/ f(m).
Otherwise, if f(l)and f(m)are not parallel, they intersect at a pointQ.
So, there exist two different points Aeland Bemsuch that f(A)=Q and
f (B) = Qwhich implies f(A) = f(B). But this contradicts with proposition 3.3,
A=B= f(A) = f(B). Thus, I//m=> f()// f(m).
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Theorem 3.1 (The Three-Point Theorem):
Two isometrics with same image at three non-collinear points are equal.

Proof: Suppose f and g are two isometries such that

f(A)=g(A), f(B)=g(B), f(C)=g(C),where ABand Care non-collinear
points. We need to show that f =g,ie f(P)=g(P)for any point Pin the
plane. Now, suppose f = g. Then, there exists at least one point P such that
f(P)= g(P). Let f(P)=P', g(P)=P"as shown in figure 3.2.

— F= f(F)

A P A= E"= g(P)

Figure 3.2
Since fand gare isometrics, A'P'= AP, A'P" = AP.
From these two equations, we get A'P'=A'P", which shows that A'is on the
perpendicular bisector of P'P"(If a point is at equal distance from the end
points of a line segment, then it lies on the perpendicular bisector of that line
segment).
Similarly, if we consider points BandC separately in the plane of Awe get
that B'and C'are also in the perpendicular bisector of P'P"
That means they all lie on the same line which vyields that A', B'and C'are
collinear. But, this in turn implies that A, B, Care collinear because any

isometrics preserves co-linearity.

However, this contradicts the hypothesis that A, B, Care non-collinear.

Consequently, f =g.
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Problem Set 3.1

1. Show that the transformation given by f(x,y) :[—%x—%y,—ém%y) is an

isometry.

2.1F f(x,y)= (ax+gy,gx+gyj is an isometry, find the value of a.

Answer :a=-3/5
3. Let Pand Q be two points and « be an isometry with «(P) =P, «(Q) =0Q.
Show that o(M) =M where M is the mid point of Pand Q.
4. Suppose  is a mapping with the property that (P)y (Q) = PQ for all points
Pand Q. Show that wis an isometry. (Hint: Simply show that wis a

transformation)
5. Prove that any isometry preserves the Cauchy- Schwarz Inequality.
6. Using triangle inequality, prove that an isometry maps lines in to lines.

7. Let Cbe a circle with center Oand radiusr. Prove that if f is an isometry,
then f(C)is a circle with center f(O) and radius r.

9. Prove that every isometry f preserves norm of a vector.

10. Prove that every isometry f preserves dot product and conclude that it also

preserves ang le measures.
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3.4 Fundamental Types of Isometric Transformations

3.4.1 Translation

Definition: A mapping T :R? — R? is called translation if there exists a vector
v such that T(P) =P +v for every point P in R?.

In other word, for P=(xy).v=@b)T(P) =T(xy) = (x.y) Where{))(/'i yb

The vector v is called translator vector. The translation with translator vector

v is sometimes denoted by T, . In translation problem, whenever any two of
(x,y),(x',y"),0or (a,b) (the pre image, the image or the translator vector) are

given, the third can be uniquely determined from the translation equation.
Examples:

1. Let T be a translation that takes the point (3,4) to (5,3). Find the equation for
the translation T.
Solution: Let v = (a,b) be the translator vector. Then for any point P(x,y), we
have T(x,y)=(x",y') where {X': x+a :
y'=y+b
Particularly, for (3,4), we have
TG4 =B+a4+b)=(53)=3+a=54+b=3=a=2b=-1.
Therefore, T(x,y) =(x+2,y-1).
2. For any two translations T,and T, if T,(,-2) = 2T, (4,-7) and
T, (9,-2) = 3T, (1,3), find the equations of these translations.
Solution: Let v=(a,b) and w=(c,d). Then, for any object (x,y),
T,(xy)=(x+ay+b), T,(x,y)=(x+c,y+d). But,

T,(1,-2) = 2T, (4,-7) = (1+a,~2 +b) = (8 + 2¢,~14 + 2d)

a-2c=7 )
S (i)
b-2d =-12
T,09,-2)=3T,(1,3) = (9+c,—2+d) =(3+3a,9+3b)
c—-3a=-6
{d—3b=1l ............................................................. (i)
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Collecting like terms together from (i)and (ii) , we get the following systems;

a-2c=7 b-2d =-12
=a=1c=-3 ,
c—-3a=-6 d-3b=11

=v=(a,b)=(01-2), w=(c,d)=(-35)

=b=-2,d=5

This implies thatv = (a,b) = (L—2), w=(c,d) = (-3,5)
Therefore, T,(x,y) =(x+Ly-2)and T,(x,y)=(x—3,y+5).
For instance, T,(L-2) =(2,-4), T,(4-7) = (1-2) = T,(L-2) = 2(1,-2) = 2T, (4,-7).
Proposition 3.7 (Properties of Translations):
a) The translator vector of a translation is unique.
b) The composition of translation T, and T, is again a translation by v+w.
c) The inverse of a translation is a gain a translation with opposite vector.
d) The image of a line under a translation is a line parallel to the given line.
e) The image of a vector under a translation is an equal vector.
Proof: (Follows from the definition)
Examples:
1.1f T,02) =(3-2),(T, oT,)@5) = (37), then find the equations of T and T,.
Solution: Here,
T,(12)=@-1) = Vv+(12) =(3-1) = v=(2-3)
=>T,(xy)=(X+2,y-3)
A gain, from part (b) of the above properties,
(T, T, )A5) =v+w+(15)=(3,7)
= (2,-3) +W+(L5) = (37) = w=(0,5)
Therefore, T, (x,y) =(x,y +5).
2. 1f T>(1,3) = (7.1, then find the equation of T .
Solution: Here, T*(P) =T oT(P)=2v+P. Ingeneral, T"(P)=nv+P.

Hence, T?(13)=(7) =T oT(L3) =(7) = 2v+(1,3) = (7.))
=>v=0G@-)=T(xy)=(x+3,y-1
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Remark: The important concept that students should bear in mind about

translation is that translation T, can be applied to arbitrary shapes of object

point —by-point. Each point of a given shape S is translated by v and the
collection of these translated points gives the translated image S' of S. This is

denoted by S'=T,(S).So, to determine the image S' when S is a polygon it is
sufficient to translate its vertices. For instance, if PQRT is an arbitrary four
side polygon, where P, Q, R, T are its vertices, to find the image polygon
under a translation T, , it suffices to determine only the images of the vertices.
e. T(P) =P, T,(Q=0Q,T,(R) =R, T,(T)=T". So that the image

quadrilateral is P'Q'R'T'. This means that other points of the quadrilateral

between the vertices are assumed to be translated (moved) equal distance in the
same direction.

Examples: Let T be a translation by the vector (1,2) . Find the image of

a) AABC whose vertices are A(0,0), B(3,0) andC(0,4)

b) theline 1: x-2y=6.
Solution: Let P =(x,y) by any object in the plane containing AABC . Then,
T(P)=T(x,y) = (x+1 y+2) by definition of translation. Thus,
a) A=T(A)=(12),B'=T(B)=(4,2),C'=T(C)=(16). Hence, the image of
AABC under T will be AA'B'C'with vertices A'=(1,2,),B'=(4,2) and C'=(1,6).
b) This problem can be done using two methods.
Method I: Take two points A and B on |: x—-2y=6.
Say A=(0,-3), B=(6,0).Then, find the images of these points underT .
T(A)=A=(1-1),T(B)=B'=(7,2) .
Now form the equation of a line I' passing through A'and B'. This line will be
the image of | underT . This is because from the previous explanation all

other points between Aand Bor on the line | will be translated the same

distance in the same direction. Hence, I':y=mx+b, where m:%ZEZ%

:>I':y=%x+b.Taking either A" or B' on I' we can determine b.

Using A',—1:1.1+b:>b:—§. Thus, 1" yzlx—ﬁzx—Zy:B :
2 2 2 2
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Method I1: Take any arbitrary point P =(x,y) on |. Then, find P'. Finally,
substitute in the equation ofl.P'=(x",y)=T(x,y)=(x+1y+2). From the
general equation of translation, x'=x+1, y'=y+2=x=x-1 y=y'-2.
Subsisting these values in equation of 1, we have
l:x—2y=6=1"(xX-)-2(y—20=6=1"x-2y'=3

Note that it is advisable to use Method I1. Because most of the time Method |

IS subjected to arithmetic errors and is a bit longer than Method I1. In this

example one can observe m':m:%which shows that I' is parallel to |.This

will enable us to state the following proposition in general.

Proposition 3.8: Any translation is a dilatation.

Proof: In chapter 1, we have seen that to show a given transformation is a
dilatation, first we have to show it is a collineation and then it maps any line to

parallel line. Let T, be arbitrary translation with translator vector v = (h,k)and

let l:ax+by+c=0be any line. Now, for any point (x,y)on this line,

=Xx+h _ :
T, (% y)=(X,y") where{);' );+k' Solving for xand yin terms of x'and y'
=y+

yields x=x'-h, y=y'-k.

Then, substitute these values in the equation of | ( Just using Method I1)

| :ax+by+c=0< a(x-h)+b(y—k) +c=0< ax+by+(c—ah—-bk) =0

But this is equation of a line which means that T, is a collineation. Thus, for
any line I :ax+by +c =0 its image under a translation T, is a line given by

T, (1) =I": ax+by'+(c—ah —bk) = 0.

Besides, comparing the equations of land I', we observe that they do have the
same slope. This shows they are parallel which in turn implies that T, maps any

line into a parallel line. Consequently, any translation is a dilatation.
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Proposition 3.9: For two given points, P andQ there is a unique translations

that take P to Q this is usually denoted by T, . Besides, the translator vector

is given by v=Q—P=@.

Proof: LetT,(x,y) = (x+a,y +b),T,(x,y) = (x+m, y+n) be any two translations
such that T,(P)=Q and T,(P)=Q. We need to show T,and T, are identical.
But to show this it suffices to show that their translator vectors are equal. Let
P=(c,d),Q=(e ). Then, T,(P) =(c+a,d +b) = (e, f) and
T,(P)=(c+m,d+n)=(e, f). Thus, (c+a,d-+b)=(c+m,d~+n)which implies,
(a,b) =(m,n). So, T,(P)=T,(P) forany pointP.Hence, T, =T,.

Therefore, T, , is unique. Besides, T,(P)=v+P=Q=v=Q-P= Fd :
Corollary 3.1:

For any four points P,Q,Rand S, ifT,,(R)=S, then T,, =Tg..

Proof: Let vbe a translator vector of the translation T . Then,

T,(P)=v+P=Q=v=Q-P=PQ
=T,(R)=Q-P+R=S
:Q—P:S—R:%:%:T%:T%
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Problem Set 3.2

1. Let T, be a non-identity translation in R*. Prove thatT,(I) =1 < I//v.

2. For any four non-collinear points A,B,C,D, T__ =T < ABCD isa
parallelogram.

3. Let f be a translation with translator vector v=(a,b). If f*(2,-7)=(-6,5),
find the translator vector v and f (4,-3)

4. Find the image of the circle C:x* + y* = 4yunder a translation T which maps
1,2) t0(0,7).

5. Let T, be a translation with translator vectorv. Then, show that
T,"(X)=X+nv and T,"(X) = X —nv for any object X .

6. For any two translations, T,and T, , their composition is commutative. i.e

T,0T,=T,°T,.
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3.4.2 Reflection

When we look at our selves through a mirror, it is common to see our face. At
this time, our true face is displayed through the mirror and the displayed face is
called our image under the mirror. But in the theory of Optics one can find that
this image is found to be at equal distance from the mirror as our real face. This
means that the distance between the image and the mirror is the same as the
distance between our face and the mirror and this is what we mean by the
concept of reflection.

Definition: Given a line | and a point P. Then P'is said to be the reflection

image of Pon the linel if and only if PP'is perpendicular to | and
PM =P'M, where M is the point of intersection of PP’ and the line 1. In
other words, Pand P'are located on different sides of | but at equal distances
from the line | . In this case, P'is said to be the mirror image of P and the line
| is said to be line of reflection or axis of symmetry.
Notation: Reflection on 1is usually denoted by S, .

P,ifPel
P' ifP ¢l and | is the perpendicular bisector of PP"

So, S,(P) :{

Examples: Common reflection equations.The following simple equations of
reflections can be easily derived using the definition.As they are most

coomonly, used in this chapter, please bear them in mind. Let (x,y)be any
point.

a) Reflection on the x-axis: S, (x,y) =(x,—-Y)

b) Reflection on the y-axis: S (x,y)=(-x,Y)

c) Reflection on a vertical linex=a : S,(x,y)=(2a—x,Yy)
d) Reflection on a horizontal liney =b : S, (x,y) = (x,2b—y)

e) Reflectionontheline y=x: S,(x,y)=(Y,x)

Prepared by Begashaw M. 82



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Example: If the image of the point(-3,5) on a vertical line is (7,5), find the
equation of the line.

Solution: Let the line be 1:x=a.Then, reflection on this line will have
equation S, (x,y) =(2a—x,y).

Particularly, S,(-2,5)=(7,5) = (2a+35)=(75)=>2a+3=7=a=2.

Hence, the lineis I : x =2.

Problematic situations: In solving reflection problems, there are three
possible situation:

I) Given the point P and line I, we need to find the image point P' under S, .

I1) Given the image point P' and the line I, we need to find the object point P.
[11) Given and the objetc point P and its image point P', we need to find the
equation of 1.

But, in each case, the basic definition of reflection can be used to determine
any of the required values.

Examples:

1. Find the image of the point (4,6) by a reflection on the line 1:y =2x.
Solution: Let the image point be P'(x',y'). Then, by definition, the midpoint of
the P and P’ is on the line of reflection.

x+4’ y+6)€|:> y'+6

That is (T =X+ = Y'=2X' 42 (i)

A gain the line through P and P’ is perpendicular to the given line. Hence, its

slope must be m = —% . Thus,usin P and P’, we have

Therefore, the image pointis (x',y') = (%,3—54) :
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2. Let the image of the point (-2,5)by a reflection S, be the point (-5,2). Find
the equation of the line of reflection | .

Solution: Let P=(-25), P'=(-52) and |:y=mx+b. Since PP'is
perpendicular to I, the product of the slopes of | and the line through Pand
P'must be -1. But the slope of the line through Pand P'is 1. So, slope m

of I 'is —1.Thus, l:y=mx+b=y=-x+b.

Again, since |is the perpendicular bisector of PP', | passes through the mid

P+P'_(-25)+(-52) _
2

point of Pand P'. That is, (_—7,Z)e| . Thus, (_—7,1)
2 2 2 2

satisfies the equation of I . So, g = —(_77) +b=b=0.

Therefore, equation of 1is y=—x.

Proposition 3.10: Properties of Reflection

a) For any two reflections, S, and S, S, oS, =-S5, °S,
b) For any reflection S,, S;* =S5, , the inverse of any reflection is itself.

¢) Reflection is an involution.
Proof: (Follows from the definition)
Part (a) of the above proposition shows that composition of reflections in
general is not commutative.

However, there is a special case in which S, oS, =S,oS_ . In

general, “Under what condition, product (composition) of reflections will be
commutative?” 1S basic question to be answered. Since it needs some basic
theorems, it is not easy to answer this question for the moment. We will get the
full answer to this question later on in section 3.5 of this chapter.
Proposition 3.11: Let I and k be any two lines. Then, the following conditions
are equivalent.

a) $,0S, =S, 08, b) (S,°S,)% =i ) (S,08,)" =S50S,

Proof: We need to showa=b.
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(S OSk)2 =(S5108,)0(S5,°5,)=(5,°5;)° (S °§))
=3, O(Sk OSk)OSI =3, OiOS| =303, =
We need to show b=c
(S,08,)*=i=(S,°5,)o(5,°S,) =i
= (8,°8,)2(5,°8,)°(5°8,)" =(5,°8,)"
:(S|°Sk)_l:S|°Sk
We need to show c=a
(5,0S5,) " =S,0S, =S,0S, =S, oS,, because
(S OSk)fl :Sk_l°8|_l’ Sy ZSl_l’ Sl:l =S,

The generalized Analytic Equation of Reflection

Theorem 3.2: (The Generalized Reflection Theorem): Let |:ax+by+c=0
be any line and S, be a reflection on line | .

NI 2a(ax2+ by2+c)
a“+b
_ 2b(ax +by +c)
a’+b°
Proof: From the definition of reflection, the line through P(x,y)and P'(x',y')is

Then, for any point(x,y), S,(x,y)=(x",y') where

perpendicular to the given line and the midpoint of (x,y)and (x',y')is on the
line 1. Refer the figure 3.3.

Y1

I ax+byt+e =10

-

Figure 3.3: Reflection on arbitrary line |

As the slope of the given line is m = —%,the slope of the line through P(x, y)

and P'(x',y")is m'= 9.
a
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Thus, the equation of the line through P(x,y)and P'(x',y')is given by

B Y S S (i)
X=X a

Now, the midpoint of P(x,y)and P'(x',y")ison | means [% %) isonl.

SO,a(HzX)+b(y+2y)+C=o:>ax'+by'=—20—ax—by ------------ (it)

Combining these two equations gives us
bx"—ay’=bx —ay
{ax’+by’:—20—ax—by
Now, solve these equations for x' and y'. In this equation, by multiplying the
first equation by 'b’, the second by 'a‘'and adding them we obtain,

a’x'+b’x'=b(bx — ay + a(—2c — ax — by)
N b(bx —ay) +a(-2c — ax —by)

a’+b?
_ b*x+a’x—2a’x—2aby - 2ac
a’ +b?
_ x(a® +b?)—2a(ax+by +c)
a’+b’
2a(ax+ by +c)
=X-= 2 2
a“+b

Similarly, multiplying the first equation by 'a’', the second by 'b'and adding
the result gives,

. b(=2c —ax—Dby)—a(bx—ay)
= a’ +b?

_a’y+b?*y—2b%y—2abx - 2bc

- a’+b’

_ y(a®+b*)—2b(ax+by+c)

- a? +b?

2b(ax + by +c)
 alip?

Prepared by Begashaw M. 86



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Examples

1. Find the image of the point (2,3) by a reflection on the line 1:3x—2y+5=0
Solution: Given (x,y)=(2,3)and from 1:3x—2y+5=0,a=3,b=-2, c=5.
Then,

N 2a(ax+by+c) o 6(6—6+5) :_i

a’+b? 9+4 13
_2b(ax+by+c)_3+4(6—6+5)_@
a’ +b? 9+4 13
4 59
Therefore, S,(2,3)=(-—,—).
1(2,3) (13 13)

2. Given S,(a,b)=(2,5)where | : x—y+1=0. Find the value of the point (a,b).

Solution: Using the generalized reflection equation derived in the above

theorem,
2-a- 2@ D (a_pip=b-3
s, (ab) = (2.5) = , 1+b1 .
5-b+2@ =0+ o pi1ma-a
1+1

3. Given the lines m:y=2x+1 and n:y=2x-3. Find the image of the point
(L1) by a product of reflection on line m followed by line n .
Solution: We need to find S, S (L1)

First calculate S, (11) using reflection equation as

. Me-1+) 3

s, A)=0y)=] At B

_q,22-1+1) 9
4+1 5
6 9
o 3 (_5_5‘3) 21
Now, Sn°5m(1,1)=3n(3m(1.1))=3n(—§,g):> 5 4+1 5
55 -6 9
2(——-=-3
.9 5 5 3
y:—+—=__
5 4+1 5

Therefore, S, oS, (L) = (%1,—2) :
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4 Given the line 1:y=(tan@)x.

X'= XC0s 26 + ysin 20

a) Show that S, (x,y) =(x',y') where )
) () = (X Y) {y':xsmze—ycosZH

b) Calculate the image of the point (5,5) by a reflectionon a line I:y=23x.
Solution:
a) Here, 1:y=(tand)x = (tand)x—y=0. So, S,(x,y) = (X', y") can be

calculated using direct formula

X,:X_Za(ax2+by2+c), a=tan@d,b=-1c=0
a‘+b
_X_2tan9(tan9x—y)_
tan? 0 +1
_ 2
_ X tan ¢9+Z<+2ytan9’ tan? 0 +1 = sec? O
sec” @

= —xsin’ 6+ xcos® @ + 2sin Hcos f
= x(cos® @ —sin’ ) + y(2sin @ cos )
= X C0S 260 + ysin 20

Similarly, y'can be calculated as follow:

y.:y_2b(ax2+by2+C), a=tan@, b=-1¢c=0
a“+b
2(tan@x-y)
=y+ - 77 —
tan® @ +1
2 —
_ytan" @ y2+2xtan9’ tan? 0 +1 = sec?
sec” 0

= ysin? @ — ycos® @ + 2xsin & cos &
= —y(cos? & —sin® d) + x(2sin & cos )
= Xsin 26 — y cos 26
b) Here, y=3x= tan@=3.Then, using trigonometric relation, we can find

sin@and cos@ as follow.

Prepared by Begashaw M. 88



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

. 3 1
tand=3=>r=+410 =>sinfd=——, cosfd =—
10 /10

c0s 20 = cos® @ —sin? 6’:—%, sin20 = Zsinecosezg

X'=Xc0S20 + ysin20 =5(2)+5@E) =-1
Thus, { y (3)+5(2) = (X, y)=(-17)

y'=xsin20 —ycos20 =5(2)-5(2) =7

Here, one can check the correctness of the answer using direct formula of

reflection.
X'=5— 6(5-5) =1

S,55=K,y)= 9+1 = (x',y')=(-17) Which agrees with
y'=5+ 2(15-9) =7

9+1
our previous result.
Reflecting Geometric Figures: So far we saw how to find the image of a point
by reflecting on a line. But it is also possible to find the images of different
figures (like lines, circles, ellipse, rectangles) under a reflection. So, here under
let’s see some examples.
Reflecting a circle or an ellipse on a line:
To find the image of a circle under a reflection on a line I, we follow the
following procedures.
First: Identify the center Oand radius r of the given circle C.
Second: Find the image O' of the center O of the circle by a reflection on |I.
Third: Write the equation of the image circle using the center O'and the same
radius r. (Why we use the same radius? We use the same radius because
reflection is an isometry that preserves length)
We also use the same procedure to reflect an ellipse. That is first identify the
center of the ellipse and its minor and major axes, then reflect the center of the
ellipse, finally write the equation of the ellipse using the image center and the
same axes as the given ellipse. Please bear in mind that these procedure works

for all types of isometries.
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Examples: Find the images of the circleC:x* +y*+2x-6y+6=0 and the
ellipse E:4x*+9y? =36 under a reflection on the linel:y =x+1.

Solution: For clarity, let’s follow the above procedure directly.

First: Identify the center and radius of the circleC : x* + y*> + 2x—6y+6=0.

By completing square, we get x* + y® +2x—6y+6=0= (x+1)* + (y—3)* = 4.
Hence, the center is O = (-1,3)and its radius is r =2.

Second : Find the image of the center O = (-1,3) by a reflectionon I :y =x+1
Using, reflection formula we get the image of the center to be
O'=S,(-13)=(2,0)

Third: Write the equation of the image circle using the image center and the
radius of the given circle.

That is the image circle is C: (x—2)? +(y—0)* =4 = x* + y* = 4x

2 2

In standard form, the ellipse is written as E :4x* +9y* =36 :%+y7 =1.

Thus, the major axis is a=9, the minor axis is b=2 and the center is C(0,0).

Besides, the image of the center is C'(-11) . Therefore, the image of the ellipse

2 2
becomes E':(Xgl) +(y;1) =1=4(x+1)*+9(y-1)* =36.

Reflecting a line on a line:

To find the image of a line munder a reflection on another line I, we follow
the following procedures.

First: Select any two points P and Q from line m.

Second: Find the image P' and Q'of P and Q by a reflection on I.

Third: Write the equation of the line through P' and Q' which is image of m.
These procedures work for any pairs of line mand |, even when they are

intersecting. Besides, these procedure works for all types of isometries.
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Example: Find the images of the lines m:y=2x—-3 and n:y=x+2 under a
reflection on the line 1:y=x-1.

Solution: For clarity, let’s follow the above procedure directly.

First: Select two pointsP and Q from line m. Say, P =(0,-3),Q=(1,-1).
Second: Find the image P' and Q'of P and Q by a reflectionon I.

Using, the generalized reflection formula we get the images t be
P'=(-2,-1),0'=(0,0)

Third: Write the equation of the line through P' and Q' which is image of m.

That is the image line is m": y = %x. Use similar argument to find image of n

Application (Shortest Path Problem): Suppose Kumlachew wants to fetch

water from a river on his way while he is going from his farm land (found at

location A) to his home (found at location B ) as shown in figure 3.4 below.
Suggest the shortest path that takes kumlachew from his farm land to the river
and then to his home and prove that the path you suggested is really the
shortest path.

Solution: In this problem, any one can guess that Kumlachew should go
straight to some point on the river bank, fetch water and then go to his house.
But the problem is to what point of the river should he go so as to minimize the
length of the road. First of all assume that the river bank to which Kumlachew

wants to go forms straight line say L.

(e’ Kume o
=X w3
) [ '
LR A ftt\‘es houx‘e
Bt - M) \
. Lo, o 1 %
% o.- _____ - B
‘‘‘‘‘ -
0..- .......... .- .‘.o
". ...0 """ -*
L "f ------- *o P e
L 2

Figure 3 .4: The shortest path problem
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Claim: Let B'be the reflection of Bin L (straight side of the river bank) and
let P=AB'(\L. Then, A—> P —> Bis the shortest path.
Proof: It suffices to show that if Q # P is any other point on L, then

AP + PB < AQ +QB. Since B'is the reflection of Bin L and reflection is

an isometry, QB =QB".Thus, AQ + QB'= AQ + QB. By the same argument,
PB = PB'implies AP + PB = AP + PB".

Besides, as A, P, B' are collinear (do you see why?), we have

AP + PB'= AB'. But, by Triangle Inequality, AB'< AQ +QB".

Therefore, AP + PB'< AQ + QB'= AP + PB < AQ + QB.

This proves our claim.

Example (Application): Suppose an ant moves in straight lines from position
A= (15)to position B =(2,4) by touching the line L:y=x at some pointP.
Find the coordinate of P that minimizes the total path of the ant.

Solution: This is a particular case of the shortest path problem. As in the
procedures of the above proof;

First: Find the reflection image of B =(2,4) on the given lineL:y=x. Say, B'
Second: Form the equation of the line through A=(@5)and B'. Say,
m:y=ax+Db

Third: Find the intersection of the line L:y=xand m:y=ax+b.This is the
required point P.

If we reflect the pointB=(2,4)on L:y=x, we get B'=(4,2). Next find the
equation of the line through A= (1,5)andB'=(4,2) .1t is found to bem:y=-x+6
. Finally, determine the intersection of this line with the given line. That is
L:y=xm:y=—-X+6=>X=—-X+6=2Xx=6=x=3,y=3.

Therefore, the required point isP = (3,3) . (If you use Calculus, you will get the

same result)
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Problem Set 3.3

1. Find the image of a circle C: x* + y? —2x+6y =5by a reflection on the line

l:y=x-2. Answer : (x+1% +(y+1)? =15
2. Let I:x=a and m:y=bbe two lines. If S_oS,(23)=(4,7), find the
values of a andb. Answer:a=3,b=5
3. Find the image of
a) the circle C:x* + y® =1by a reflection on the line y =x—-7.

b) the ellipse E:9x* +4y* =36 by a reflection on the line I : y =x+3

4. The equation of a reflection is given by S, (x,y) = [—gx—g y,—gx+g yj .

Find the equation of the line of reflection. Answer :l:y=-3x
5. Suppose an ant moves from the position A= (0,2) to the position B =(6,1) by
touching the x-axis at some point P . Find the coordinate of P that minimizes

the total path of the ant. Answer :(1/4,0)
6. If the image of AABC by a reflection on the line 1:y=x+1 is ADEF where
the vertices of the image are D =(-11),E = (-51),F =(-1-2).

Find the vertices of AABC.
Answer :A=(0,0),B=(0,-4),C =(-3,0)

7. If aline y=mx+bis reflected along the line y =mx+c, show that its image
ISy=mx+2c-b.

8. Suppose | is a line through the origin which makes an angle of ¢ from the
positive x-axis withtand =-3. Find the image of the point (-7,1) by a reflection
on this line. Answer :(5,5)

9. Let S,beareflectiononaline | in R*. Prove that S, (v) =2(uv)u—v forall

vectors v in R*where uis a unit vector along | .
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10. Let 1be a line along the vector u and let PG(X)be the projection of X on I.

If PAFJ:(BJ, find the reflection image S,(j onl. Answer:s'(?j =(g]
ul3 6 3 3 9

11. What is the minimum length of a flat-against the wall, full- length mirror

for the Smiths who ranges in height from 170cm to 182cm, if you assume eyes

are 10cmbelow the top of the head. Answer : 72cm

12. Prove that every reflection is its own inverse.

13. Suppose mand nare two distinct lines. Then, show that
S,¢S,(P)=P=Pemnn.

14. Can the product of two reflections ever be a reflection? Explain your

answer!
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3.4.3 Rotation

Definition: A rotation is a transformation in which a figure is turned about a
fixed point through an angle of & in a specific direction. In other words,
rotation about a point C through directed angle @ is a transformation that fixes
the point C and sends every other point P to P'such that P and P'have the

same distance from the fixed point C. Here, the fixed point Cis called the

center of rotation and the angle # measured from CP to CP' is called
direction of the rotation. The rotation may happen either clockwise or counter
clockwise direction, usually clockwise rotation will have negative measure of
angle, whereas counter clockwise rotation will have positive measure of angle.

Rotation with center C through an angle of @ is usually denoted by o, .

So, the image of any point P under o, is given as:

- C,if P=C
Pes “|Pif P%C,s.t.CP=CP’

FI

\“Q/p PE.y) PG )
=Fmm a

Figure 3.5

Theorem 3.3: A rotation through an angle of@, about the origin which takes

each point P(x,y)in to P'(x',y')is given by p,,(X,y) =(x,y'), where

X'=Xxcos@-ysind

y'=xsind+ycosé
Proof: Let p,,be a rotation through an angle of#, about the origin Oand let
P(x,y)be any point such that p,, (X, y)=(x,y'). As shown in figure 3.5,

suppose « is the angle from the positive x-axis to the segment OP .
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Then the angle from the positive x-axis to the segment OP'will be ¢ +6. Let
r=|OP| . From the definition of rotation [OP|=|OP1, so we have r=|OP/.

Consequently, using polar coordinates for x'and y', we get

X'=rcos(a+6) y'=rsin(a +6)
=rcosacos@—rsinasing, =rsinacosd+rcosasind
=XC0s@—ysind = Xsin@+ycosd

Examples:

1. Find the image of the point (1,1) and the linel:3x—-5y=7by a a counter
clockwise rotation through 90° about the origin.

Solution: From the above theorem, for any point P(x,y), oo, (X y)=(X,Y')
where x'=xcos@-ysingand y'=xsin@+ycosé. So, using P(1,1),

0=90", and C =(0,0), we get po, (X, y)=(x,y")=(-11).

To find the image of the line I, take arbitrary point (x,y) on I.

. '=xc0s90° —ysin90" =—
S0 pg, (% y) = (x,y") suchthat {* yS! y
’ y'=xsin90" + ycos90° = x

Now, solving these equations for x andy and substituting in the equation of |,
we get 1':3y'-5(—x")=7=5x+3y"'=7.
2. Find the image of the point (~/3,1) by a counterclockwise rotation about the
origin with 9 =105°.
Solution: Here, we use angle sum formula to determine cos(105°),sin(105°).
That is

c0s(105°) = cos(60° +45°) = cos60° cos45° —sin60° sin 45°

12 3V2_ V2 6

2 2 2 2 4 4
sin(105°) =sin(60° +45°) =sin 60° cos45° + cos 60° sin 45°

V32 142 V6 2
+ +—

22 22 4 4
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X'=/3c0s(105°) —sin(105°) = \/_(£—£) (£ %)——% /2

y'=/35in(105°) + cos(105°) = \/_(\/— £) (£—£)—£ J2

Thus,

Therefore, (x',y") =(—/2,/2)

3. Suppose p,is a counterclockwise rotation about the origin with tan@:%

Find the image of (5+13,24/13) under p,.

) . . . 2 . 2 3
Solution: Here, using right angle triangle, tand == = sin@ = ——,c0s@ = —.
grig g g 3 3 3
X'=XCc0s@—ysind = X'= 5\/_\/_ 2\/_\/_—15—4=11
= (X', y') =(1116)
y'=xsin@+ycosd = y'= 5\/_ +2\/— =10+6=16
Vi3 Ji3

Rotating a line and a circle : To find the image of a line or a circle under a
given rotation we use the same procedure as we did in reflection section. For
instance to find the image of a circle under a given rotation, first identify the
center and radius of the given circle, second find the image of the center under
the given rotation, finally write the circle using the image center and the same
radius as the given circle. (Please refer the procedures we use for reflecting a
line and a circle)

Theorem 3.4 (Generalized Rotation Theorem):

The image of any point P(x, y) under a rotation about arbitrary center C (h,k)
through an angle of @ is given by p,,(x,y)=(x,y') where

X'=(x—h)cos@—(y—-k)siné+h

y'=(x—h)sin@+ (y—k)cosd +k
Outline of the proof: The proof of this theorem is not difficult. It is simply
accomplished by performing the following coordinate transformations step by

step.
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Step-1: Translate the centerC(h,k) to the origin by a vector v=(—h,—k) so

that any point P(x,y) is translated to the point (x—h,y—k).

Step-2: Rotate the result obtained in step one about the origin by an angle 4.
Step-3: Translate the result obtained in step two by a vector —v = (h,k)to take
every point back to the original position. This will complete the proof.

The equations of the generalized theorem are too complicated to memorize.
Subsequently, the readers of this material are advised to remember the methods
in the outline of the proof how the formulas are obtained (Translate- Rotate-
Translate) rather than memorizing the formulas.

Example: The image of the point (1,2) by a counter clockwise rotation about

the center C = (2,3)is (2,3—+/2).Find the angle of rotation.
Solution: By the generalized rotation theorem,
{x': (x—h)cos@—(y—k)sin@+h
y'=(x—h)sin@+ (y —k)cos & +k
So, for (x,y) =(12), C =(h,k) =(2,3) and (x',y') = (23—+/2), we get
X'=—cos@+sinf+2=2 X'=—c0s@+sind =0
{y'=—sin9—c059+3:3—\/§:>{y':—sine—cosé’:—ﬁ

cos@ =sind _ J2
= ] =sinf =cosf =—
—sin@—cosf =—/2 2

Here, both sin@and cos @ are positive.

But this is true if and only if @ is in the first quadrant.

Thus, an angle in the first quadrant with sin @ = cos @ = % IS %.

Theorem 3.5 (Formula for center of a rotation):
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Suppose the general equation of a rotation about any center C =(h,k) with
angle of rotation ¢ is given by p.,(x,y)=(x',y') where

X'=Xxcos@—-ysin@+r . .
{ y with r,t,0being real numbers.

y'=xsin @+ ycos f +t

Then, the center C = (h,k) of this rotation is given

X'=(x—=h)cosd—(y—k)sin@d+h

Proof: From the general equation, _
; | {Y'=(X—h)sm6?+(y—k)cose+k

h(l1-—cos@)+ksing =r

we have )
—hsin@+k(@—cosd) =t

Solve these equations for hand kwhenever r,t,¢ are given real numbers.

This can be solved using Cramer’s rules with hand kas variables.

1-cos@ sind ) -, -,
A= : =1-2c0s@+cos” @ +sin“ @ =2(1—-cosd) =4sin“ &
—-sin@ 1-cosé

r siné .
A, = =r(l-cosd)—tsindg
t 1-cosé
1-cosé r .
A, = . =t(1l—cosé)+rsinb
—sing t
A, _r(l-cosf)—tsind r _ sing _r _2singcosf r t
A 2(1-cos®) 2 2(1-cosf) 2 4sin® ¢ 2 2tan?
Ay t(l-cos@)+rsing t sin@ t 2sinfcos?¢ t r
k=—= =—4r—————=—+7 Aot =—
A 2(L—cos ) 2 2(1-cosf) 2 4sin“ ¢ 2 2tang

Example: Suppose R.,is a counterclockwise rotation with center C =(h, k)

x'=1x—§y+2+4\/§

whose equations are given by 2 . Find the angle and

y':§x+%y+4—2\/§

center of this rotation.
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Solution: Let’s use the formula for center of rotation given in
theorem.

the above

Here, r = 2+ 4+/3,t = 4—2/3 . Besides, cos@:%,sin@:%:w:ﬁm

n_T_t_2+4/3 4-23
2 ,en? 2 2tan30

=1+2J3-43(2-/3) =4
Hence,

kb, T :4—2\/§+2+4\/§0:2_\/§+\/§(1+2\/§):8
2 Ztang 2 2tan30

Therefore, the center of the rotation is C = (h,k) = (4,8).

Theorem 3.6: Let R be a counter clock wise rotation by a given ang
the origin. Then,

a) R,°R; =R, ,, forany two angles

b) Rtg_1 = R_,, the inverse of a rotation by @ is a rotation by -6
C) R,=i<0=2nxz, neZ (Where iis identity rotation)
Proof: a) Let P(x,y)be any point. Then,

ReRﬂ(Xa y)= RH(Rﬁ(X’ y))

le 6 about

=R, (xcos f—ysin B,xsin f+ycos B) =(x",y"), where

X'=(xcos S —ysin ) cosd—(xsin S+ ycos g)sin g
y'=(xcos B —ysin B)sin 6+ (xsin S+ ycos S)sin &

Rearranging these equations and using angle sum theorem, we get

X'=xcos(8+ B)—ysin(@+ f)
Y o XSIN(@+ B) 4 yCOS(@ 4 f)

On the other hand, using ¢ =60+ S as angle of rotation, we get
Ry, 5 (X, y) = (xcos(@+ B) — ysin(d + B), xsin(0 + B) + y cos(0 + B)) = (X', y')

Comparing equations (i) and (i), one can conclude that R,R, =R,_ ,.

The proof of part (b) and (c) is left as an exercise.
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The above theorem reveals that the composition of two rotations R,andR,

about the point C is the same as a single rotation by an angle of ¢+ g about the
same point C. Besides, the order of the rotation is immaterial and we write this
relation as R ,oR ;=R ,°R ,=R, .. On the other hand part (b)of the
theorem tells us that the inverse of a rotation about center C by an angle of 4 is
the same as a rotation about the same center but by an angle of —¢ and this is
written asR;, =R;_,. This means that the inverse of a counter clock wise
rotation is the same as a rotation in clock wise direction by the same angle
through the same center. Besides, part (¢)

shows that a rotation is identity rotation if and only if the angle of rotation is a

multiple of 2z, thatis 6=2nz, neZ.

Examples:

1. Find the image of the point (2,5)by a product of rotations through an angle

of =15 and g =75"in counterclockwise direction about the same center
C=(7,2).

Solution: From the above theorem, p. , ° pc ; (X, Y) = P ., (X, y) Where
(x,y)=(25),0=15", f=75 and C =(7,2).

X'=(2-7)cos90" —(5-2)sin90° +7=4

Thus, p. _op. (25 =p.. . (25 =
crs oS €90 y'=(2-7)sin90° +(5—2)cos90° +2 =-3

2. Suppose R, is a counterclockwise rotation about the origin whose equations

L N3 1
X'=—X—-=Y
are given by 2 2" Find the equations for the inverse, R, of this
y'= 1X+£ y
2 2
rotation.

Solution: Here, cos@ = g,sin 0= % = 60=30".

These, by part (b) of the above theorem, we have
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X'=xc0s(-=30°) — ysin(-30") = ﬁ X+ 1 y
R (x,y) = (X,Yy") where 2 2
1. 43

y'= xsin(=30°) + ycos(—30°) = _§X+7 y

3.If R,=R,, then what should be the possible values of & ? Particularly for

0<O<2r.
Solution: Using part (c) of the above theorem, we have
R,=R, < R,(P)=R_,(P)=R,°R,(P)=R,R_,(P)
< Ry,(P)=Ry(P)=i(P)=P < R,, =i
S 20=2mneZ < O=m,ne’
Particularly for 0<@ <2z, 0 =7, when n=1.

4. Suppose R,and R are counterclockwise rotations about the origin such that
R, oR,(x,y)=(-y,x)and g =35". Find angle 0.
Solution: Here, using part (a) of the above theorem, we have

X'=xcos(f +35°)—ysin(@+35")=-y
y'=xsin(@+35") + y(0+357) =x
cos(@+35°)=0
=
sin(@+357) =1

ReoRﬂ(x,y)z(—y,X):{

= 60+35" =90" = 0 =55

Half-turns
Definition: A half turn is a rotation by 180°. A half turn about a point Pis
denoted by H,. If Ais rotated by 180° about point P(a,b), then A'P=AP. In

other words P is the mid point of Aand A'.

X'+X
Thus using the midpoint formula, A*A_p_ | 2 o X=x42ay=—y+2b-
2 ¥y
2
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Flxumrl

Pla, )

&t
This will lead us to the formal definition of a half turn. Let P =(a,b). Then,
half turn H_about a point P is a transformation whose equation is given by

X'=—-X+2a

He (xY) = (X,Y), where {y-z_ym

Examples:
1. Find the image of a point (2,—7) by a half-turn about the point P = (5,-3).
Solution: By definition,

Ho(xy)=(X,y") where{);i :);:160 Therefore, H, (2,-7) = (8,1).
2.1f the image of (-2,3) by a half-turn is (10,11), find the center of the half-turn.
Solution: Let the center be P = (a,b). Then, using the definition, we have

H,(-2,3)=(1011) = (2a+2,2b-3) = (10,11)
=2a+2=10,2b-3=11
—a=4b=7=P=(4,7)

3. Let H, be a half turn about P = (-3,2). Find,
a) The image of the line 1: y=5x+7
b) The pre-image of the line m:y =2x+17

Solution:
a) Let (x, y)be any point on the given line. Then,

X, y)=H,(x,y)=(-x-6,—y+4). Solving for xand yfrom this equation
gives us x=-x'-6, y =—y'+4. S0, substitute these values in the equation of the
line so that the equation will be in terms of x',y'and that will be the image
line. 1:y=5x+7=1"-y+4=5(-x-6)+7 = 1": y'=5x"+27

Therefore,H, (I) =1": y =5x+27. Here, the linel': y =5x+ 27 is called the image
of lunder H,and the linel : y =5x+7is called the pre-image ofl'.
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b) In this case the image of some line mis given we are required to find the pre
image mof this line. To do this problem we can use different methods. For
instance first calculate the inverse H_'of H,and then find the image of the
given line under H;*. That will be the pre-image of the given line. Since half
turn is an involution, every half turn is its own inverse.
SO, H (X, y) = (—x—6,~y +4) = (X', ¥").
Using this equation we get the pre-image of the given line to bem:y =2x-1.
Proposition 3.12(Characterization Theorem of a half turn):

a) A Half turn H, fixesaline | ifandonlyif Pel.

b) A Half turn H, fixesa point Aifandonly if A=P.

c) H,(Q)=Rifand only if P isthe mid point of QandR .

That is HP(Q):R@P:Q;R.

d) Half turn is an involution. Thatis H?s =H, o H, =i.

Proof:
a) Let I:ax+by+c=0be any line and let P = (h,k) . Let (x, y)be arbitrary point

online I. Then, H,(xy)=(X,y")=(-x+2h,—y+2k). Thus, solving for x and
y and substituting in the equation of | , we get,

ax+by+c =0« ax'+by'+c—2(ah+bk +¢) =0.

But, the last equation defines equation of a line. Thus, the image of the line |
under H, isalsoalinel'=H_(l).

Hence, H, fixes a line | if and only if I =I". But from equation of | and I',

they will be the same line if and only if
—2(@ah+bk+c)=0<ah+bk+c=0<(h,k)el = Pel.

Thus, H, fixesaline | ifandonlyif Pel.
b) Let A=(x,y)and P =(h,k) such that H,(A) = A. We need to show A=P.

But,
Ho (A=A (—x+2h-y+2k)=(X,y) @ x=h, y=k<= (X,y)=(hk) = A=P
Proposition 3.13: The composition of two half turnsH, and H,, is a translation

by a vector 2@ in the direction from Pto Q.Thatis H,-H, :Tﬁ

Proof: Let A=(x,y)be any object point. Then,
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(HgoHp)(A) =Hy(Hp(A) =H,(-A+2P)
=(—(-A+2P)+2Q)=(A-2P+2Q)
= (A+2(Q-P)) = A+2PQ
=T, (A =T%0 =Ty,
The composition of two half turns H, and H, is a translation by a vector 2PQ in
the direction from Pto Q.Thatis HyoH, =T

2PQ
Proposition 3.14: LetP, Qand Rbe any three points. Then, Q is the
midpoint of the Pand R ifandonly if HyeH, =T, =H,oH,.

Proof: (=) Suppose Q is the midpoint of Pand R. In the above theorem, we

have proved that the composition of any two half turns is a translation. Thus,
both H,-H,and H, - Hare translations. Besides, by proposition 3.12, since

Q is the midpoint of Pand R, H; oH,(P)=H.(R)=R and
Ho o Hp(P)=H,(P)=R.Here, both H,-H, and H,-Htakes PtoR.
But, from the previous discussion of translation (in proposition 3.9), there is a

unique translation T, . that takes Pto R. Therefore, HyoH, =T, =H, o H,.
Conversely, suppose Hg e H, =T, . = H, o H,. We need to showQ=3(P+R).

But, for any point X ,
(HR © HQ)(X) = HQ ° HP(X)
< Hp (=X +2Q) =Hy (=X +2P)
< —(—X+2Q)+2R=—(-X +2P)+2Q
& X-2Q0+2R=X-2P+2Q
< 4Q =2P +2R
<Q=1(P+R)
Here one can observe that not only the composition of two half turns is a
translation but also any translation is the composition of two half turns and this
is left for the reader to justify.

Corollary 3.2: Let Q be the midpoint of the points Pand R. If S is the
midpoint of the points Pand Q,then H,oH, =T, =Hg, o H,
Proposition 3.15: If A= C,then the following conditions are equivalent.

a) B is the midpoint of Aand C
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b) HyoH, =H. o H,

C) HyoH, oH, = H,
Proof: (a) = (b). Suppose B is the mid point of Aand C.Then,
2AB = AC =2BC =T __ =T __ = H, oH, = H. o H, ( From proposition 3.14)
(b) = (c).Suppose H. oH, =H; o H, . Then,

HgoH,=HcoHy = HgoH,oHy =HcoHy oH,
= HgoH,oHy =H¢oi, HyoH, =i
= HgoH,oHg =H

(c)= (a).SupposeH, oH, oH, =H.. Then,

HgoH,oH;=H, =>H;oH,=H.oH,

=T =T
2AB 2BC

— 2AB = 2BC

— AB = BC

— AC = AB + BC = 2AB = 2BC

Therefore, Bis the midpoint of Aand C. From this, we can infer that for any
three collinear points A, B, C, Bis the midpoint of Aand C if and only if
HgoH,=HceoHgifandonlyif T =T .
Example: IfH ,and Hare half-turns such that H, - H, =H_ o H, where
A=(13),B =(-15), find the coordinates of C.
Solution: By proposition 3.15, we have that

HgeH,=H.oH; =>B=3(A+C)=C=2B-A=(-210)-(13)=(-37)

Proposition 3.16: The composition of three half turns is a half turn.

Proof: LetH, ,H,and H be three half turns about the points
P=(ab), Q=(c,d)and R = (e, f)respectively. Then, for any object X =(x,y),
HroHg o Ho (X, y) = (—x+2[a+e—c],—y+2[b+ f —d]). But this is an equation

of a half turn with center at the point(a+e—c,b+ f —d).
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Proposition 3.17: If points P, Q, Rand T are non-collinear points, then

HyoH,oH, =H; whenever PQRT is a parallelogram.

One of the applications of this corollary is that in any parallelogram PQRT ,
from the knowledge of the three vertices of the parallelogram PQRT , any one

of the fourth vertex can be determined from the relation Hy cH, o H, =H; .

Example: Let PQRT be a parallelogram with vertices P(1,2), Q(6,2), T(1L4).
Find the vertex R.
Solution: From the above corollary, PQRT is a parallelogram if and only if
HyoH,oH, =H;.Let R=(ab)and X =(x, y)be any point.
Then,

HpoHgoHp = H;

& HpoHgoHy(X)=H; (X)

< HpoHo(-X+2,-y+4)=(-X+2,~y+8)

< Hy(x+10,y) =(-x+2,—-y +8)

< (-x-10+2a,-y +2b) = (-x+ 2,-y +8) < (2a—10,2b) = (2,8)
< (2a,2b) = (12,8) < (a,b) = (6,4)

Thus, the unknown vertex is R =(a,b) =(6,4).

Problem Set 3.4

1. If a rotation takes the vector (mJ to (aj then find the value(s) of a.
5 1

Answer :a==2
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2. *Suppose an X'Y'-coordinate axis is obtained by rotating an XY —
coordinate axis CCW through an angle of 45°about the origin. Find the
equation of

a) the curve 3x?+y” =6 inthe XY —coordinate axis
b) the curve 2x*+2y*—2xy =3inthe X'Y'-coordinate axis.

Answer :a) x> +xy+y> =3 b) x*+3y*=3
3. Suppose p,is a counterclockwise rotation about the origin with tan@:%.

Find the image of (v13,/13) under p,. Answer : (L5)
4. Find the image of the line I:y=5x+7under a half turn H, with center
P(-3,2). Answer :y =2x+27
5. If a half turn H_(x,y) =(4—x12-y) fixes the line |:y=mx, find the slope m
and give the equation of the line I. Answer :|:y=3x
6. If A=(12), B=(-3,6),find Csuch that H; - H,(C) = (4,-2).
Answer : C = (12,-10)
7. 1f E=(2,3),then find Dsuch that H. - H, (1L-2) = (35).
8. For any point(x,y), ifH, e H (X, y) = (x+2,y—6), find the vector AB .
Answer : (-1,3)
9. Let P=(23), Q=(-15),R=(0,—2). Find a point T so that the product of the
half turns H, - H, o H is equal to a single half turn about T .
Answer : T =(3,-4)
10. LetP and Q be any two points. Then, show that
a) T =HoeH, ©P=Q b) HooHy=HgoH, &P=Q.
11. Show that rotation preserves parallelism of lines.
12. Show that a translation can be written as a product of two rotations.
13. Prove that ifQ =T, ;(P), then T, 5 o H, o T, = Hg.

14. Show that for any two points P,Q, T =HoeHpy &P= Q.
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15. Suppose H, and H,, are half turns about the points P and Q respectively.
If PQ=(-23), find H,oH,(24). Answer :(6,~2)

16. Suppose P, Q, Rand T are non-collinear points.

a) Prove that H, o H, o H, = H; whenever PQRT is a parallelogram.

b) If P(1,2), Q(6,2), T(L,4), find the vertex R such that PQRT forms a

parallelogram.

3.3.4 Glide Reflection

Definition: A glide reflection gis the composition of a reflection S, over a
line | followed by a translation T, with non-zero vector v where the line Iis

parallel to the direction of the translation or parallel to the translator vector v.

The vector v in this case is called glide vector and the line 1is called axis of the
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glide reflection. Here, the vector vis required to be non-zero otherwise
translation by a zero vector will be identity map and the composition also will
be the usual reflection but not glide reflection. We can easily justify that the
same result is obtained by first reflecting and then translating or vice versa. As
a result, the order of the two transformations

(Translation and reflection) is immaterial. So, g=T, oS, =S, oT,.

Example : Let S, be a reflection on the line y = x+1and T, be a translation by
v=@1. Here, S,(x,y)=(y-Lx+Dand T,(xy)=(x+1y+1)for any point
(x,¥). S0, g(x,¥)=T,oS,(x,y)=(y.x+2)and g(x,y) =S, oT,(X,y) =(y,x+2)
which verifiesthat g =T,0S, =S, oT,.

General Equations of Glide-Reflections:

Let g be a glide reflection with axis I:ax+by +c =0and glide vector v = (d,e)
with the condition ad+b.e=0 .Then, the general equation of gis given by

:X_Za(a>§+b32+c)+d
a“+b

_ 2b(ax+hby+c) e
a’+b’

g% y) =T, o S,(x,¥) =S, (x,¥) +V=(x',y") where

Conversely, if gisa glide reflection given by g(x,y)=(x",y") where

X'=ax+by+c
y'=bx—ay+d

Then, the axis of gis given by I:2bx—2(a+1)y+ad —bc+d =0 or 2x=c.

Examples:

1. Let gbe a glide reflection with axis 1:3x—4y—-2=0and glide vector
v=(-4,-3). Find the equation of g and calculate the image of the point (0,0)

Solution: Here, g(x,y) =T, °S,(X,¥) =S, (X,Y) +v=(x,y')where

Prepared by Begashaw M. 110



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

X,_X_Za(ax+by+c)+d:X_6(3x—4y—2)_4:B+ﬂ 88

a’+b? 9+16 25 25 25
" y_2b(a>;+by2+c) feo y+8(3x—4y—2) a3 24x 32y 91
a“+b 9+16 25 25 25

Therefore the image of the point (0,0) is given by

g(0,0) = (x",y') where x':m+24—(m—%=—§ y'=24—(0) 32(0) 91:_%

25 25 25 25 25 25 25 25
88 91

Hence, g(0,0) = (—2—5,—2—5).

2. Suppose gis a glide reflection with axis 1:5x—ky+7=0and glide vector
V= (6,10). Then, find the value of the constant k .

Solution: The condition for g to be a glide reflection with  axis
| :ax+by +c=0and glide vector v=(d,e) is that ad+be=0. In our case, g to
be a glide reflection with axis 1:5x—ky+7=0and glide vector v=(6.0), we
have 5.(6) —k(10)=0=30-10k =0=k =3

3. Let gbe a glide reflection with axis 1:2x+7y—-9=0and glide vector
v=(d,4). Then, find the value of the constant d .

Solution: Similarly, as in example (2), 2d +28=0=2d =28 =d =-14.

4. Let gbe a glide reflection with axis I:2x+y-5=0 and glide vector
v=(d,e). If g(0,0)=(6,—2), then find the glide vector v .

Solution: Here, the general equations of g are given by

x'=x—2a(a)§+b{+c)+d _x Aex+y=9) g :—gx—ﬁy+4+d
a“+b 5 5 5
, 2b(ax +by +c) 2(2x+y-5) 4 3
=y- +e=y———————+€=—=X+-y+2+e€
y=y a’+b’ Y 5 5 5y

That is for any point (x,y), g(x,y):(—gx—gy+4+d,—gx+gy+2+ej

Particularly,g(0,0)=(6,-2) = (4+d,2+e)=(6,—2) =>4+d =6,2+e=-2
—>d=2e=-4=V=(2-4)
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5. Let g be a glide reflection with axis 1:x—y+1=0 and glide vector v =(3,3).
If g(p.q) =(58), then find the point (p,q) .

Solution: Using the general equations of glide- reflection, we have

X'= p——z(p_2q+1)+3:q+2:5:q=3
’p—g+1 = (p.9)=(34)
y':q+%+3: p+4=8=p=4

Proposition 3.19: The square of a glide reflection (composition of a glide
reflection with itself) is a translation. That is g*(P) =(g - g)(P) =T (P) for some
translation T . Any glide reflection fixes exactly one line, its axis. The midpoint
of any point P and its image always lies on the axis of the glide reflection.

Proof: We will prove here the first part of the theorem the others follow from

the above discussions. Let g be a glide reflection. Then, by definition of glide
reflection, g=S,oT, =T, oS, where S,is a reflection and T, is a translation

with vector v parallel to the line of reflection | .

Thus,
9*(X)=9g°9(X)
=(S,°T,)o (S, °T,)(X)
=(T,©8,)2 (S, =T, )(X)
=T,2(5,25))°T,(X)
=T, 0ioT,(X), S 08 =i
=T,°T,(X)
=T, (X)
=T2v(X)
= g°(X)=9g09(X) =T, (X), vX
=g’ =T,

Hence, composition of a glide reflection with itself is a translation by twice its

original glide vector. We know that in any reflection S,, the mid point of any

point Pand its image S, (P)lies on the line of reflection or axis of reflection.
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Thus, for any glide reflection g, Pand itsimage g(P) always lies on the axis

of the glide reflection, too.
Examples:

1. Suppose g is a glide reflection such that g*(3,-5) = (7,1) . Then, find the glide
vector of g.
Solution: Let the glide vector be v. Then, by the above proposition, g =T,,.

So, for any point P, we have

g°(P)=T,,(P)=2v+P = g*(3,-5) = (7))
= 2v+(3,-5) =(7))
= 2v=(71)—(3,-5) = v=(2,3)

2. Suppose g is a glide reflection such that g(1,2) =(-3,4)and g(-13) =(5,7).
Then, find the axis of g.

Solution: For any glide reflection g, the mid point of any point Pand its
image always lies on the axis of g. In particular, the mid point of (1,2) and
(-3,4), the midpoint of (-1,3)and (5,7)lie on the axis of the glide reflection g.

Hence, the axis of g passes through the points (-1,3)and(2,5). Let the axis of

g be the line given by I : y = mx+b. Then, the slope is m =2Li=§.
+

2
So, l:y==x+b.
y 3

Taking one of the above points say (-13), vy :§x+b = —§+b =3=b :1—31.

Hence, the axis of the glide reflectionis |:y = % x+1—31 = 2x-3y+11=0.

Proposition 3.20: The product (composition) of two glide reflections about the
same axis is a translation with translation vector of the sum of the two glide

vectors. That isif g and h are glide reflections with the same axis | and glide

vectors v and w respectively, thengoh=T. ..
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Proof: Suppose g and h are glide reflections with the same axis | and glide

vectors v and w respectively. That isg=S5, oT., h=S,-T.. We need to show

g o h is a translation. Here, using associativiy of composition and the fact that
g=S°T.=T. 05, h=S,T. =T. 0§, forany point P, we have
(goh)(P)=g(h(P))=(S,°T.)= (S, - T-(P))

=(T.28,)o (S, °T-(P)

=T. (S, ©S,)oT-(P)

=T.0ioT_(P)

=(T.oT.)(P)=V+W+P=T. _(P)=T.(P), u=v+w=goh=T.
Example: Suppose g and h are glide reflections with the same axis such that
h?(x,y) = (x—6,y+2) and (g~ h)(3—~7) =(9,6).Then, determine the glide
vectors of g and h.
Solution: Let the glide vector of gbev and that of hbew.Then, using
proposition 3.19, we have

h*(P)=T,.(P)=h*(x,y) =T (x,y)

:2W+(x, y)=(x-6,y+2)

— 2w =(-6,2) = w=(-3])
A gain, using proposition 3.20, we have

goh=T--=(goh)(P)=T- -(P) =V+W+P, for any point P
V+W:> (goh)(3,-7) :v+(VSVJ,6), particularly for P =(3,-7)

= V+w+(3,-7) = (9,6)

=V +(=31) +(3-7) = (9,6)

—v=(9,6)-(0,-6) = (9,12)

Problem Set 3.5

1. Let g be a glide reflection with axis I:x—y+3=0and glide vector v = (4,4)

Then, find the general equation of g and calculate the image of the point (0,0)
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Answer :g(x,y)=(y+1Lx+7),9(0,0)=(17)
2. Suppose gis a glide reflection with fixed (invariant) line y=x+1. If it
maps the point (0,1) to (3,4), find its equation. Answer: g(x,y) =(y+2,x+4)
3. Let gbe a glide reflection with axis I:x+y—-7=0. If g®(13,-14)=(3,-4),
then find its equation. Answer : g(x,y)=(2-y,12—x)
4.Let g=S,oT,be aglide reflection where S, is a reflection on line | passing
through the point(2,7). If g*(0,0) = (4,12), find the equation of the line | .

Answer 1y =3x+1

5. For what value of the constant k will an isometry g be a glide reflection with
axis 1:3x+ky—17 =0and glide vector v=(-6,2) ?  Answer:k =9
6. Let gbe a glide reflection with axis 1:2x+7y—-9=0and glide vector
V= (-14,e). Then, what must be the value of the constant e? Answer:e=4
7. Let gbe a glide reflection with axis 1:2x+y—-15=0 and glide vector v. If
g(-3,-4) = (20,0), then find the glide vector v.  Answer :v=(3,-6)
8. Let gbe a glide reflection with axis 1:y = x +1and glide vector v = (L1)
Then, find the image of the point (3,2). Answer : (2,5)
9. Let gbe a glide reflection with axis I: x—y+6=0and glide vector v = (2,2)

Then, find the general equation of g and calculate the image of the point (0,0)

Answer : g(x,y)=(y—4,x+8)

10. Find the equation of a translation T of 22 units at 45°into the first
quadrant and a glide reflection gof 242 units at 45° with axis 1:x—y=4.
Find the image of AABC with A=(0,0), B =(1,0), C =(0,2) under each

isometgry.
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Answer :T(X,¥y)=(X+2,y+2), g(X,¥)=(y+6,x—2)

3 0
11. Consider the line 1:2x+3y—2=0 and the pointsP=( J,Qz(lj.

Then, give the equations of a glied reflection g =S, T, .

12 31 12 5 38
ANSWRT $g(X,¥) = (X~ 12~ 2 T Xy )

13° 13 13 13
12. Let gbe a glide reflection with axis |:ax—by+c=0and glide vector

v = (d,e).Then, show that b_d :

a ¢

3. 5 Orientation and Orthogonal Transformations

3.5.1 Orientation of Vectors

Consider a pair of vectors X = Cj and Y = (VZ\J regarded as order pair (X,Y).

Denote the angle measured from X to Y in the counter clockwise direction by

6 where 6 = 0, 7 as shown in the diagram below.
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' .

a)0 <8 <, sind =0 Figure 3.7 B m<B8<2msn 8 <0

Then, with the help of these diagrams we will give the following definitions.
Definition:

a) The pair of vectors (X,Y)is said to be positively oriented if and only if
sin@>0. In this case, we say that the vectors X and Y have positive
orientation. The first diagram above shows how positively oriented vectors are
placed.

b) The pair of vectors(X,Y)is said to be negatively oriented if and only if
sind<0. In this case, we say that the vectors X and Y have negative
orientation. The second diagram shows how negatively oriented vectors are
placed.

X

Now, if we are given any two vectors X :(y

]and Y:(Zj, how can we
w

determine whether they are positively oriented or negatively oriented simply by
using their coordinates x,y,z,w ?

The method how can we determine whether a pair of vectors is positively
oriented or negatively oriented from their coordinates is given below.

Theorem 3.7 (Orientation Test) :

X z
Let X = (yj and Y = (wj be any two non-zero and non- parallel vectors. Then,

a) X and Y are positively oriented if and only if det(X,Y) = K VZV‘> 0
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b) X and Y are negatively oriented if and only if det(X,Y) = ‘; ;/‘< 0

This theorem is known as Orientation Test Theorem.
Proof: Consider the following diagram (figure 3.6)

&
z
(2
W
Here,
yil= [ T Iyl =22 N g Y= x}
il= 4y W)=+, 6= pe P 5
sin B = i cos 8= = A
sine = 24 L coSer = * /A g
ety g+t
Figure 3.6
From these values,
sin@ =sin(f —a)
=sin #cosa —cos fsina
W X z y
V22 +w? X2 +y? 22w X2 +y?
XW — Yz

- \/xz +y2z2 +w?

Now, from the above definition the pair (X,Y)is positively oriented if and only
if sin@>0. But,

Xw—yz
I +y2 22+ W

S xwW=yz>0; X +y> 22 +w? >0

sind >0 >0

X Z

= >0

y w
On the other hand, the pair (X,Y)is negatively oriented if and only if sind<0.
But,
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XW — Yz
\/xz +y2 22 +w?
SxW—yz<0; X +y2 A2+ >0

X z
W‘<0
y

Hence, the proof is complete.

sind <0 < <0

f—

X z
In general, the vectors X =( jand Y :( jare
Yy w

a) Positively oriented if and only if sing >0 < det(X,Y) = ‘X vzv‘ >0.
y

X 2z
W‘<O.
y

Examples: Determine whether the following pair of vectors are positively or
negatively oriented.

o x-(ofomer (5] (Gl ()

Solution:
a) For X :(1JandY :(OJ, det(X,Y) =‘1
0 3 0

positively oriented. That means X and Y have positive orientation.

b) Negatively oriented if and only if sin@ <0 <> det(X,Y) =

g =3>0. So, the pair (X,Y)is

b) For X :(3 andyY :( 51)’ det(X,Y) =‘§ 5}1 =-17<0. So, the pair (X,Y)Is

negatively oriented. That means X and Y have negative orientation.

Remarks:

i. Orientation is not defined for parallel vectors. Because for parallel vectors, if

X = C] andy = U\J then Y =tX :@J for some scalar t (definition of parallel

X X . . .. .
vectors). Thus, det(X,Y) :‘y ty‘ =0. But zero is neither positive nor negative.

In this case, we say that X and Y have zero orientation.
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ii. Orientation is not defined for three collinear points. For any three collinear

points A, B, C, their orientation is determined from the orientation of the
vectors AB,AC . But if the points A, B, Care collinear, then the vectors

AB, AC will be parallel and hence from the first remark their orientation is not

defined.

iii. A pair of vectors (X,Y)is assumed to have the same orientation with a pair
of vectors (zZ,wW)if and only if det(X,Y)and det(Z,W)have the same sign.

If these determinants det(X,Y)and det(Z,W)have opposite sign, then we say
that the pairs (X,Y)and (Z,W)have opposite orientation.

Examples:

1. Let X =@j Y =(_ 2] Z :(g] W =(:] Determine whether (Y,wW)and

(Z, X) have the same or opposite orientation.

. -2 3 0 1
Solution: Here, det(Y,W) = =-1<0, det(Z,X)= =-2<0.
3 5 2 2
So, (Y,w)and(z,X) have the same orientation. But if we take(X,Y)and
1 -2 0 3
(Z,W), det(X,Y) = =1>0, det(Z,W)= =-6<0.
2 -3 2 5

Thus, (X,Y)and (Z,W)have the opposite orientation.

2. Let X, Y be any two vectors and t > 0 be a scalar. Then,
a) (X,Y)and (tX,Y) have the same orientation.
b) (X,Y)and (Y, X) have opposite orientation.

z

Solution: LetX =®j Y =[ J andt>0. Then, det(tX,Y)z‘g ;/‘:

o
3

Since t >0, the sign of det(tX,Y)depends on the sign of det(X,Y) = K VZV‘ .

W
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Hence, (X,Y)and (tX,Y) have the same orientation.

X Z Z X . .
det(X,Y) = ‘y W‘and det(Y,X) = ‘W y‘ . But, from properties of determinants,

Z 7
w

Thus, (X,Y)and (Y, X) have opposite orientation.

§ VZJ — det(Y, X) = (~1) det(X,Y).

3.5.2 Orientation of Plane Figures

Here, we will see how to determine the orientation of a triangle and then the
orientation of other plane figures can be defined in the same way.
Definition (Orientation of Triangles): For any triangle ABC , there are two

possibilities for its orientation. If we move from A to B to C againto Ain
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counterclockwise direction (figure 3.7a), then AABC s assumed to have

positive orientation. If A B, C follow the clockwise direction (figure 3.7b),
then AABC is assumed to have negative orientation.

A
A 7\
/ \ / \
/ \ / \\
/ \ / /\ \
/ \ /] N\
\ | -
/S o+ \ / / \
/ \ / \
/ \' N\ L 5
L \ - Fo% B
A <

a) Counter clockwise drrecton b) Clockwise drectio

Figure 3.7

‘ T c ¢
Bl \ el \ B 3
A Al \A K'
3) Tnangles having the same oneatation b) Truangles having opposnte onentalion
Figure 3.8

Let A, B, C be vertices of AABC . Then, the orientation of AABC is determined
from the orientation of the vectors AB,AC . Thus, for
X z Ul — (z-X) — (u—=xX
(-l =)
y W Vv w—y vV—y
So, from Orientation Test Theorem, the orientation of the pair of vectors

— . — —  |zZ-X u-xX
(AB, AC) depends on the sign of det(AB, AC) =‘

W—y v-y
a) If det(ﬁ,A—C)>0, then (E,A—C) will have positive orientation and so is

AABC b) If det(AB, AC) <0,then (AB, AC)will have negative orientation and so
is AABC

Example: Determine the orientation of AABC with vertices
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ooy

. — 2) — (3 — 2 3
Solution: Here, AB=( J, AC=[3J:>det(AB,AC)=‘ . 3‘=9>0.

This means the pair of vectors (ﬁ,ﬁ) has positive orientation which is the

orientation of AABC .
3.5.3 Orientation Preserving and Orientation Reversing Isometries

Definitions: Let g be any orthogonal transformation. Then, we say that g
preserves orientation if and only if for any positively oriented vectors X andY
, their images X'=g(X), Y'=g(Y)are again positively oriented vectors. In this
case, gis said to be orientation preserving orthogonal transformation. In
general, if the pair(X,Y)and the pair(g(X),g(Y))have the same orientation,
then g preserves orientation. But, if they have opposite orientation, then g
reverses (changes) orientation. In this case, g is said to be orientation reversing
(changing) orthogonal transformation.

Examples:

1. Determine whether the following isometries preserve or reverse orientation.

W2 ) e

X

Solution: Let X :(y

jand Y = (Vzvj be positively oriented vectors. Then,

det(X,Y) = ‘X ;J >0
y
a) From the given formula,

-s00-f [ ) v=otn-of ) 7]

= det(X",Y") :‘_y -
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Thus, the pair (X',Y")is positively oriented, has the same orientation to the pair
(X,Y), which shows that g preserves orientation.

- : X 4
b) Similarly as in part(a), X'= g(X) =[ j Y'=9g(Y) =( j

X Z
Yy W

<0

:det(X',Y'):‘ Xy

ZW‘:—xw+yz:yz—xw:—

Thus, the pair (X',Y")is negatively oriented, has opposite orientation to the pair
(X,Y), which implies that g reverses or changes orientation.
c¢) Similarly, we get that g preserves orientation.

Theorem 3.8 (General Orientation Test for Transformations):

. _ ) b
i) Let g : R* — R?be any transformation given by g[xj = [ax+ yj. Then, g
y cx +dy
. . .a b
preserves orientation if and only if ‘ d >0.
.. e .. X ax+by+h
i) In general, if gisgivenb = .
) in general, i gis given by |- " |

. . . b
Then, g preserves orientation if and only if ‘a d >0.

Proof: Suppose g preserves orientation and let X =[X] and Y :(vzvj be

y
"
y

. . . . : X
Since g preserves orientation, for any positively oriented vectors X = (y] and

positively oriented vectors. Then,

X ax + by az +bw a b
X'=g| |= , Y'= = det(X',Y') =
y CX +dy cz +dw

c d

ax+by az+bw
cx+dy cz+dw

Z X z . . :
Y =(w]’ det(x,Y):‘y W‘>0 implies X'and Y'are also positively oriented.

X z
W‘>0.
y
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b ... i
q >0. Then, for any positively oriented vectors

a
Conversely, suppose
C

X z .- .
X Z[yj andyY =( j we need to show X'and Y'are also positively oriented.
w

But, (X,Y)is positively oriented implies that det(X,Y) = ‘); VZV‘ >0.

b
On the other hand, 1‘romil d >Oanddet(x,Y):‘X vZV‘>O,We have that
y
ax+by az+b a b
det(x',y') = [ Y @ETOW_ & DIX g det(x,Y") > 0.
cx+dy cz+dw |[c d|y

Therefore, g preserves orientation.
In general, whether a given transformation g preserves or reverses orientation
is determined from its effect on the orientation of a triangle. This means if g

preserves the orientation of any triangle ABC, then it is orientation preserving

and if greverses the orientation of AABC, then it is orientation reversing

transformation.
Now, having this fact as basis, let’s see the prove of the second part. Let

AABC be arbitrary triangle. Then its orientation is determined from the
orientation of the vectors AB and AC . Suppose AABC has positive orientation.
That meansdet(AB, AC)>0. On the other hand, let AA'B'C'be the image of
AABCunder g. Then, the orientation of AA'B'C'is determined from the
orientation of the pair (ﬁ, ﬁ).

Now suppose g is orientation preserving.

X ax+by+h ) X z u
But from g[ J:( ],usmg Az( j,B:( j,Cz(j
y cx +dy +k y W Vv

ax+by+h az+bw+h au+bv+h
A=g(A) = , B'=9(B) = , C'=9(C) =
cx +dy +k cz+dw+k cu+dv+k

— (a(z —X) +b(w-— y)J AC - (a(u —X)+b(v- y)J

= A'B'=
c(z=x)+d(w-1y) clu=x)+d(v-y)
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Thus,

det(A B A G = det(a(z —X)+b(w-y) a(u-x)+b(v- y)]

c(z=x)+d(w-y) clu-x)+d(v-y)

= det (a j[z— u—xﬂ (Using matrix multip lication property)
C W—y Vv-y

b —
= det jd t(z x u- J (Using the property det (AB) = det A.detB)

a
c d wW—y Vv-y
a

b I
~def * jdet det(AB, AC), (det[ ‘ X] — det(AB, AC)
d W—y V-y

b S
det(AB, AC)
c d

Hence, g preserves orientation if and only if

— a b — a b — —
det(A'B’, A'C')>O<:>‘C d det(AB,AC)>O<:>‘C d > 0 because det(AB,AC) >0

from our assumption.

Similarly, g reverses orientation if and only if

—_— a b — a
det(A'B,AC) <0< ‘c q det(AB,AC) <0 < ‘c

Examples: Determine whether the following transformations are orientation

preserving or orientation reversing.

a) g:R?* - R%given by g@Jz(

b) @:R? —> R given by am =(;‘_+11J

3X—-2y+7
X+5y-11

Solution:

X 3X—-2y+7 a b
a) Here, g = =a=3b=-2c=1d=5=
y X+5y—-11 c d

3 -2
= =17>0
1 5

Hence, by the above theorem g preserves orientation.

X X+1 a bl |1 0
b) Here, | |= =a=1b=0,c=0,d=-1= = =-1<0
y 2-y c dl |0 -
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Hence, by the above theorem « reverses orientation.
3.5.4 Orientation and the Fundamental Types of Isometries

In our discussion of isometries, we have seen as there are four basic types of
isometries: Translation, Rotation, Reflection and Glide- reflections. Now, using
the above general orientation tests, let’s see which of those orthogonal
transformations are orientation preserving and orientation reversing (changing)
isometries.

I. Rotations:
Let R.,be a counter clockwise rotation with center C through an angle of 4.

X
y
Xcosé@—ysiné
Xsin @ + ycosé

Then, for any vectors X :( }and Y =(VZVJ , the isometer R, ,is given by

X'= RCH(X):( jand Y'= RQ(Y)z(ZC,OSQ_WS'nHJ
' zsiné@+wcos @

Here, using the orientation test for vectors, we have

Xcos@—ysing zcosd—wsind

det(X",Y')=| . :
Xsin@+ycosd zsind+wcosb

= (xcos @ —ysin@)(zsin @ +wcos ) —[(xsin & + ycosH)(zcos & —wsin )]
= xwcos® @ — yzsin? @+ xwsin’ 8 — yz cos” 6

= xw(sin? @ + cos® @ — yz(sin® @ + cos’ 6)

= XW— Yz

§ :V‘>O:>det(X',Y')>0

Thus, the pair (X',Y") is positively oriented for any positively oriented vectors
(X,Y). This means R_, preserves orientation.
Alternatively, using the above theorem,

X'=R,(X) :(xcose—ysin¢9+hJ

xsin@+ ycosd +k
= a=co0sd,b=-sind,c=sind,d =cos@
a b
=
c d

cos@ -—sind
sind cosé

=c0s’0+sin’0=1>0
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Thus, R., is orientation preserving isometry.
Il. Translations: Let T : R?> — R%be a translation with translation vector

a X X+h . . . i i
V= 0" Then, T y = . Is T orientation preserving or orientation

y+Kk
reversing?
X X+h a b 1 0
Here, T = =a=1b=0,c=0,d=1= = =1>0
y y+k c d [0 1
Hence, T is orientation preserving isometry.
I11. Reflections:
Let I :ax+by+c=0Dbe any line andS, be a reflection on linel.
, 2a(ax +by +c¢)
X). X X' X'=X-= a2 + b2
For any vector X =| |inaplane, S,| |= where
y y y' , 2b(ax + by +¢)
e S I
a“+b

After some rearrangement, we get
. (b*-a?) 2ab 2ac
Xe—g o X~ 2 Y "7 2
a‘+b a‘+b a‘+b
., —2ab X+(a2—b2) _ 2bc
a?+b? a? +b? a?+b?
From, these equations we obtain the determinant of the coefficients as

y

b? -a? 2ab |

a2+b?  at+p?| (b*-a®)(@®-b*)-4a’v® —(b®-a*)’-4a’p?
—2ab  a’-b% | (a% +b?)?  (@*+b?)?
a’+b* a’+b?

_ —(b*-2a’v*+a’)-4a’m® -[b*+2a’v*+a’)

(a® +b?%)? (a® +b%)?
—[b*+2a’b*+a*) —(b*+a®)’
= Y =—5 o - 1<l
(a”+b?) (a” +b?)

Thus, a reflection, S, on any linel is orientation preserving isometry.

1V. Glide-Reflections

Any glide reflection is a composition of a reflection S,over a linel and a
translation T, with non-zero vector v where the line 1is parallel to the
direction of the translator vector v. But from (1)and (I11) cases above, we saw

that translations and reflections are orientation preserving and orientation
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reversing isometries respectively. Therefore, their composition will be
orientation reversing isometry (we will prove this later on as a theorem in
Chapter 5) and thus glide reflection is orientation reversing.

To sum up our discussion, let’s summarize our results above as conclusion.
Conclusion: Translations and rotations (including identity) are the only types
of isometries preserving orientation. Reflections and glide-reflections are the
only types of isometries reversing (changing) orientation.

Example: Suppose « is an isometry which maps APQR into AP'Q'R'where the

vertices of the triangles are

oo o)

Determine whether « is a translation, rotation, glide reflection or reflection
and find its equation.

Solution: To apply the above test, first determine the orientation of APQR and

AP'Q'R'.The orientation of APQR is determined from det(P_Cj,ﬁ)where

— — 8 .. ) .
det(PQ, PR)z‘ 6‘ =50 > 0.Hence, APQR has positive orientation.

Similarly, the orientation of AP'Q'R' is determined from det(@, ﬁ) where

— — 8 . ..
det(P'Q', P'R')z‘ 4 6‘=50>0 which shows that AP'Q'R'also has positive

orientation. So, we have got that APQR and AP'Q'R'have the same orientation.

As a result, « is orientation preserving isometry. Therefore, «is either a
translation or a rotation.

Now, to determine whether « is a translation or a rotation, find the vectors

PP, QQ, RR".

Here, PP’ = (_12} QQ' = (_fJ RR'= (_fj . Thus, PP'=QQ' = RR.
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) . . X X—2
So, «a is atranslation given by a[ j:( )
y y+1

(What happens if PP'= QQ' = RR'? We will see the genral case in section 3.9)

3.6 Fixed Points of Isometries

Classification of isometries based on their fixed points:

So far we have seen about fixed points of transformations. Now, among the
fundamental types of isometries, we are going to see which isometrics are with
fixed points and without fixed points.

1) Exacltly one fixed point: Isometries that have exactly one fixed point are
only Rotations: Any rotation has exactly one fixed point and the fixed point is
exactly the center of the rotation.

Example: Show that that the only fixed point of a rotation R, about the origin

is the origin itself.

Solution: Let P =(x,y)be arbitrary fixed point of R,. Then we need to find

the coordinates of P . From the definition of fixed point, we have that

X =XC0S#—ysind

) . Now, we have to solve this
y =Xsiné +ycoséd

R,(P)=R,(x,y) =P =(x, y):{

system for xand y.

From x =xcos@—ysin@, solving for y we get y= M . Substitute this

sing

value of y in the second equation y = xsin&+ ycosé .

—XCO_SQ_X=xsin¢9+—xcoi5'9_xcos¢9 (*)
sin@ sin @
xcos@—x _ xsin® @+ xcos” @ — xcos
sin@ sin@
:xcote—_iz_i—xcote
sin@d sin@
— XCOtO = —— = X cot.¢9—1 =0=>x=0
sin@ sin @

So the only solution for (x)is x =0and substituting this value of xin
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_ XC0sf—X

,weget y=0.
sing gety

Therefore, the only fixed point of a rotation R, about the origin is P =(0,0)

which is the origin itself.

i) Two or more fixed points:

Any isometry that has two fixed points but not identity is a reflection over a
line and the whole points on the line of reflection are also fixed points.

As a result the line of reflection is a fixed line.

iii) Three non-collinear fixed points:

An isometry that has three non-collinear fixed points is an identity.

iv) No fixed poin:

Isometries that have no fixed point at all- This category includes translation
and glide reflection.

Examples:

1. An isometry p has exactly one fixed point (5,1) and maps the point (7,2) into
(3,0). Then, find the equation of o .

Solution: An isometry with exactly one fixed point is a rotation where the

fixed point is the center itself.So, pis a rotation with center (5,1).

Hence, its equation at any point (x,y) becomes p. ,(x,y) =(x',y') where

X'=(x—5)cos@—(y—-1)sin@+5
y'=(x-5)sind+(y—-1)cosf+1

) X'=2c0s@—-sin@+5=3 2c0s@—-sin@ =-2
In particular, p.,(7,2) =(3,0) =

y'= 23in9+cos€+1:03 2sin@+cosd =-1
Here, adding twice the second on the second gives 5cos@ =-5=cos6 =-1.
Similarly, subtracting twice the second from the first gives
—5sin@=0=sin@=0. Thus, cosd=-1sin0=0=0=r.

Therefore, the equation of p is given by p,, . (X, y) =(10-x,2-Y).

2. A non identity isometry « fixes the points (-=3,-5)and (1,4) . Then, find the

equation of « .
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Solution: A non identity two given fixed points is a reflection on aline through

the fixed points. So, « is a reflection on a line through the points (-3,-5) and
@,4). Thus, the line of reflection has slope m:%. Hence, I:y:%x+bbut

(-3-5el.

That is y:gx+b:>—5=—£+b:>b=1:> y:gx+1:>9x—4y+7:0.
4 4 4 4 4

Hence, you can find the equations of « using general equations of a
reflection.

3.7 Linear and Non-linear Isometries

Any given isometry is said to be linear or non-linear based on whether the
origin is its fixed point or not. In what follows, we are going to see linear
isometry and decomposition of an isometry using linear isometry.

Definition: Any isometry pAis said to be linear isometry if and only if it fixes
the origin. That means gis linear if and only if B(0)=0.

Examples:
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a) B:R—Rgiven by pA(x)=-—xis a linear isometry because S(0)=0.

b) p:R* = R? givenby p(x,y) = (-x,—y) is a linear isometry because

£(0,0) =(0,0).

c) B:R*—>R? given by A(xy)=(Gx-2y,Bx+1y) is a linear isometry
because A(0,0) =(0,0).

d) B:R?> > R? given by g(x,y)=(x+1y—2) is not linear isometry. Because it
is an isometry but it does not fix the origin, 3(0,0) = (1,-2) # (0,0).

Proposition 3.20: The composition of any two linear isometries is linear
isometry.

Proof: Let . and pbe any two linear isometries on the same plane. Since the
composition of any two isometries is an isometry, ao g is also an isometry.
Besides, as aand g are linear, «(0)=0, 2(0)=0.

Therefore, a o B(0) = a(B(0)) = a(0) =0.

Hence the composition « o S preserves the origin and it is a linear isometry.

Proposition 3.21: Any given isometry can be expressed as a composition of a
translation and a linear isometry.

Proof: Let « be any isometry. Define a vector vby v = «(0)and consider

p=T, cc.

Claim: g is a linear isometry. Since T_,and « are isometries and so is their

composition (as the composition of any two isometries is again an isometry) .

Hence, S =T, o« isan isometry. Beside,
p0O)=T,ca(0)=T,(x(0))=T_,(v)=v+-v=0. This means g fixes the origin.
Therefore, gisalinear isometry. Thus, =T ca=a=T, of.

Hence, for any isometry o, a=T,o 4 where T, is a translation and g is a

linear isometry. But as «is an arbitrary isometry, any isometry can be

expressed as a composition of a translation and a linear isometry.
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Example: Let «:R?> — R?be an isometry given bya(x,y) = (—x+2,—y+14).
Express o as a composition of a translation and a linear isometry.

Solution: Following the proof of the above proposition, take the vector

v =a(0,0) = (214).

Then, for any object (x,y), take B(x,y) =T, ca(X,y) = (-x-Y)

Here, clearly g is an isometry. Besides, p(0,0)=(0,0)which means gis a
linear isometry and T, is a translation with translator vectorv =(2,14).
Therefore, a =T, o g where T,(x,y) = (x+2,y+14), B(X,y) = (-X,—Y).
Proposition 3.22: Every isometry f in R has a unique decomposition of the
form f =T,o S where c= f(0)and B(x) =+x.

Proof: Let f be an isometry in Rsuch that c= f(0)and letT _be a translation
by —c inR suchthat g=T o f.

Claim: g is alinear isometry. Since T .and f are isometries and so is their

composition (as the composition of any two isometries is again an isometry).

Hence, =T .o f isan isometry.
A gain, B0)=T_ o f0)=T_.(f(0)=T_(c)=c+-c=0. This means g fixes

the origin and thus pis a linear isometry. Besides, in R, d(x,y)=|x—y].

Hence, |B(x)|=|8(x) - BO)| =|x—0 =[x = B(X) =tx = @ =+1, Vx#0, xeR.

If _ﬂix) » +1at least for some x,,x,, we get B(x,) =+x,and f(x,) #+x, which

implies |B(x,) — B(x)| =[x, — x4/

But this is a contradiction because A is an isometry.

Therefore, B(x)=+x, VxeR.

Hence, from g=T o f, composing both sides on the left by T, gives
T.of=T, o, .of)=f =T op whichmeans f(x)=T,oA(x)=xx+c

where ¢ = f(0)and AB(x) =+x. Complete the uniqueness.
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Example: Let f : R — Rbe an isometry given by f (3) = 6. Find a translation T
and a linear isometry g with B(2)=-2.

Solution: Any isometry in Ris of the form f(x) =+x+c,vx e R for a fixed
constant c.

Butf(3)=6=+3+c=6=c=30orc=9= f(X)=x+3 or f(x)=—x+9. Then,
following the proof of the above proposition,

fX)=Xx+3=(X)=T o f)X)=(T ;0 f)X)=x+3-3= B(X)=x or
fF(X)=—X+9=(X) =T o fF)X)=(Tge f)(X)=—x+9-9=-Xx= B(X) =X

Here, we have two options for g, thatis B(x) =x or B(x) =—x.
But B(2) =2 < B(x) =—x.
Hence, we have got a linear isometry g and a translation T, such that

f =T, 0B where T,(x) =x+9, B(x)=-x.

Problem Set 3.6

1. Determine the orientation of AABC whose vertices are
—4 -1 -1
A: , B = ) C =
el
2. Let f:R— Rbeanisometry with f(2) =10. Find a translation T and a linear
isometry B with B(-2) =2.
Answer : f =T, o 8 where T,(X)=x+12, B(X)=-X

3. Let a be a half turn aboutC = (1,0) . Find a vector vand a linear isometry A
such thata =T, - 3. Answer :v = (2,0), B(X,Y) = (=x,—Y)
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4. Let fbe a CCW rotation aboutC = (4,2)by an angle of #==. Find a

7
3
translation T, and a linear isometry gsuch that f =T, o 3.

lx_ﬁ £X+l )
2 2 Y 2 2y
. D2 2 i —(Ly_A3 Byyly_
5. Leta:R* > R*be given by a(x,y)=(Gx-3y+15x+1y-1). Show that

« 1S an isometry but not linear isometry. Find a translation T, and a linear

Answer T, (X,y) =(X+2+ V3, y+1-— 2\/§), B(Xy) =(

isometry gsuchthata =T, - 3.

Answer T, (x,y) = (1-1), S(x.Y) = (%x—@ M?H%y)

6. If S, fixes the points (1,4) and (-5,0) ,then find the equation of line I .
Answer :1:2x—-3y+10=0
7. Suppose f is a non-identity isometry such that f (+/5,4) = (+/5,4) and
f(0,-1) = (0,-1). Find the value of f(1,0) and explain how you know f (1,0)
must have that value. Determine the general equation of this isometry.
Answer :Ita reflection onaline 1:y=+/5x—-1

8. If an isometry « is involution, prove that for any point P, the mid point of P
and «(P)is a fixed point of « .

9. Suppose f is a non-identity isometry which fixes (1,1)and (2,2) . Find the
equation of f and calculate f(1,0).
10. Prove that the inverse of any linear isometry is also linear isometry.

3.8 Representations of Orthogonal (Isometric)

Transformation as a Product of Reflections

So far, we have discussed that the product of two isometrics is a gain an
isometry. Besides, we have encountered four types of isometries: reflections,

translations, rotations and glide reflections. From now onwards, our concern is
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to investigate: “Are these the only isometries or do any other exist?” In other
words, from the fact that the product of two isometries is again an isometry, it
is natural to ask ourselves whether the product of any of two isometries we
have seen so far results among one of those or a new one that we did not
discussed. By investigating, all of the possible combination products of
reflection, rotation and translation, we will find out that the result is any one of
these but not a new form of isometry. Finally, we will generalize that there are
no other isometries or our bag of isometries is complete. Besides, we will
conclude that reflections are the building blocks for plane isometries from the
result that every isometry is the product of three or fewer reflections. Further
more; if it is a rotation, then through what angle and with what center? If it is a
translation, what is the translation vector? If it is a reflection, what is the line of

reflection? and so on will be answered.
3.8.1 Product of Reflections on Two Lines

When we say product of reflections on two lines , we mean S, oS, , reflection
on line mfollowed by a reflection on line n. Here, mand nmay be
intersecting or parallel. From our next discussion, we will point out that the
composition of two reflections S, oS, is a rotation, a translation or a reflection

itself. So, later on after the discussion, you should be able to describe in detail

in what situation it will be a rotation, translation or reflection.
Case I: When the two Lines are Intersecting

Theorem 3.7: The composition of two reflections on two intersecting lines |
and m s a rotation about the point of intersection through twice the directed
angle between the lines.

Restatement: Let land mbe any two lines intersecting at c=(a,b)and the

angle measured from I'to m being#. Then S_ oS, =p,,,
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Proof: Consider the figure 3.9a: To prove this theorem, it suffices to show that
/PQP"=2,RQT and QP =QP". In order to show these two conditions, let’s

consider two different cases:

_.
Ih

°\

a) b)

Figure 3.9

Case-1: SupposePgm. Then, PR=P'Rby definition of reflection and
QR = QR by reflexive property. Again, QR is perpendicular to PP' as m is the
line of reflection of Pto P'. Hence, APQR = AP'QR by SAS which implies that
/PQR = /P'QR.

Similarly, AP'QT = AP"QT by SAS and hence «P'QT =/P"QT. But,
m(£PQP") = m/PQP') + m(£/P'QP") = 2m(«LRQT) = 26. (Do you see how?).
Besides, as APQP' and AP'QP"are isosceles, PQ=P'Qand P'Q=P"Q, then
by transitivity PQ=P"Q.

Case-2: Suppose either Pemor P'en. ForPem, S (P)=Pand S, (P)=P".
Yet, with similar argument as in the first case, ZPQR = ZP'QR by SAS,

S0, Z/PQR = /P'QR and thus

m(£PQP') = m~PQR) + m(£P'QR) = 2m(£PQR) = 26and QP =QP".

The same reasoning holds when P'en. Therefore, the theorem follows.

Examples:

1. Let I:2x—y-3=0and m:3x+y—7=0. Then find the image of the point
(5,—7) by the composite reflection S, - S,using single rotation.

Solution: Since the two lines have different slopes, they must be intersecting
lines. So, to apply theorem 3.7, first let’s find the point of intersection and the

angle between them. The point of intersection is obtained as
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{2x—y—3=0

=x=2, y=1=c=(21). Let 9 be the angle between land m.
3X+y-7=0

Then, from coordinate geometry, tané = + MM \yhere m, and m, are slopes
1+mm,
of the non-vertical lines land m. Thus,
tang=+ Mo _y =372 25 4
1+mm, 1+2(-3) -5
=tand =+1= 0 =tan"(+1) = 45" or 135°

To calculate S, - S, (5,—7) determine which angle will be used. (Be careful here!

On how to determine the angle). Hence, S, - S,(5-7) =R (5,-7)=(0,4).

(2,1),90°

2. 1f m:y=x-1andS,_, S, L1 = Pazer &1 find the equation of |.
Solution: By Theorem 3.7, the equation S - S,(1,-1) = Pazon (1,-1) gives us the

two lines are intersecting at (3,2) and the angle between them is & =45°. Then,

if mis the slope of I, we have thattan45 :i—m:1+m:1—m:>m:0.This
+m

means that the line lis a horizontal line passing through the point (3,2).
Therefore, its equationis | :y=2.

Corollary 3.2: Let 1and m be two lines intersecting at ¢ = (a,b). Then,

S, S, = p._,Where @ is the angle measured from Itom.

Proof: Consider figure 3.9b. Since the directed angle from Ito mis @, the

directed angle from mto | (in the same direction) is 7 —6.

So, by theorem 3.7, S, oS (X,Y) = o ,, (X, Y) , where
a =2(r—0). Then, by using the generalized rotation theorem,
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Si08n (X% Y) = Peaa (X))
(x—a)cos(2z —20) — (y —b)sin(2z - 20) + a
:((x—a)sin(Zﬂ—29)+(y—b) cos(27 — 26) +bj
(x—a)cos(—26) — (y —b)sin(-20) + a
:[(x—a)sin(—20)+(y—b) cos(—29)+bj
= Pe, 20X, Y)
Hence, S, S, = p,_,,WheneverS oS, = p.,,. This result shows that if we
interchange the order of the composition the sign of the angle will also be
changed. So, S, °S, =p,,,ifandonlyif S oS =p. ,,.
Corollary 3.3: Let land m be any two lines intersecting at ¢ =(a,b)and the
angle measured from 1to m beingé.
X'=(x—a)cos260 —(y—b)sin20+a
y'=(x—a)sin260 + (y—b)cos20 +b
Proof: (Expand the result of theorem 3.7 using theorem 3.4)
Theorem 3.8 (Converse of theorem 3.7): Given a rotation p. ,. Let mand n

Then, S, oS, (x,y) =(x",y") Where{

be any two lines intersecting at C so that the angle between them is g Then,
pC,@ = Sn © Sm '
Proof: Given point C, lines mand nwith £(m,n) =§. Consider figure 3.10.

Let Mand N be points on mand nso that d(C,M)=d(C,N). Clearly, C, M
and N are non-collinear points. Now, let S_(N)=N'and S (M)=M".

L]

a
o'y
Tt
3

Figure 3.10

Since center of rotation is fixed under any rotation and bedsides Cis on both
lines mand n, S, (C)=Cand S,(C)=C which implies S, S, (C)=C.
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Thus, Cis fixed both under p.,and S oS . Again, as S is an isometry,

d(C,M)=d(C,M"). Besides, as isometry preserves angles,

mZ(M —C,M'-C) =m4(M —C,N —C) + m£(N —C,M'—C):§+§:6’.

So, from d(C,M)=d(C,M")and ms(M -C,M'-C) =0, we get p.,(M)=M".
On the other hand, we have S, oS (M)=S (M)=M"which results in
Pcy(M)=S_ oS _(M)=M" Similarly, from d(C,N)=d(C,N')and
mZ(N-C,N'-C) =6, we have p.,(N')=N and then

Pco(N) =8, 25, (N)=5,(N)=N.

But, as C, N'and M are non-collinear, C, Nand M are also non-collinear
besides p. ,(C)=S,°S5,(C), pc,(M)=S,°S (M)and p.,(N')=S oS (N').
This shows that p.,and S, oS agrees on three non-collinear points. But, by

the three point theorem (Theorem 3.1), any two isometries are equal if they

agree on three non-collinear points. Therefore, p., =S, °S,,.
Theorem 3.9: The product of two reflections on perpendicular lines mand n
at a point Pis a half turn with center P. That means S, oS =H,. Conversely,

a half turn about a point is the product of two reflections on two perpendicular
lines intersecting at the center of the half turn.

Proof: Let mand nbe perpendicular lines intersecting at P. By theorem 3.7,
the product of two reflections on two intersecting lines is a rotation with center

at the point of intersection by twice the angle between them.
In this case, since the two lines are perpendicular, 0 = %

Hence, S, °S, =p,, = pp, = Hp.From this theorem, we can generalize that

the product of two reflections on intersecting lines is a half turn about their

point of intersection if and only if the two lines are perpendicular.
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Examples:

1. Find the equations of two lines m and n such that (2,—4)is on mand
S, oS, =H,where H_is a half turn with center P =(3,0).

Solution: From theorem 3.9, the product of two reflections is equal to a half
turn with center P if and only if the two lines are perpendicular at P. So, we

have to assume that the lines mand n are perpendicular atP = (3,0)so as
S, oS, to be a half turn about P . Let the equation of mbe y=ax+b.
From the given, the points (3,0) and (2,—4)are on m which implies that slope

of misa=—2"%_4

So, m:y=ax+b=y=4x+band (30)em=0=12+b=b=-12.

Therefore, m:y =4x-12.

Now, mJ_n:>n:y=—%x+c. Besides, (3,0)en:>0=—%+c:>c=%.

Therefore,n:y = 1 X +§.
4 4

2. Let m:y=2x+1. Find the equation of line nsuch that S oS _is a half turn
about P=(13).
Solution: By Theorem 3.9, S oS, =H,if and only if the two lines are

perpendicular at P. Now since the slope of m is2, the slope of n must be —%.

Thus, n:y=—%x+b.

Besides as P =(1,3)ison n. y:—%x+b:>—%+b:3:>b:;

Hence its equationn is y = —%x+% :

Prepared by Begashaw M. 142



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Remark (Condition for product of reflections to be Commutative):

Let Iand mbe two lines intersecting at pointC. We need to investigate the
condition at which S_ oS, =S,0S, .

First recall from theorem 3.6, p,°p, = py. 4, p, " = p_,and

p, =1<0=2nz, neZ.Now, from theorem 3.7 and 3.8, we have

Sn°S, = pc,,Where @is the directed angle from Itom.

On the other hand, from corollary 3.2, S, oS, = p. _,,.

Consequently,
SneS =505, <= Rc=Rc_y
< Rc,za °© Rc,ze = Rc,ze © Rc,fza’ Rc,ze © Rc,fza =i
SRy =140=27k keZ
Ifk =0, =0, which is impossible since the lines are intersecting and the angle
between any two intersecting lines is non zero.
If k =1, =2 which means the lines are perpendicular.

If k =—1, & =—% which means again the lines are perpendicular.
Since the smaller of the two angles between two intersecting lines is less than

or equal toZ, there is no need to consider any other values of k. Otherwise if

we consider k >2, we get 6> 7 which is a contradiction with the fact that if 9
is the angle between any two distinct intersecting lines, then0< 8 < .

From this analysis, we can conclude that the product of reflections on two
distinct intersecting lines is commutative if and only if the two lines are
perpendicular. Hence, S, oS, =S,0S, <1 Lm.

Example: Let 1 and m be intersecting lines such that S_ oS, =S, oS where
m:x+5y-17=0.If S_ oS, (-11) = (5,5),find the equation of line 1.

Solution: Our previous discussion tells us thatS, oS, =S, oS, <11Lm.
Besides, S, S, = p,,, Where Pis the point of intersection say (a,b)and & is
the angle between the lines which isZ in this case.

Thus, S, S,(x,y) = ps . (X, y) = (—x+2a,—y+2b) for any point (x,y)(The aimis

to determine the intersection point of the lines). But,
S, 0S,(-11) =(55) = (1+2a,-1+2b) = (55) =>a=2, b=3=P =(2,3).
Hence, the point of intersection is determined to be (2,3).
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On the other hand, m L1 m L nimplies slope of line Iis 5.Thus, I:y=5x+b
and (23)el =3=10+b=b=-7.

So, the equation of |isfoundtobel:y=5x-7.

Case Il: When the two Lines are Parallel

Theorem 3.10: The composition of two reflections on two parallel lines | and
m is a translation by a vector 2v where v is a vector perpendicular to both |

and m. Conversely, if T,is a translation, then there are parallel lines 1and m
such that T, =S,-S_, where land mare parallel lines perpendicular to the

translator vector v and the distance between them is half the length of v.
Note that for any given vector v and any line |, there is a unique line m parallel

to Isuch that T, =S, S, . This can be justified as follow: If v is perpendicular

to both land m, the relation holds true. Now, if lis perpendicular to v, then

take line m tobe m:(x,y)=l+iv={M:M =p+1iv, vpel}.
This is the translation of line | by %v.

So, from the previous theorem, we can easily show that S, oS :Tz(l ) =T,
EV

Proof: (Left as an exercise)
Remarks: This theorem ensures that the product of reflections on two parallel
lines is a translation and any translation is also a product of reflections on two

parallel lines. If S oS, =T,, then S oS =T, where land mare parallel

lines and v is a vector perpendicular to bothland m. If Lison | and M s
on m where the line through L and M is perpendicular to both | and m , then

SpeSi =T . =T'mi=HyoHand S8 =T =T  =T*w=H_oH,.

—-2LM 2ML

The composition reflections S, oS,and S, oS, are inverse of each others.
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Examples:

1. Given the lines m:y=2x+1 and n:y=2x-3. Find the image of the point
(L) by a product of reflection on line mfollowed by line nusing direct
formula, translation, half turn and compare the answers.

Solution: We need to find S, S, (1,1). This problem can be done using three
methods:

Method I: Using reflection (Direct) Formula: First calculate S (1,1) using
reflection equation as

wo1 321+ 3

4+1 5
S 1D)=((x,y)=>
nED=05Y) L g 22-141) 9
=1+ =
4+1 5
6 9
o _§_4(_§_§_3) 21
Now, SnOSm(lil):Sn(Sm(lll)):Sn(_Elg):> 5 4+1 5
55 -6 9
2(—-=-3)
n_9 5 5 _ 3
Y =t ——F——=
5 4+1 5

Therefore, S, oS, (1) = (%1,—2) .

Method I1: Using Translation:
Since the given lines are parallel, the product of reflections on these lines is the

same as a translation by the double of the perpendicular vector pointing from

mton. That means, S,°S, (11) =T _-where M emand Nensuch that

MN L m,n. Here emphasis should be given on how to find such points.

This is accomplished by taking any line that is perpendicular to the given lines

and it is simple to find the intersections of this line with the lines mand n.
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Take |:y= —%x. The intersection of this line with the lines mand nis found

as follow:

Intersection of land m:

y:2x+1:—1x:>§x:—1:>x:—z, y:1
2 2 ) 5}
21
M=(xy)=(-=,=
=M =(xy)=( c 5)
Intersection of landn:
y=2x—3:—1x:>§x:3:>x:§, y:—§
2 2 5 5)
6 3
N=(xy)=(=—->
=N =(xy) (5 5)
VT —_ 8 4
Thus, the vector MN is found to be MN =N -M =(§’_E)
16, 8, /21 3
Therefore, S, S, (L)=T - L)=01+—=—1-2)=(—,—=
erefore @) =T @1 =( c 5) (5 5)
Method I11: Using Half turns: This problem can also be done using product

of half turns as S, oS, (1) =H, o H,, (11) where the centers of the half turns

M and N are as explained above.
So,

21 3

9 3
S,o8,(L)=HyH,@L)=H (H @) =H _g) (—g,—g) = (E,—g)-

6 3 21 6
575 55 5
The use of different methods in solving the above example will help us to grasp
the relations among reflections, translations and half turns.

2. Suppose the linel:y=2x-1 is parallel to the line m. If the point (9,2) is
on line m,thenfind S, -S,(25)and S,-S,(25) using a single translation.
Solution: Since, | and mare parallel, to do the problems, we need only two

point L on | and M on m where the line through L and M is perpendicular
to both | and m. But, M =(9,2) e m(Given).

Here, L=(a,b) onl =b=2a-1.
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Again, LM L1 implies slope of a line a long LM is _71 which gives

E=_—1:>2b+a=13. Combining these two equations, we et
b=2a-1

—a=3b=5=L=(a,b)=(35)
2b+a=13

So, S, 0S,(25)=T?.m(25) where T is a unique translation that takes Lto M.
Let this translator vector be v =(c,d). But,

T(L)=M =T(35)=(9,2) =>3+c=9,5+d=2=c=6,d =-3. Hence, the
translator vector of Tis v=(6,-3)so that T(x,y)=(x+6,y—3)for any point
(X,¥). S0, S,,05,(25)=T?m(25) =T, ([T (25 =T, @2 =(14-1).

Besides, using the relation S, oS =T . <SS, =T . in the remark, we
get, S, 05,(25) =T (T -(25) =T - (-4,8) =(-1011). Once the points L and
M are determined, this problem can also be done using half turns about L and
M using proposition 3.13 and Theorem 3.10 as follow.

S, °S,(25=H, H, (25 =H,,(45)=@14,-2)and

S, S, (25)=H, oH,, (25)=H, (16,-1) = (-10,11).

This means that from proposition 3.13 and Theorem 3.10 we can relate
reflections, translations and half turns as S, oS, =T__. =H, oH,, where 1//m
and the points Land M are on the lines land m respectively such that the

vector LM is perpendicular to the lines.

3. Let land m be two parallel lines. IfS - S,(21) = (-8,7), calculate
S, 2S,(34) andS, =S, _(34).
Solution: Since the linesland mare parallel, by Theorem, 3.10, we have

above theorem, we have S, oS =T, where v is a perpendicular vector directed

fromm tol. So, for any pointP,

P'=S,05,(P) =T, (P)=>2v+P=P".
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Particularly, for P =(21),

S, 05, (21) =T,,(21) = 2v+(21) = (-8,7) = 2v = (-10,6) = v = (-5,3).

Hence, S, -S,(34)=T,,(34) = 2(-5,3) + (3,4) = (-7,10) . On the other hand,
S,0S,,=T,, <85, 0S5, =T,,.Thereofe,

S,05,(34)=T,,,(34) =-2(-53)+(34) = (13-2) .

4. Given |:y=2x-1and a vector v=(12,-6). Find a line m parallel to Isuch
that S, oS, =T,.

Solution: By the converse of the above theorem, the line mis obtained by
translating the given line by 1v. For any point (x,y)on I,

T;V(X, y)=(X+6,y—-3)=(X,y') = Xx=x-6,y = y+3.

So, |:y+3=2(x'-6)-1=1:y'=2x'-16.

5. Letl:y=x and m:y=x+4.Then, show that S, oS, is a translation and find
its equation.

Solution: Since the two lines are parallel, by the above thorem S_oS, isa
translation. Besides, S,(x,y)=(y,X), S,,(X,y)=(y—4,x+4).

Hence, S, oS,(X,y)=S,(y,X)=(X-4,y+4).

Therefore, S, oS, =T, where v=(-4,4).

6. Let I:y=3x+20and m:y=3x-10. Then, find a translation T with
translator vector vsuchthat S, oS, =T, and calculate S_-S,(0,0).

Solution: By using similar procedures, as in example 5, we get
T,(X,y)=(x+18,y—6), S, = S,(0,0) = (18,-6).

Note: If the lines m and nare parallel and the points Mand N are as
indicated in figure below, we always have the relation

SnOSm :sz :HN OHM'
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Figure 3.10

Here, we must give attention how to write the order of the subscripts in the
translation and half turns with the order of the reflections. For instance, if we
interchange the order of the product of the reflections, the order of the half

turns and the direction of the vector in the translation will also be changed. It

becomes S, S, :sz =H,, o H, and the resulting image is also different.

Example: Given the linel:y=2x-3and a vector v=(-6,3). Find a line m
such that T, =S, oS, .

Solution: Apply the above result.

Remark (Characterizing products of rotations): Prior to this, we have seen
that the product of rotations about the same center is a gain a rotation about that
center. Besides, the product of rotations is commutative as far as the individual
rotations are rotations about the same center. Here, one may ask that what will
happen if the rotations are performed about different centers with different
angles of rotations as indicated in figure 3.11. In figure 3.11a, we can see that
Rg.s ©Ray(P)=P".

a) b
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Now we want to find a single isometry that will have the same effect as the

productR; , R, ,. To investigate this, consider the two rotationsR, , and R, ,
where Aand B are different centers. Once we have two different points Aand

B, we can determine a unique line AB . So, by the previous theorem there are
lines m and nthrough Aand B respectively (Refer figure 3.11b) such that the

rotations R,,and R, ,are expressedas R,,=S,0S, and Ry, =S, °S,.

Thus, from the product R; , - R, , is also expressed as

ResoRpp =(5,28)o(S,0S,)=S, S, . This means if m//n, then the product
S, oS, will be a translation and so is R, , o R,, . If the lines m and n

intersect at some point, then S, oS_ will be a rotation about their intersection
pointand so isR; , o R,,.

Therefore, this observation is summarized by the following theorem.
Proposition 3.18 (Characterization of products of rotations):

Let R,,and R, ,be two rotations about different centers Aand B. Then, the
product Ry , R, , is a rotation if and only if 8+ gis not a multiple of 2z and it

IS a translation whenever 9+ gis a multiple of 2z . Since the proof of this
theorem needs some sketch pad construction, it is omitted.

Any way, the important result that the theorem tells us the product of two
rotations is either a rotation or a translation and in general the product is not
commutative.

Proof: (Follows from the general formula of rotation)
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Problem Set 3.7

1. Let l:y=2x+1, m:y=2x-3 and n:y:—%x. Find the image of (1,1) by

the composite reflections S, oS, and S, oS, . State the procedure you followed
21 3

_ Answer :S oS, (11) = (— ——) S, 0S,(1L1) = (—— ——)
in each case.

2. Letl be a line through the points (-1,-9),(4,1) and m be a line through the
points (6,2),(5,5). Find the center and angle of a rotation p., such that

SneS =pcy,. Answer:C= (gg) 0—5

3. Let Ibe y=xand v be vectorv=(2,-2). Find line msuchthat T, =S,-S, .
4. Let T(x,y)=(xy+2).Find two lines I, msuch thatT =S, - S, .

5.Let l:y=2and m:y=5.Show that S,-S_ =T, where v=(0,-3).

6. Let 1and m be any two parallel lines. If S_ oS, (1,2) =(7,-8), calculate
S,0S,,(34). Answer :(-314)

7. Let | bethe line y=5.Find line m suchthat S-S, =p

(357

Answer :m:y =x+2
8. Giventhe lines I : x+y=3and m:y=x+1. Express S, oS, using a single
rotation p ,. Answer :S, oS = p., where C=(1,2),0=r
9. If m LnsuchthatS, -S,(12)=(56), then findS_ -S, (3-4) .

Answer :S_ oS (3—4)=(312)
10. Let 1and m be any two perpendicular lines intersecting at the point (2,3),
calculate S, oS, (-2,7) and S, oS, (-2,7). Are the results equal? Why?

Answer :(6,-1)
11. If A=(2,-4),find equations of lines m and n such that(0,-3) ison m and
A=95,0S. Answer :n:2x—y—-8=0,m:x+2y+3=0

12. Let |be the line x=3and P e R?be the point (5,4). Show that S, oH,is a
glide reflection by finding the axis of the glide reflection and the glide vector.
13. Given a line m:y=x+3. Find the equation of line Isuch that

a) pcgp=9S,°S, where C=(710),0=x/2 b) S, oS, =H, where P =(2,5)

c) S, oS, =T. where v=(3-3) d)S,()=IwithP=(2,7) ¢l
Answer:a)l:y=10 b) I:'x+y-7=0 c¢)l:x-y+6=0 d)I x+y—-9=0
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3.8.2 Product of Reflections on Three Lines

Case-1: When the three lines are concurrent

So far, we discussed that the product of reflections on two intersecting lines is a
rotation. But what will be the result if the product of reflection is on three
concurrent lines ( on three lines intersecting at a single point). This is what we
are going to address in the next theorem.

Theorem 3.11: Let m,n, pbe lines intersecting at a point C.Then, there is a
line gthrough C sothat S oS oS =S,.

Proof: Since mand nare intersecting lines at a point C, S, oS_is a rotation

pec , Where the angle between mand n s g.

Now, suppose qis a line through C such that the angle between pand qis g

(this is supposition or assumption of line qis possible by angle construction
postulate). Then, S oS = pc,.
S0, pcy=S,°S,and p., =S, S, imply that
S,08,=5,°8S,
=S,08,05,=8,05,08S,
=S,08,05,=5,0i
=S,08,05,=5,
From this theorem, we can conclude that the composition of reflections on

three concurrent lines is again a reflection on a line through the same point.
Case-11: When the three lines are parallel

So far, we discussed that the product of reflections on two parallel lines is a
translation. But what will be the result if the product of reflection is on three

parallel lines.
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Theorem 3.12: Let I,m, and n be three parallel lines in a plane. Then there is a
unique line p parallel to the given lines I, m, and nsuch that S oS oS =S.
Equivalently S oS, =S -S,.

Proof: Since Iand m are parallel lines, from Theorem 3.10, S, S, =T, , where

v is perpendicular to both land m. Similarly, as nis parallel to land m, v
is also perpendicularto n.
Again, by the converse of theorem 3.10, there exists line p parallel to the
given line nsuchthat T =S S . Thus combining the two results, we get
SneS(Q)=S,5,(Q), for any point Q
= (5,°8)°5,(Q) =(S,°5,)°S,(Q)
= (S,°5)°5,(Q) =S, (S, °S,)(Q), because composition is associative
= (S,,°5)°5,(Q)=5,(Q),because S, oS, =id, for any reflection S,
=S, 0808, =S,
From this theorem by considering one additional line q like that of p, we can
state a useful corollary.
Corollary 3.4: Let I,m, and n be three parallel lines in a plane. Then there exist
unique lines p and q parallel to the given lines I, m, and nsuch that
SpoS =S,°S,=S,08,
Proof: Consider the diagram below and look for the lines pand g from the

equation S, oS =S oS =S oS (This equation actually has unique solutions

for pand q).
‘ 4m .tp .tn - o
- 1 1 M - 1 -
L rA P N Q K
Figure 3.12
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Let Pand Qbe unique points on line ksuch that the products of the half turns
with centers L, M, N, P, Q are |equal as follow:

Hy, eH =H,oH, =H,oH,.But, we know that a unique line can be drawn
through a point on a given line perpendicular to the line. So, let’s drop line p
through P and line qthrough Q both perpendicular to line k .

Now, 1/m=S_oS =H, oH_,
nflp=S,oS,=HyeH,and q/n=S8,0S =HyoH,.

Combining these and our previous relations H,, cH =H oH, =H,oH, we
get S, oS, =S, oS, =S, ¢S, . From the first equality, S oS, =S, oS we have

S,°S, ¢S, =S, and from the second equality
S,0S =S,0S,,weget S oS oS =S,.

Remarks: The uniqueness of p and g is shown from the fact that reflections

on two lines are equal if and only if the two lines are equal.

That means S, =S, < n=m.
So, if we assume there is another line h for which S oS =S -S,. Then,

S,°S,=S,05,=5,05,05,=S,05,05, =S, =S, = p=h.
Examples: Given the lines | : y = 2x+5, m:y=2x+%, n:y=2x-5. Find the

lines p and g parallel to the given lines such that S oS, =S oS =S, -S,.

Solution: To do this problem, we use the analysis followed in the proof of the
above corollary. Since the given lines are parallel, take any line k
perpendicular to the given lines but the line kshould be simple for analysis.

Let k be the line k:y=—%x.

(Note the problem can also be done using any other line without affecting the

solution for p and q). Now find the pointsL, M, Non the lines I,m, andn

respectively which are the intersections of line k with these lines.
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Intersection of landk:
y:2x+5:—%x:gx:—5:>x:—2, y=1=L=(xYy)=(-2)

Intersection of mand k :
1 1 5 1 1 1 11
=2X+—=——X=>X=——2X=——, Yy=—=>M=(XY)=(-=,—
y 2 2 2 2 5 y 10 (% ¥) = 510

Intersection of nand k :

)

y=2x—5=—%x:>gx=5:>x=2, y=-1=N=(xy)=(2-1)

Now determine two points Pand Qon line k which are the intersection of the
lines p and g with k respectively (as labeled in figure 3.12) such that

Hy oH_ =HyoH, =HgyoH,.

Let P =(a,b)and Q =(c,d).But, for any point(x, y),

18 9
HyoH (Xy)=X+—,y—=
weHL(y)=(x+ =y =)

HyoH (X, y)=(x—2a+4,y—2b-2)
HooHy (X, y)=(x+2c-4,y+2d +2)
Thus,

Hy o H (X, y)=Hy oHp(x,y):>(H?,y—g)=(x—2a+4,y—2b—2)

:>x+%=x—2a+4, y—g:y—Zb—Z

:>azl,b=—i
5 10
1 1
P=(a,b)=(=,——
= P =(a,b) (5 10)

On the other hand, using the second equality H, cH =Hj,oH,
Hy o H_ (X y)=H, oHN(x,y):>(x+%,y—§)=(x+2c—4,y+2d+2)

:>x+§:x+2c—4, y—§:y+2d +2

19 19
Sc=—, d=-2
5 10

19 19

=Q=(cd)=(=-=

Q=(c,d) (5 10)

Since the lines p and qare parallel to the given lines, then they are also

perpendicular to line k.

Prepared by Begashaw M. 155



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Thus, we are required to determine lines p and q through points Pand Q

which are perpendicular to the line k at these points of intersections.

p/ll= p:y=2x+b.But ppassesthrough P = (%,—%), then

y=2x+b:>—i=3+b:>b=—1.Hence, line pis found to be p:y=2x—1
10 5 2 2

Similarly, gis a line through Qand perpendicular to line k and parallel to the

lines. Thus, it has the form q:y:2x+c:>—%:§+c:>c=—%.

5

Hence, line qis found to be p:y= 2X—%. In this solution the choice of line

k is arbitrary, one can choose any other line perpendicular to the given lines
and gets the same result but the choice of line kshould be in such a way that
one can calculate the points of intersection easily.

Case-111: When the three lines are neither parallel nor concurrent

Theorem 3.13: Let I,m,n be neither concurrent nor parallel lines (two may be
parallel). Then, S, oS, oS, is a glide reflection.

Proof: To prove that S oS_ oS, is a glide reflection, it suffices to find a line
pand a vector vwith v/ psuch that S oS oS =T, S . Since all the three

lines are not parallel assume that m and n intersect at P. (Refer figure 3.13a).

\._

<)

Figure 3.13

Besides, I,m,nare not all concurrent, | does not pass through P. So, let k be a

line perpendicular to | through P. Here, m,n,k becomes concurrent at P.
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Thus, by theorem 3.11, there is a line tthrough Psuch that S, oS oS =S,
which in turn implies S, oS =S, S, . Again let Qbe the intersection of kand
I. Ask L1, we have S, oS, =H, (because composition of reflections on two
perpendicular lines is a half turn about their intersection). Now, construct line
p perpendicular to tthrough Q and line g through Qparallel tot. Sincet//q,
there is a vector v perpendicular to lines tand qsuch
that S-S, =T,. Hence, combining these results above
$,°8,=5,°S,, S, oS, =Hyand S, S, =T,, we get,
S, 0S 0S5, =508, 08,
=S, o H,
=S,08,°8,
=T,08,
But, from our construction,v Ltand p Lt implies v/ pwhich shows that
T,oS,is a glide reflection. Therefore, S oS oS =T oS implies that
S, oS, oS, is a glide reflection. In this theorem, the lines I,m,nare neither
concurrent nor parallel (of course two may be parallel).
If 1/mand nis perpendicular to land m, then S_oS;is atranslationand S, is
a reflection, so the product S, oS, oS, is called glide reflection and line nis
known as the axis of the glide reflection.

Corollary 3.5: Let I be any line and Pbe apointnoton |. Then, g=H, S,

is a glide reflection.
Proof: Since P 1, consider line nthrough P perpendicularto Iand line m

perpendicular to line nat P. See figure 3.13

Figure 3.13
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Now, m_Lnand n_Llgives S, oS =H,(Because product of two reflections
on perpendicular lines is a half turn about their intersection). So,

g=H,0S, =S, oS oS, .But I,mnare neither concurrent nor all parallel from
theorem 3.11 S, oS, oS, is a glide reflection and so is H, oS, as they are
equal. From figure 3.13, one can also easily verify that

g=S,05 0S5, =Hy0S, =SS oS =S oH,using the fact that product of
two reflections on perpendicular lines commute and is a half turn through their
intersection. In general, for 1/m, g=H,-S =S, oH,is a glide reflection if
and only if Qeland P em. This shows that glide reflection is the product of

three reflections on three neither parallel nor concurrent lines,
Or the product of a half turn and a reflection in either order where the center of

the half turn is not on the line like as Por Qabove, Or the product of a

translation and a reflection in any order where the translation vector is parallel
to the line of reflection.
Examples:

1. Let mand nbe parallel lines through M and N where M = (1,8)and nis the
line y—-x-1=0. If g=S,oH, =H, S, is a glide reflection, find the
equation of H, , the axis of gand line m.

Solution: From corollary 3.5, g=S,oH,, =H,-S,is a glide reflection
whenever M em, Nenand the axis of gpasses through Mand N

perpendicular to the lines mand n. Now, m//nimplies the slope of M is 1 so

then m:y=x+b. But, Mem=8=1+b=b=7=m:y=x+7.
On the other hand, the axis of g is perpendicular to M implies the slope of the
axis of gis -1 and thenl:y=-x+c. But, the axis also passes through

M = (1,8) which impliesthat | :y=-x+c=8=-1+c=c=9=1:y=-x+09.
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Similarly, this axis 1:y=-x+9which is perpendicularto M at M is also

perpendicular to nat N . That means N is the intersection point of
n:y—-x-1=0andl:y=-x+9.

S0, y=x+1=-Xx+9=>x=4=N=(x,y) =(4,5).

Hence, H (x,y) =(8—-x10-Y).

2. Let I bethe line y=0and AeR?be the point (0,-3). Show that H, -S,isa

glide reflection by finding the axis of the glide reflection and the glide vector.

Solution: Let (x, y)be any point so that H,(x,y) =(—x,—y—6), S, (X, y) = (X,—Y)

Then, H, oS, (% Y) =H o (X,=Y) = (=X, Y =6) cereeriiiiiiiiieeeeeane )

Here, take the line m: x =0and the vector v = (0,-6).

Thus, S, o T, (X,¥) =S,,(X,y=6) = (=X, Yy =6) =T, S (X, ¥) ceververenrerirannnnn (i)

Combining (i)and (i), we get H, oS, =T,oS,. Besides, m//v and then
T, oS, is a glide reflection by definition.

Therefore, H, oS, =T, oS, implies H, o S,itself is a glide reflection with axis
m: x =0and a glide vector v = (0,-6).

Theorem 3.14: If fis an isometry with exactly one fixed point C, then
f =S, 0S,, where mand nare lines intersecting at the point C.

Proof: Suppose f is an isometry that fixes only the point C.Let P be a point

different from C, such that f(P)=P'and let m the perpendicular bisector of

the segment PP".

Figure 3.14 9
EP=P*

Since f isanisometry f(C)f(P)=C'P'=CP'=CP =CP'.
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This means Cis at equal distance from the two end point of the segment PP'.
So, Cison line m (because if a point is at equal distance from the end points of
a line segment, then it is on the perpendicular bisector of the segment.). Thus,
S,(C)=Cand S, (P')=P. Then, S, - f(C)=S,(C)=Cand
S_of(P)=S_(P)=P.

This shows that S_ o f fixes two different points Cand P .

So, S,,of=ior S, of =S, where nisthe line

through the points Cand P. But, S o f #ibecause if S o f =i, then f will
have more than one fixed point which contradicts from the hypothesis that f
has exactly one fixed point. Thus, S, of =S = f =S oS where mand n
are lines intersecting at the point C . This theorem guarantees that whenever an
isometry has exactly one fixed point, it is a composition of two reflections by
lines intersecting at the fixed point of the isometry. In what follows we are

going to consider one of the fundamental theorems which is useful in the

classification of isometrics.
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3.8.3 The Fundamental Theorems of Isometries

Theorem 3.14 (The First Fundamental Theorem of Isometries):
Every isometry can be expressed as a composition of three or fewer reflections.
Proof: The identity map is one of the isometrics which is the composition of

two reflections, any reflection with itself. Thatis i=S, -S,. Now, let f be any
isometry different from the identity. Then, there is some point P which is not
fixed by f.Let f(P)=Q, P=Q. Let mbe the perpendicular bisector of PQ.
Then, by definition of a reflection S, S, (Q)=P.

Then, Q=f(P)=S, o f(P)=P.So, Pisthe fixed pointof S_ o f(P).

If S, o f(P)has other fixed points besides P, then it must be either a reflection
S, which in turn implies S o f(P)=S, =S, oS, of=S oS =f=S_ oS,
which is a product of two reflections or the identity in which case
S, o f=i=f=S,_ which is a reflection.

On the other hand, if S, o f(P)has only Pas a fixed point, then by theorem
3.12, there are lines land n intersecting at P such that

S,of=S0S, =S, ,0S of=S 0SS = f=S, oS oS whichisthe
composition of three reflections. Besides, f =S, oS, oS, will be reflection or

glide reflection based on the relation of the lines. Thus, in any of the above
cases, any isometry can be written as a composition of one, two, or three
reflections. As we see from Theorem 3.14, reflection is the building blocks of
all isometries. That means every isometry can be expressed as a product of one,
two or three reflections.

Theorem 3.15: Any isometry of the plane is a reflection, rotation, translation
or a glide reflection.

Proof: Apply the above Theorems
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Theorem 3.16 (The second Fundamental Theorem of Isometries):

If A B,Care three non-collinear points, and A',B',C' are also non-collinear
such that A'B'= AC, A'C'= AC, B'C'=BC, then there exists a unique isometry
that maps A to A, Bto B'and CtoC'. Besides, this isometry can be
expressed as a product of at most three reflections.

Proof : This theorem has two parts to be proved: Existence and Uniqueness.
Existence: Construct line kas the perpendicular bisector of Aand A'. Then

S, (A)=Aand S,(B)=P. If P=B', consider a line Iwhich is the

perpendicular bisector of Pand B'. Then, S,-S,(B)=S,(P)=B.

Figure 3.17

Claiml: S,-S,(A)=A. Here, S,(B)=Pand S, (A) = A'which implies that
A'P=AB. Besides from the hypothesis, B'A'=BA Combining these two
relations we get B'A'=PA'. This implies that B'and P are equidistant from A’
which means A' is on the perpendicular bisector of P and B'. But this line is |
and hence A" ison |.Thus, S,-S, (A)=S,(A)=Aand S,-S,(B)=S,(P)=B.
Now consider, S, (C)=Rand S, oS, (C)=S,(R)=Q. If Q=C', the proof is
complete. However, suppose Q = C'.Consider line m through A'and B’
Claim Il: S, (Q) = C'.From the hypothesis, A'C'= AC and from S, (C) =R,

S, (A)=A", weget AR=AC. Similarly, S,(A")=Aand S,(R)=0Q gives
AQ=AR

Prepared by Begashaw M. 162



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

By combining these three equalities, we obtain AQ = A'C'.
This implies that A'is equidistant from the end points of the segment
determined by QandC'. So A'is on the perpendicular bisector of the segment

C'Q. Similarly, from S, oS, (B)=S5,(S,(B))=S,(P)=B" and
S,°S,(C)=5,(5,(C))=S,(R)=Q, we have B'Q=BC .

Again from the hypothesis B'C'=BC. Thus, B'Q=B'C' which implies that
B' is equidistant from the end points of the segment determined by QandC'.
This in turn results that B'is on the perpendicular bisector of the segmentC'Q.

Hence, both A'and B'are on a line which is the perpendicular bisector of the
segmentC'Q and this lineismsothen S, (Q)=C".

As a result,
SneSi oS (A) =S, 5 (A)=S,(A)=A
SpeSi°S(B)=S,°5/(P)=S,(B)=8
SpeS05,(C)=S5,°5(R)=5,(Q)=C

Therefore, there exists f =S, oS, oS, which maps the three non- collinear

points A, B,C into three non-collinear points A',B',C'.

The second part of the proof is to show that this isometry is unique. Since,
A, B,C are three non-collinear points, the uniqueness follows from Theorem

3.1. Thus, the proof is complete. Here, give attention on how to find such lines
m, I,k which satisfies the given conditions.

a) Line kis the perpendicular bisector of Aand A’
b) Line Iis the perpendicular bisector of B'and S, (B)

c) Line mis the perpendicular bisector of A'and B'
Example: Given AABC = ADEF where the vertices are

A=(0,0), B=(50),C=(010) and D=(4,2), E=(1-2), F =(12,-4).
Find equations of lines such that product of reflections on these lines takes
AABC to ADEF .

Solution: Follow the procedure in the proof of the above theorem.
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Problem Set 3.8

1. Given the three lines| :x:%, m:x=2,n:x=5. Find a line p parallel to these

lines suchthat S oS oS =S . Ansvver:p:x=%

2. Let m be the x-axis, nthe y-axis and pthe line y=x. Find the line g such
that S oS oS =S, . ANswer : q:y=-x
3. Let I:y=3x+20and m:y=3x-10. Then, find a translation T with
translator vector vsuch thatsS, oS, =T,.
Answer : T, (x,y) =(x+18,y—6)
4. Giventhe linesM :y=0, n:y=2x, x=0. Find line gsuch that
a) S, =S,°S,08,

b) S, =S, S, °S,
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3.9 Equations of Orthogonal Transformations in Coordinates

In the previous sections, we have studied about types of isometries and their
properties.
Now let’s summarize and generalize their equations using coordinate geometry.
Equation of Rotations: Equation of rotation about any center C = (h,k) with
angle of rotation ¢ is given by o (x,y)=(x',y') where
{x'z (x—h)cos@—(y—k)sin@+h
y'=(x—h)sin@+ (y—-k)cosé +k

X'=Xcos@—ysinf+c

Expanding these equations gives .
X'=xsind—-ycosf+d
Now, by letting a=cos@, b=sing, a*+b* =1, these equations can be reduced

X'=ax—by+c

,a’+b? =1
y'=bx+ay+d

to the form {

Here, ifo = 22n, ne z, then
a =cosd, b =sin @ = a = cos(2zn) =1, b = sin(2zn) = 0 and the equations become
X'=X+C ) . .
{ . which are the general equations of a translation.
y'=y+d
Otherwise, for @=2m, a=cos@, b=sin = a=cos(2zm) =1, b =sin(2zm) =0,
the equations are equations of a rotation.

X'=ax—by+c

, a® +b? =1are the general
y'=bx+ay+d

Consequently; the equations {

equations of a translations and or rotations.
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3.10 Equations of Even and Odd Isometries

Definition: Even isometry is an isometry that can be expressed as a product of
even number of reflections. On the other hand, an isometry that can be
expressed as a product of odd number of reflections is said to be odd isometry.
Translation and rotations are even isometries while reflection and glide

reflection are odd isometries.
3.10.1 Equations of Even Isometries

We discussed above that only translations and rotations are isometries that can
be expressed as a product of even number of reflections. Thus, for any even
X'=ax—-by+c ,

,a®+b% =1.
y'=bx+ay+d

isometry, its equations are of the form{

3.10.2 Equations of Odd Isometries

Any odd isometry is a product of odd numbers of reflections. In other words,
any odd isometry is a product of even isometry followed by a reflection on any
liner. Now, let g be any odd isometry. Then, for any linei, S, -3 becomes
even isometry where as S, .S, o #is an odd isometry. For any point (x,y),

taking the line 1to be the x-axis (in particular, since it works for all), we get
S, (x,y) = (X', y') = (x,—y) . Hence, equation of the odd isometry « becomes,
(X, y) = B(x,y) =S, (S, 2 B)(xY)

=S, (ax—by+c,bx+ay+d)

= (ax—by+c,—[bx+ay+d])
Thus, the general equations of any odd isometry p becomes A(x,y)=(x',y")
X'=ax—by+c

,a’+b* =1
y'=—{bx+ay+d]

where {

Since no isometry is both even and odd, the above two equations (equations of
even and odd isometries) constitute the equations for any types of isometries.
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Theorem 3.17 (The generalized equation Theorem for Isometries):
Let (x,y)be any point. Then, the general equations for any isometry gis given

X'=ax—by+c

, a’+b® =1
y'=t[bx+ay+d]

by B(x.y)=(x',y") where {

The plus sign is used when we assume that gis an even isometry and the minus
sign is applied when we assume that g is an odd isometry. Conversely, any
equations of this form are equations of isometries.
Examples:
1. Let pDbe an isometry whose equations are given by A(x,y) = (x',y') where
{x':—§x+§y+4
y'=§x+gy-2
Determine whether A is an even or odd isometry.
Solution:

X'=ax—hy+c

,a’+b? =1
y'=+[bx+ay+d]

From equations of isometries, we know that {

Equate the general equations and the given values of x'and y'. This gives,
{x'=ax—by+c=—§x+§y+4
y'=tbx+ay+d]=2x+3y-2

So, X=ax—-by+c=-3x+iy+4=>a=-% b=-¢,c=4

Using these values, we obtain d from the equations of y'as follow.
y'=4bx+ay+d]=H-ix-2y+d]=2x+3y-2

To solve these equations we have two options either to use the plus sign or the

minus sign. If we use the plus sign the equation becomes
—ex—3y+d=¢fx+iy-2=>-¢4=%¢, -2=2 d=-2(byequating

coefficients) which is absurd (impossible!). If we use the minus sign the

equation becomes Ex+3iy-d=¢x+iy-2=¢=4%3=2%d=2(by equating

coefficients)

which is the only logical option.
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Now, using the valuesa=-2,b=-%,c=4,d =2,

{x =-3x+iy+d=ax-by+c
we get
y'=2x+3y-2=—bx+ay+d]
But from our previous discussions, these are equations of odd isometry and
hence g is odd.
2. Let pBbe an isometry whose equations are given by A(x,y) = (x',y') where
X'=-5X=5Y+3
{V=%X—%y—%
Show that g is an even isometry and conclude that g is a rotation and find the
center of the rotation.
Solution:
An isometry gis even if and only if its equations are given by
{x'z ax—by+c atab? 1
y'=bx+ay+d
Inour case, x'=ax—by+c=-3x-24y+2=a=-% b=%,c=4% and

y=bx+ay+d=£2x-$y-2=d=-2.

Hence, the equations of A become { '

But, these are the forms of an even isometry and thus gis even. Since the only
even isometries are rotation and translation, B must be arotation because as
we see from its general equation, B cannot be a translation. Now, if Ais a
rotation withcenter C = (h,k), it must satisfy the equations
X'=ax—by+c=xcosd—-ysind+c
{y'z bx+ay+d =xsin@d+ycosé+d
From which we can get the equations to determine the intersection point
h(1—cosé)+ksind=c
—hsin@+k(l-cosf)=d
Thus, hand kcan be solved as follow.
hl+2)+k()=£=2h+k=1=k=1-2h
~h(&) +k(1+3)=-2=2h-4k=1
— 2h—4(1-2h) =1
=h=1, k=1-2h=k=0
=C=(hk)=(40)

C = (h,k) which is given as {

Prepared by Begashaw M. 168



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Alternatively, one can also solve the values of hand kfrom the equation that
we derived earlier using a=cosf@=-2 b=sind=¢ r=%t=-2in the
equations we will get the same results.

r sin@ 4 H 2 1 1
—— t—>7 _5 2 e e
2 2(-cos®) 72 *21+3%) 5 10 2
t sing =2/ 4 3 11
2 2(-cosf) /2 521+3) 5 5

= (h,k) =(£,0)
Hence, we conclude that £ is a rotation which is the product of two
reflections on lines intersecting at the point (£,0).
3. Let abe an isometry with «(0,0)=(2), a(l,-1) =(10), «(2,3)=(51).Then
find the equations of « .
Solution: Let A=(0,0), B =(1,-1), C =(2,3), A'=(21), B'=(1,0), C'=(5,)).
Clearly, A, B, Care non-collinear and so are A", B', C'. But we know that there

IS a unique isometry that takes three non-collinear points into three non

collinear points. Now, let this isometry be given by a(x,y)=(x",y') where
'=ax-b i
X=ax=bye such that the constants a, b, ¢, dare to be determined from the
y'=bx+ay+d
given points and their images.
So, a(A)=a(0,0)=(21) =>a0-b0+c=2h0+al0+d=1=c=2d =1.
Using these valuesc=2,d =1, the equation of «becomes a(x,y)=(x,y")
where {x:ax—by+2
y'=bx+ay+1

Again, a(B)=a-1)=@0) =122 - 1 a0
, = ,— = s f— f— =—1 =
g “ “ b-a+1=0

X'=y+2

Hence, a(x,Y) :(x',y')where{ :
y'=-x+1

If we use the minus sign, in the general equation we get the same result.

4. Let B(x,y) = (x',y') where {Xl: —X—dy+4
y'=4x-3y -2
Verify that gis not an isometry.
Solution: If the equations of grepresent equations of an isometry, it must
satisfy the following equations:

B(x.y) = (x',y") where {X': ax—by+c

, a’+b? =1
y'=+Hbx+ay+d]
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But, x=ax-by+c=-3x-4y+4=>a=-3,b=4,c=4=a’+b*=25=1.
Hence, the equations of B does not represent equations of an isometry and thus
£ 1s not an isometry.

Theorem 3.18: The product of any two even or any two odd isometries is even
and the product of an even and odd isometries is odd isometry.

Proof:

Let «and B be any two even isometries given by the following equations.

X'=ax—hy+c

,Y) = (X', y')where . a’+b?=1

a(%y)=(X.y) {y':bx+ay+d "

B Y) =(X',y')Whelre{X.= WEVEP 2 nz oy
y'=nx+my+q

We need to show that the product o «is also a direct similarity.
For any point (x,y), Boa(x,y) = B(x(x,y)) = (X", y") where
X"'=mx'-ny'+p
=m(ax—by+c)—n(bx+ay+d)+p
=(ma—nb)x—(mb+na)y+mc—nd + p
=tx—ly+r, witht=ma-nb,l=mb+na,r=mc—-nd+p
y''= nx+my'+q
=n(ax—by+c)+m(bx+ay+d)+q
=(na+mb)x+(ma—nb)y+nc+md+q
=IXx+ty+s, with s=nc+md+q
Now, these equations to be equations of isometries, we are left to show
that t? +1% =1. But,
t? +1° = (ma—nb)? + (mb + na)®
= (ma)® — 2abmn + (nb)? + (mb)* + 2abmn + (na)®
= (ma)® + (na)’ + (mb)? + (nb)?
=m?(a*+b?*)+n*@*+b?
=(m? +n%)(@*+b*) =1, since a® +b* =1, m* +n®* =1
=t +1? =1.

X'=tX—-ly+r

Hence, Soa(x,y) = Ba(x, y)) = (x',y")where { t?+12=1

y'=IX+ty+s’

But these are equations of an isometry obtained by applying the plus sign in the
general equation of isometries (Theorem 3.17).

Hence, Boalis an even isometry whenever «and pare even isometries. The
other part follows similarly.
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3.11 Test for Type of Isometries

From the observation on the type of isometries and their effects on orientation,
let’s develop a simple test for the type of isometry « from the image of three
non-collinear points. Given three non-collinear points P,Q,Rand their images
P'=a(P), Q'=a(Q), R=a(R). We need to determine whether « is a
translation, rotation, glide reflection or reflection. Since an isometry maps any
three non-collinear points in to non-collinear points, P', Q', R'are non-collinear
points. Now, take APQR and AP'Q'R'and determine their orientation. We know
that the orientation of APQRis determined from det(P—Q,ﬁ)and that of
AP'Q'R' from det(ﬁj‘,P'—R').

Test-1: If APQR and AP'Q'R" have the same orientation, then « is orientation
preserving isometry. Thus, «is either a translation or a rotation (Because

translation and rotation are the only types of orientation preserving isometries).
Furthermore, to determine whether « is a translation or a rotation, find the
vectors PP, QQ', RR'. If PP'=QQ'=RR', then « is a translation, but if they
are different, « is a rotation.

Test-11: If APQR and AP'Q'R' have different orientation, then « is orientation
reversing (changing) isometry. Thus, «is either a glide-reflection or a
reflection (Because glide-reflection and reflection are the only types of
orientation reversing (changing) isometries). Furthermore, to determine
whether « is a reflection or glid-reflection, find the equation of the reflecting
line using any of the points and its respective image.

If all the points are reflected on the same line, then « is a reflection,

otherwise it is glide-rflection.
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Example: Suppose « is an isometry which maps APQR into AP'Q'R'where the

vertices of the triangles are

S LS AT WEA R W

Determine whether « is a translation, rotation, glide reflection or reflection
and find its equation. Based on the type of «, find the translator vector, center
and angle of rotation or line of reflection.

Solution: To apply the above test, first determine the orientation of APQR and

AP'Q'R'.The orientation of APQR is determined from det(ﬁj,ﬁ)where

s —— 8 .. . .
det(PQ, PR):‘ s 6‘ =50 > 0.Hence, APQR has positive orientation.

Similarly, the orientation of AP'Q'R' is determined from det(@, ﬁ) where

—— — 4 6 . ..
det(P'Q', P'R'):‘ 3 8‘ =50 > 0 which shows that AP'Q'R'also has positive

orientation. So, we have got that APQR and AP'Q'R' have the same orientation.

As a result, o is orientation preserving isometry. Therefore, «is either a

translation or a rotation. Now, to determine whether « is a translation or a

—_—

rotation, find the vectors PP', QQ', RR'.

. (-5) — (2} — (-7 N —
Here, PP'=| |, QQ'=| |, RR'= . But PP’ ' RR.,
) @y) meis) e

So, « isnot atranslation. As a result, the only option for « to be is a rotation.
Now, determine the equation of « . We know that rotation is an even isometry.
So, we can determine the equation of « from the general equations of even

i . 1 I: _b
isometries « % where X=ax=by+c La’+b%=1.
y y' y'=bx+ay+d

2a+4b+d=3" |-2a+b+d=0

. da-2b+c=-1 f[a+2b+c=3
So, using a¢(P) = P', a(Q) =Q', we get { {
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Collecting equations with like terms gives

4da-2b+c=-1
= 384D =4 (1)
a+2b+c=3
2a+4b+d =3
T AR 30 =3 (ii)
—-2a+b+d=0

Multiplying equation (i) by 3and equation (ii) by 4 yields

9a—-12b=-12
=25a=0=>a=0,b=1

16a+12b =12
Substituting these values of aand bgivesc=1d =-1.

: ' '=—y+1
Therefore, the equation of o becomes a[xj = (X) where {XI s
y) Yy y'=x-1

Since « s arotation, our last task is to find the center and angle of the rotation.
But, in the general equation of isometry, we know that a=cos@, b=sing
where @ is the angle of rotation. Thus, cos@ =0, sind@=1= 6 =% . Besides, the
center of rotation C = (h,k)is given by

d r 11
=—+ =——+—=0.
2 2tan¢ 2 2

_¢_ d
2 2tang

=1+l:1, k
2 2

As aresult, «isa rotation with center C = (1,0) and angle of rotationé=7r/2.
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Problem Set 3.9

1. Suppose R, is a counterclockwise rotation with center C = (h,k)whose

10
33(/) Find the angle and center of this rotation.

X'=
equations are given by {

Answer : (h,k) = (20,-10)
2. If 2x'=+/3x— y+14—44/3 and 2y'= x++/3y +8—6+/3 are equations of a
CCW rotation, then find the center and angle of the rotation.

Answer :C =(4,6), € =
3. Suppose a(XJ = {24ax+3§ y+7j Is an odd isometry.Then, find the value (s) of
y) \gX+5y->5

the constant a. Answer :a=-3/10
4. If a[xj [3px+13 yJ is an isometry, find the value (s) of the constant p.

y
Answer : p=-4/13

3x 4y 4x 3y

5. Ifx'= c and y'= = are equations for a reflection S, , then find

equation of linem . Answer :m:x =2y

6. Suppose « is an isometry that maps the three non-collinear points

A=(-11), B=(21), C=(-15) into the points A'=(L-1),B'=(4,-1), C'=(13).
Determine whether « is a translation, rotation, glide reflection or reflection
and find its equation.

7. Suppose  g(x,y)= (— —Ey—s—1 —Ex—i +—)|s the equations of a

13° 13 13 13
glide reflection g. Answer :1:2x+3y—-2=0

8. Suppose a(x,y) =(x',y') where x'=ax+by+c and y'=bx—ay+d where

a’ +b® =1. Show that « is an odd isometry.
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Review Problems On Chapter-3

1. Given the lines 1:x+y-6=0,m:x—y—-4=0. Find the center P of a half
turnH,such that S, S, =H,. Answer P =(5])

2. Given a line m:2x—-y+3=0. Find two possible equations for a line | such
that S, (I)=lwith P=(5)el. Answer: 1:2x—y+3=00r |:x+2y-11=0

3. Let 1:2x—3y+1=0and m:4x-6y-5=0. Then find the image of the point

(1,3) by the composite reflection S oS,

4. Let |:y=2v3x+1and m: y:i\/_x-}-%,ShOW that for any point (x,y),
3V3

S, oS, (xy)=(x,y) where |* 2" 27 13
y'=——X+=-y———
5 Let l:y=ax, a=0and m:y=bx, b=0.If the angle measured from [to m

X'= X C0s 26 + ysin 26
IS 6,then S, oS, (x,y)=(x",y")where | y'= xsin 20 — y cos 20

6. Let l:ax—y=0and m:cx+y=0.If ac=1, calculate S-S, (10,~12).
Answer :(-10,12)

7.True or False? If f =S oS and f =S, oS, then n=land m=t.

Answer: False
8. Let l:y=3x+20and m:y=3x-10. Then, find a translation T with

translator vector vsuch thats, oS, =T,. Answer : v = (9,-3)

9. Given two lines | and mintersecting at (1,2) . Suppose S, oS, (3,5) = (-2,4).
Then find the acute angle measured from | to m. Answer : 6 =%
10. Let mand n be lines intersecting atC = (2,1). If S, oS, =R_., then find the

equation of line nwhen m:y=x+1.
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11. Let g be a glide reflection with axis I : y = x +1and glide vector v = (11)
Then, find the image of the point (3,2). Answer : (2,5)

12. Let ghe a glide reflection with axis I:x-y+6=0and glide vector
v=(2,2). Then, find the general equation of g and calculate the image of the
point (0,0). Answer : g(x,y) =(y—4,x+8)

13. Let gbe a glide reflection with axis 1:x—y+3=0and glide vector
v =(4,4). Then, find the general equation of g and calculate the image of the
point (0,0). Answer : g(x,y) =(y+1x+7), g(0,0)=(17)

14*, Let mand nbe parallel lines 13cma part. A point Ais 4cm and17cm

from line mand n respectively. Suppose Ais reflected across line m, and then

its image A'is reflected across line n to create a second image A".
Answer :d =26cm

a) Draw the diagram showing the position of A, A', A"and find the distance
between Aand A". b) If the order of reflection is changed, repeat the
problem of part (a).

How do the answers to part (a) and (b) differ?

15. Suppose mand n are two distinct lines. Then, show that
S,°S,(P)=P=Pemnn.

16. Let and m be any two lines. Prove that S, oS =S, S, <l Lm

17. Let mand nbe lines intersecting at P. Show that if mand nare fixed

lines under an isometry «, then «(P)=P.

18. Given two lines land mintersecting at a point(L2)andl:y=x+1 .
Suppose R_R(35) =(-2,4). Find the acute angle measured from | to m.

19.If k//1and k L m, then show that S, (S, S,)=(S,°S,)°S,.

20*. Let «, B, 0 be interior angles at the vertices A, B, C respectively of AABC

(oriented counter clockwise). Show thatR, ,, Ry ,, °Rc 5, =1
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21. Show that non-identity rotations with different centers do not commute.

22. What must be true of two rotations R,,and R, ,if their product R,, R, ,

is a translation?
23. Show that the composition of any two rotations is either a rotation or a
translation.

24. Let R and R,be rotations. Then show that R, oR, o R* o R,"is a translation.

25. Prove that

a) The set of all isometries forms a transformation group.

b) The set of all rotation with fixed center forms abelian group of
transformations.

26. Suppose | intersects the lines m and n so that alternate interior angles are
congruent. Then, using the concept of isometry, prove that mand nare
parallel.

27. Show that the set of all rotations, all reflections, or all half turns does not
form a transformation group. State the reasons clearly in each case.

28. Suppose the lines | and m passes through the origin in R? make angles «

and prespectively with the positive X —axis. Show that R R, =R Where

2(f-a)

R, R, is a reflection on | followed by a reflection on mand R, ,  is a rotation

by angle 2(8 - «)about the origin.
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CHAPTER-4

SIMILARITY TRANSFORMATIONS

4.1 Introduction

Consider a right angle triangle ABC with right angle at C and hypotenuse AB

as in the figure 4.1.

Figure 4.1

If the altitude CD is constructed, we get three similar triangles

ADC, ACB, CDB . Then, using similarity of these triangles we see that there is

proportion of the segments of the hypotenuse AD, DB and the altitude CD

AD DC AC
COD DB CB
If we assign the lengths of these segments as a, b, h in the figure, we get

given by

a_h e _an.
h b

In this explanation, even though the lengths, areas in general sizes of the figure
are different we see that they do have the same shape and the ratio of their sides
remains constant as well.

Such geometric figures which have the same shape and their sides proportional
are said to be similar figures and a transformation which maps one figure in to

a similar figure is known as similarity transformation.
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Definition: A transformation «of the plane is said to be a similarity
transformation if there exists a positive number k such that for all points Aand
B of the plane and their images A'and B', we have A'B'=kAB. That is
a(A)a(B) = AB'=kAB. The constant kis called the coefficient or factor or
ratio of the similarity.

Examples: Determine whether the following transformations are similarity
transformation or not.

a) a:R?> > R*given by a(x,y)=(2x+5,2y —6)

b) B:R?* - R*givenby £(x,y)=(x-1y-3)

c) 6:R?> > R?given by §(x,y) = (2x+33y—-5)

Solution:

a) Clearly, «is a transformation. Now, let A=(a,b)and B =(c,d)be any two

points in the plane R*. Then,
a(A) = A'= (2a+5,2b - 6),«(B) = B'= (2¢ + 5,2d — 6)
— A'B'= B-A'= (2c —2a,2d — 2b)
= A'B'=2AB = A'B'=kAB, fork =2
Hence, « is a similarity transformation with ratio k = 2.
b) Similar calculation here also yields A'B'= AB = A'B'=kAB, for k =1.
So, pis asimilarity transformation with ratio k =1.
c) In this case, A'B'=(3c —3a,2d —2b), AB=(c—a,d —b)= A'B'=kAB, VkeR.
It means there is no positive constant k for which A'B'~kAB.So, & is nota

similarity transformation.
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4.2 Properties of Similarity Transformations

Proposition 4.1: The product of any two similarities is again a similarity.

Proof: Let eand pgbe any two similarities with ratios kand trespectively.
For any two points, A and B, let a(A) = A", «(B)=B'.

Then, goa(A)=p(a(A)=pA(A)=A"and Boa(B)=p(«(B))=pF(B')=B"
Since g is asimilarity with ratio t, it follows that A"B"=tA'B".

Again, as « is a similarity with ratio k, it follows that A'B'= kAB.

So, A'B"=tA'B'=t(kAB) =tkAB. Thus, Ao «is asimilarity with ratio tk .

Proposition 4.2: The inverse of a similarity is again a similarity.

Proof: Let « be a similarity with ratio k.Then, for any two points, Aand B,
A'B'=kABwhere «(A)=A'", a(B)=B'. But, «ais a transformation (Definition
of similarity) implies a(A) = A, a(B)=B'< a*(A)=A, o (B')=B.Thus,
A'B'=kAB < A'B'=ka™(A) a™*(B') < a(A)a(B') = % A'B'< AB = % A'B'.
But for any positive constant k, %is also defined and positive. Hence, o™ isa

similarity transformation with ratio %Whenever a is a similarity with ratio k.

Therefore, for any similarity « with ratio k, A'B'=kABif and only if
AB =%A'B' if and only if o« is a similarity transformation with ratio %

Proposition 4.3: A similarity maps triangles in to similar triangles.
Proof: Let «abe a similarity with ratio kand let AA'B'C'be the image of
AABC under « . We need to show that AA'B'C'~ AABC , where
a(A)=A, a(B)=B', a(C)=C"
C ¢

A B Al B'
Figure 4.2
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Since « is a similarity with ratio k , it follows that

AB'

A'B'=kAB = k
AB

A'C':kAC:ﬁ:k :AB _ACT_BC =K.
AC AB AC BC
B'C'=kBC = = —k
BC

This shows that the three sides of the two triangles are proportional. Hence, by
Side-Side-Side similarity theorem, we get AA'B'C'~ AABC .

Here, AA'B'C'~ AABC in turn enables us to infer that the three interior angles of
AABC are congruent to the three interior angles of AA'B'C'(Because
corresponding angles of similar triangles are congruent).

So, the three interior angles of AABC are preserved and this will enable us to
state the following immediate corollary.

Proposition 4.4: Any similarity preserves angles.

Proof: Immediate from proposition 4.3.

Proposition 4.5: Any similarity preserves co-linearity, between ness and mid
point.

Proof: Let abe a similarity with ratio kand let A B, Cbe three collinear
points where Bis between Aand C. Then, AB+BC = AC since B is between
AandC. Now, whenever a(A)=A', «(B)=B', «(C)=C', we have that
A'B'=kAB, B'C'=kBC, A'C'=kAC. As a result,

A'B+B'C'=kAB+kBC =k(AB+BC)=kAC=AC'= AB+B'C'=AC'

But, this is true if and only if the image points A', B', C'are collinear and B'is
between A'and C'. Besides, if Bis the mid point of Aand C, then

AB =BC = A'B'=kAB =kBC = B'C'which implies B'is the mid point of A'and
C'.This result tells us that the images of any three or more collinear points are
again collinear. If we consider, the proposition in detail, it further implies that

any similarity is a collineation.
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Because if A', B'are the images of the points A, Bon a line 1 ,then for any
other point Pon I, P'is on a line determined by the image points A', B'(As
similarity preserves co linearity and between ness). Thus, one can use those
ideas together in order to conclude that the image of a line under a similarity is
again a line.

Theorem 4.1: A similarity with at least two fixed points is an isometry.

Proof: Let « be a similarity with ratio ksuch that «(A)= A, a(B)=B. By
definition of similarity, for any two distinct points Aand B, A'B'=kAB. Then,
it follows that A'B'=kAB = AB =kAB <> k =1.This shows that for any other
points, P and Q, «(P)=P', «(Q)=Q'< P'Q'=PQ. (Any given similarity has
exactly one ratio). Hence, « is an isometry.

Corollary 4.1: A similarity with ratio of k =1is an isometry.

4.3 Common Types of Similarity Transformations

4.3.1 Isometries

Since for any isometry f, f(A)f(B)= ABfor every pair of points Aand B, it
shows that every isometry is a similarity transformation.

a) Translations

b) Reflections

c) Rotations

d) Glide reflections

All these isometries transformations are similarity transformations.
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4.3.2 Homothety (Homothetic Transformations)

Definition: A transformation is said to be homothety transformation if and
only if for a scalar k = 0,1and a fixed point C it maps every point X to X'such
that X'C =kXC .

Here, the fixed point Cis called center of the homothety and the scalar k = 0,1
is called ratio or factor of the homothety.

Such a transformation is denoted by H . Thus,

He (X)C =kXC = C —H, (X) =kC —kX
= Hc, (X) =kX +(1-k)C

Therefore, for any point X, H¢  (X)=kX +(@1-k)C.
If He, :R* >R*and C=(a,b) eR?, then H. isgiven by H¢, (x,y)=(X,y")

where {x':kx+(1—k)a

y'=ky+(1-k)b
Hence, all such types of transformations are named as homothety and they are
similarity transformations. Such type of similarity transformations are usually
called homothetic similarities.
Examples:
1. Find the equation of a homothety with center (2,4)and factor k=2 and
calculate the image of the point (3,-5).

Solution:

X'=kx+(1-k)a

For any point(x,y), Hc, (x,y) =(x',y") where {y': ky+(1—K)b

X'=2X+(@1-2)2=2x-2

H =(x". V' h
c,2(X1 y) =(x',y') where {y.:2y+(1_2)4:2y_4

He, (X y) =(2x—2,2y —4) . In particular, H,(3,-5) = (4,-14)
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2. A homothety takes the point (11)to (-15)and the point (0,2)to (-4,8).Find
the equation of this homothety.
Solution: Let H. , be a homothety with center C = (a,b)and factor k. Then,
He  (X)=kX+(1-k)C = H_, (x,y) =k(x,y)+(1-k)(a,b)
He, (LD = k(D) +(@—k)(a,b) = (-15) = (k +a—ka k + b —kb) = (-15)
H¢,(0,2) =k(0,2) + 1 -k)(a,b) = (-4,8) = (a—ak,2k + b —bk) = (-4,8)
k+a-ka=-1 k+b-kb=5
{a—ka =-4 {2k+b—kb=8
—k=3a=2b=-1=C=(ab)=(2-1)
Hence, H.,(x,y) = (3x—4,3y +2).
Proposition 4.6: Every homothety is a similarity transformation.
Proof: Let H.  be a homothety. Then, for any two points Aand B,
He (A) = A=kA+(L-k)C, H¢, (B)=B'=kB+(1-k)C
= A'B'=B-A'=kB-kA=kAB
= A'B'=kAB
So, A'B'=kAB for any two points Aand Bwhere H,, (A)=A", H.,(B)=B".
Hence, any homothety is a similarity.

4.4 Representation of Similarity Transformations

Theorem 4.2: Every similarity is the product of an isometry and a homothety.

Proof: Let « be a similarity with ratio kand consider a homothety H_, with

center Cand factor%. From proposition 4.1 and 4.2, H_, o« is a similarity

with ratio %.k =1. But, a similarity with ratio of 1 is an isometry. Thus, let this

isometry be H_, ca = 4. S0,

1
'k

Ho.oca=f=HcoH  oa=Hc,op

1 1
"k "k

:>i°0‘:Hc,k°ﬂ' HC oHC,k:i

= a=H. °p
This means that any similarity with ratio k is the product of a homothety with
ratio k and any isometry.
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Definition: A transformation that maps each vector in to a vector parallel to
itself is known as dilation. That means ¢ is a dilation if and only if for all A
and B, A'B'=kABwhere A'=5(A), B'= 5(B).

Example: Show that « : R* — R? given by a(x,y) = (3x—4,3y +2) is dilation.
Solution: Let A=(a,b), B =(c,d)be arbitrary points. Then,

A=a(A) =(3a-43b+2), B'=a(B)=(3c-43d+2)

— A'B'=(3c-3a,3d —3b) =3(c—a,d —b) =3AB = A'B'// AB

Hence, the given transformation is dilation.

Proposition 4.7: Every dilation is a similarity.

Proof: Let & be dilation with factor k = 0.

Then, AB = kﬁé, for all points A, B. But from vector analysis, for any two
vectorsvand u,v=ku=>|v| =|k|u| for any scalar k.

Thus, AB'=kAB = |AB| = |kAB| = |A'B] = | AB| = A'B' = |Kk[AB.

But, A'B' = |k|AB is a condition for similarity if k 0. Hence, & is a similarity.
Be careful! The converse of this theorem need not be true.

Let 6:R*> — R?be a transformation given by &(x,y)=(3-y,x-1). Take any
two points. A= (a,b)and B =(c,d). Then,

0(A)=A=(3-b,a-1), 5(B)=B'=(3-d,c-1)

= N8 =[AB] =0~ d.c-a)| =|(d ~b,c - a)| = [AB] - AB = AB'~kAB, withk -1
Thus, ¢ is a similarity. On the other hand,

AB=(b-d,c—a), AB=(d—b,c—a)=> AB #kAB, VkeR.

This means A'B'and AB are not parallel. Thus, & is not a dilation.

Hence, from this observation ¢ is a similarity but not a dilation which shows

that the converse of the theorem is not true.
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Theorem 4.4 (The Classification Theorem ):

This theorem is useful in classifying whether a given dilation is a translation or

a homothety. That is why it is named as classification theorem.
Let «:W —W be adilation. Then, ﬁ =k (constant) for all A, Bin W.
AB
Furthermore, if k #1,then «is a homothety with ratio of kitself and if k =1,
then « is a translation.
Proof: Assume that W is not a line. Let « be a dilation such that

a(A) =C, a(B)=Das shown in figure 4.3.

T D
¥ D
X
.— B
B
Figure 4.3
o

A

Now, suppose the points A, B, C, D are not collinear. Take any point X not

on (AB)witha(X)=Y. Asa is a dilation, ABHCD,AXHCY and BX|DY .

Thus, by Desagrues Theorem, (E = ﬁ = E =k. Since X is arbitrary,
AB AX BX
g =k for all points A, B in W. Furthermore, if k =1(refer figure 4.3), then
AB

CD =kAB, CY =kAX, DY =kBX still by Desagrues Theorem, the lines
<A C><B,D> and < X,Y > are concurrent at a point Owith
oc oY ov

—— =—— _=—_=k. Asaresult,
OA AX OX

oY k= 0Y-kKOX
OX

— Oa(X) = kOX
= a(X)-0=kX —kO
= a(X)=kX + (1-k)O

Prepared by Begashaw M. 186



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

But, a(X)=kX+@-k)Ois an equation of a homothety with center Oand
factork. On the other hand ifk=21(refer figure 4.3), then

_—

CD = AB, CY = AX, DY = BX . But,
CY = AX = XY = AC
= Xa(X) = AC
= a(X)-X=C-A
= a(X)=X +AC

Thus, a(X)=X +b for any point X where b= AC which shows that « is a
translation.

Corollary 4.2: Every dilation is either a translation or a homothety.

Proof : ( Use the classification theorem)

Example: A dilation takes the point (0,20)to (1,—12)and the point (10,5)to
(3,-15). Determine whether this dilation is a translation or a homothety and

write its equation.

—_

Solution: Let « be a dilation. Then, by the classification theorem, ﬁ =k, for
AB

all A, B. In particular, it is true for A=(0,20)and B =(10,5).

Thus, k- A'_ja‘ _B-A_(3-15-(1-12) _ (2-3) _ : (2-3) _ kot
AB B-A (105 -(020) (10-15) °(2,-3)

Hence, « isahomothety with factor k =1 by the classification theorem.
So, a(x,y)=1(x,y)+(1-3)C =1(x,y)+2C, C=(ab).Thisis true for all (x,y).
In particular, it is true for (0,20), so

(0,20) = (1,-12) = £(0,20) + £C = (1,-12)
= £C = (1,-12) - (0,4) = (1-16)
= C =5(1,-16) = (5,-20)

Therefore, the equation of « is given by a(x,y) = (£ x+11y—-16).
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Corollary 4.3: Every dilation is a product of a homothety and an isometry.

Proof: The proof of this theorem follows from proposition 4.7 ( every dilation
is a similarity)and from theorem 4.2, every similarity is a product of a
homothety and an isometry. Hence, every dilation is a product of a homothety
and an isometry. This theorem explains that for any dilation &, there exist a

homothety H , , and an isometry gsuchthat 6§ =Hg, o .

Theorem 4.5: If A'B'// AB,then there is a unique dilation & for which
S(A) = A, 5(B)=B"
Proof: Left as an exercise.

From this theorem, we are assured that the dilation ¢ that takes A, Bto A", B'

respectively exists and is unique whenever A'B'// AB. But, the main point is not
only to assure its existence but also how to find its equation. Now, the main

question is for a given similarity & , how can we find the homothety H. , , and
the isometry gsuch that 6=H., -4 To find H. ,and pgexplicitly, from
0=H¢, o, let’s proceed case by case as follow:

Case I: When the similarity ¢ is dilation:

Suppose & is a dilation where S(A)=A', 5(B)=B'such that A'B'// AB(The
line through A', B'is parallel to the line through A, B). Thus, by theorem 4.5,
there is a unique dilation that takes Ato A'and Bto B'.To find such dilation

follow the following procedures:
Step-1: Find a translation T, that takes Ato A'and calculate the image of B

underT, .say T,(B)=P

Step-2: Write the formula for a homothety with center A'and factor k, say
Hap

Step-3: Solve the equation H ., (P)=B'fork.

Step-4: Write the equations of H .., and T, using any object point(x, y).

Hence, these are the required homothety and isometry for whichs=H ., - £.
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Example: Let & be a dilation where 5(1,2) = (2,5)and 6(2,4) = (511).Find a
homothety H. and anisometry gsuchthaté=Hg, - 23.

Solution: From the given, A=(12), B=(2,4), A'=(2,5), B'=(511)

Clearly, A'B'// AB,because the line mthrough A, B'and the line n through
A, Bhave the same slope 2. So, to find the decompositions of das a
homothety H.,and an isometry pgsuch that §=H., -3, proceed as follow

using the above steps.

Step-1: Let’s find a translation T, that takes Ato A'and calculate the image of
BunderT,. If T, isa translation that takes Ato A, thenv=A-A=(13).
Hence, for any point(x,y), T,(x,y)=(x+Ly+3)andP =T,(B) =T,(2,4) =(3,7).
Step-2: A homothety with center A'and factor kis given by
H . (X y) = (kx—2k +2,ky -5k +5).
Step-3: EquatingH ., (P) =B', yields H,, (37) =(k+22k+5)=(511) =k =3.
Step-4: For any object point(x,y),
H s (X y) = (3x-4,3y-10)
BY)=T,(xy)=(x+1y+3)

Hence, these are the required homothety and isometry for which § =H., - S.

Case Il1: When the similarity & is not dilation:

Note that from the example above, we could not generalize that the isometry
part pis always a translation rather we must investigate the case when AB
and AB are not parallel so as to make generalization. This follows with similar

procedures as above with a little modification and it is left to the readers to

develop the procedures.
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4. 5 Equations of Similarity Transformations in Coordinates

So far we discussed about the classes of similarities. Now, we are going to see
the equation of similarities in details using coordinates. First let’s consider
special cases which help us to drive the general equations of similarities.

I) Equations of isometric similarities

We have already discussed that the equations of any isometry Ais given by
X'=(x—h)cos@—(y—k)sind+h
=(x',y)wh
Alxy)=(x,y)where {y':i[(x—h)sin9+(y—k)cosH+ K]

X'=XCc0S@—ysingd+r

: where
y'=4[xsin @+ ycos G +1]

Expanding the equations gives {

r=h(l—cos®)+ksind
t=—hsind+k(1—coséd)
. . ' '=ax—b
This can be generalized as g 12X | whered T T TE ,a’+b*=1.
y ' y'=—(bx+ay+d)
Since any isometry is a similarity, this is one form of equations of similarities.

I1) Equations of Homothetic Similarities

The equation of a any homothety with factor r and centerC = (h,k) is
H., (xy)=(x,y') where {Xl: rx+d=nh

i y'=ry+@1-r)k
I11) General Equations of Similarities
The general equations of similarities are derived from the above results using
the fact that any similarity is a homothety followed by an isometry. That is for
any similarity
a, a=pfoH. where H. isahomothety with ratio r, center Cand gisan
isometry. Thus, using the results in I and 11 above, we get
Y = Bo He (.y) = (X' y') where {x': Xr cos_@— yrsin@+c

! y'=H[xrsin@+ yr cos @ +d]

Here cand d are real numbers.
Now, by letting a=rcosé, b=rsind, a*+b*> =r®> =0, for r=0, we state the

general equations of similarities as follows.
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Theorem 4.6[The Generalized Equation Theorem for Similarities]:

Any similarity « in a plane has equations of the form «(x,y) = (x', y') where

|: _b
{X xX—by+e . a’+b?#0

y'=4bx+ay+d]

Conversely, any equations of this form are equations of a similarity.
4.6 Direct and Opposite Similarities

i) Direct Similarities

Definition: A similarity « is said to be direct similarity if and only if « is the
product of a homothety about any point followed by an even isometry. Thus,
from the equation of even isometry, the equation of a direct similarity «

X'=ax—by+c

,a’+b”> =0
y'=bx+ay+d

becomes {

i) Opposite Similarities

Definition: A similarity « is said to be opposite similarity if and only if «is
the product of a homothety about any point followed by an odd isometry.
Thus, from the equation of odd isometry, the equation of an odd similarity «

X'=ax—by+c

,a’+b* =0
y'=—-bx—ay—-d

becomes {

Therefore, in the general equation of similarity we discussed above, the plus
sign applies to direct similarities where as the minus sign is taken for opposite
similarities.

Note that a similarity is either direct or opposite but can not be both.

Theorem 4.7: The product of any two direct or any two opposite similarities is
direct similarity while the product of a direct and opposite similarities is

opposite similarity.
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Proof: Let a«and & be any two direct similarities given by the following

: X'=ax-by+c , ,
equations. a(x,y) = (x', y")where ,a“+b° =0
y'=bx+ay+d
X'=mx-ny+p ,
o(x,y) =(x',y") where , M +n° =0
(% ¥)=(x,y) {y.:nx+my+q +n’ #

We need to show that the product & « is also a direct similarity.
For any point (x,y), doa(X,y)=0o(a(xy)) =(x",y")where
X"'=mx—ny'+p
=m(ax—by+c)—n(bx+ay+d)+p
=(ma—nb)x—(mb+na)y+mc—nd + p
=tx—ly+r, witht=ma—-nb,I=mb+na,r=mc—-nd+ p
y'=nx+my'+q
=n(ax—by+c)+m(bx+ay+d)+q
= (na+mb)x+ (ma—-nb)y+nc+md+q
=Ix+ty+s, with s=nc+md+q

Now, these equations to be a similarity, we are left to show that t*> +1% 0.
But,
t? +1? = (ma—nb)? + (mb + na)?

= (ma)® — 2abmn + (nb)® + (mb)? + 2abmn + (na)>

= (ma)® + (na)® + (mb)* + (nb)?

=m?(@® +b?)+n?*(@* +b?)

=(m*+n?*)@*+b?) =0, sincea’+b*>=#0, m*+n* %0

=t +1?#0.
X'=tx—=ly+r

L2 +17 20
y'=IX+ty+s

Hence, Soa(x,y)=36(a(x,y)) =(X',y') where {

But by, these are equations of a similarity obtained by applying the plus sign in
the general equation of similarities. Hence, 5o« is a direct similarity whenever
aand o are direct. Similarly, show that the product of any two opposite
similarities is a direct similarity. Now, let’s proof the last part.

The product of a direct and opposite similarities is opposite similarity.
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Let « be adirect similarity given by a(x,y)=(x',y') where
X'=ax—by+c A b2 20
y'=bx+ay+d

Let & be opposite similarity given by &(x,y) = (x',y") where

{XI: MEVTP 2 in? 20

y'=-nx—-my-q
We need to show that the product & - « is opposite similarity.
For any point (x,y),we have &oa(x,y)=7(ax(X,y)) = (x",y")where
X"'=mx'—ny'+p
=m(ax—by+c)—n(bx+ay+d)+p
=(ma—nb)x—(mb+na)y+mc—-nd + p
=tx—ly+r, witht=ma—-nb,l=mb+na,r=mc—nd+p
y'=-nx'-my'—q
=-n(ax—by+c)-m(bx+ay+d)—q
=—(na+mb)x —(ma—-nb)y—-nc—-md —q
=—Ix-ty-s

Where the constants I, t, sare as given in the first part. Besides, we showed
above thatt®> +1? 0.

X'=tx—-ly+r
y'=—IX—-ty—s

So, these are equations of a similarity obtained by applying the minus sign in

Thus, we got S a(x,y) =5(a(x,y)) = (x,y") where { , P +17 20

the general equations of similarities. Hence, So« is an opposite similarity
whenever « and & are direct and opposite similarities.

Example: Let « be a transformation given by a(x, y) = (x', y')where
{x':—3x+4y+2
y'=4x+3y -2
Show that «is a similarity and find the ratio kof this similarity. Finally,
determine whether it is direct or opposite similarity.
Solution: To show that «is a similarity, it suffices to show A'B'=kAB for

any two arbitrary points A, B and for some positive constant k .
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X'=-3Xx+4y+2
y'=4x+3y-2

LetA=(x,y), B=(z,w). Then, A'=a(A)=(x",y')where { and

2'=-32+4w+2

B'=a(B) = (z',w) Wh .
a(B)=(Z.w)w ere{W'=4z+3w—2

Thus,

AB'=(Z-x)" + (w-y)’
= J[-3(2 = X) + 4(W— )] +[4(z = x) + 3(w—Y)I’

=9z - X)? = 24(z - X)(W—y) +16(W— y)? +16(z — X)? + 24(z — X)(W — y) + 9(W — y)°
=/25(2 — X)? + 25(W — y)?

=5\(2-%)" + (w-y)’

=5AB, AB=+/(z-%)’+(W—Yy)?

This implies that « is a similarity with ratio k =5.
Now, we are left to determine whether it is direct or opposite similarity . From
the general similarity equation, we have «a(x,y) = (x',y')where

'—ax—by+c
{X Xy ,a’+b%#0.

y'=t[bx+ay+d]

X'=ax—by+c=-3x+4y+2

Equating th tion of o with this gi
guating tne equation ot a wi ISglveSus{y':i[bx+ay+d]=4x+3y—2

Here, from the firs equation we get,

ax—by+c=-3x+4y+2=a=-3, b=-4,c=2. From the

second we have +[bx+ay+d]=4x+3y—2=+-4x-3y+d]=4x+3y-2. If
we apply the plus sign and equate corresponding coefficients, we get
+[-4x-3y+d]=4x+3y—-2=-4=4,-3=3,d =-2which is not possible.
Again by applying the minus sign, —[-4x-3y+d]=4x+3y-2=d=2.

Thus, with the values a=-3,b=-4,c=2,d =2, a(x,y)=(X,y')where

'—=ax—by+c
{X XTOVFC 2 ip? 0,

y'=—bx+ay+d]

This shows that « is an opposite similarity.
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Review Problems on Chapter-4

1. If x'=3x+5y+2 and y'=tx—3y are the equations of a similarity, then find
the value of t. Answer :t =5
2. Let H be a homothety with factor k and center c. For what value of k, H
will be a half turn about ¢ ? Answer :k=-1
3. If 6(0,0)=(10), 5(L,0)=(2,2), 5(2,2) = (-16) for a similarity 5, then find
5(-16)
4. Let & be a dilation with center C = (2,3)and factor k =3.If d(C,P')=15cm,
where 6(P) =P, find d(C,P). Answer :5cm
5. A dilation maps the point (-1,4) to (6,—9)and the point (0,1) to(-112). Isita
homothety or a translation? Write the formula for this dilation.

Answer :A homothetygiven by H(X,y) =(-7x-1—-7y+19)

6. *Consider the line L:y=2x+17such that f : L — Ris given by
f(x,y) =/5x%,V(x y) e L. Show that f is a transformation and conclude that it

is a similarity. Finally, find a point P if f(P)=-75. Answer : P = (-7,3)

7. Given a homothety prk@J ={ ] Then give the ratio k and the center

1y_8
3X 3
1 10
3Yts

P of this homothety. Answer : Ratio k =1/3,Center C = (-4,5)
4 L . .
8. Letx X Pty be a similarity with ratio k =5.
y 4X+3y+r

If a(ij = (_ZBJ , then find the value of the constants p,gandr.

Answer :p=-3,=-6,r=-9
9. Show that a mapping f(X)=mX +B is

a) A translation if m=1

b) A homothety with factor m and center C = 1i if m=1.
—m
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10. Given aline 7:(x,y) =(3)+r(2,-5) and a homothety
f(x,y) =5(x,y)+(-6,). Find the image f(l),the factor k and center C of the

homothety.

Answer :By problem7, thefactoris k =5 and center C = %651)) = —%(—6,1) = (g,—%)
11. Let the mapping f(x,y) = (hog)(x,y) be defined by
f(x,y) =(x,y)+(-6,-2). Then find
a) The formula for g(x,y)if hisahomothety with factor 2and center(3,2)

b) The formula for h(x,y)if gis a half turn at(-1,-1).
Answer :a) h(x,y) :%(X—Q,y—Z)

12. Give an example of similarity with one fixed point but not isometry.
13. Let H., be a homothety and | be any line. Show that H, , (I)=1 < Cel.
14. Let 5(x,y) = (—2x+1,—2y —3) be a similarity. Find a homothety H_ , and an
isometry gsuchthat 6 =H., - g.
15. Consider a dilatation o, ,with r=3, C=(11).Find a vector vand a linear
map gsuchthats,, =T,oB.  Answer:v=(-2-2), B(XYy)=(3x3y)

X'=5x—-7y+2

16. If the transformation a with equations
y'=tx-5y+4

IS an opposite

similarity, then find the value of the constant t. Answer: t=-7

17. If a homothety H., (x y)=(3x-63y+2t)fixes the line 1:4x-3y+9=0,
find the value of the constant t.(Hint: Use problem 13). Answer : t=-7
18. If a half turn H,(x,y) =(6—x,k —y)fixes the line 1:4x-3y+9=0, find the
value of the constant k. Answer : k=14

19. Let H,, be homothety about the origin and let & be any similarity with

factor % Show that U = H_, o §is an isometry.
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20. If H , and H,, are any two homotheties, then show thatH,, oH , =T_.
P ' ‘ P PR

for some point R.
21. Given A=(2]), B=(-2,4),A=(-24)and B'=(-1413). Find a dilation «
such that «(A)= A" and «(B) =B'.

22. Let « be atransformation given by a(x,y) = (x', y')where{);: ;i’: ;j/yjz 2 :
Show that « is a similarity and find the ratio k of this similarity. Finally,
determine whether it is direct or opposite similarity.
23. A dilation & maps the point (-1,4) to (6,—9)and the point (0,1) to(-112).

a) Is it a homothety or a translation?

b) Write the formula for the dilation.

c¢) Find a homothety H. and anisometry gsuchthatd=Hg, o 3.
24. Show that

a) The ratio of every similarity is unique.
b) The image of a vector under a homothety is a parallel vector.
c) Any similarity is a collineation.
d) The product of two homotheties with common center is commutative
e) If a dilatation fixes two points, then it is an identity transformation.
25. Let AA'B'C' be the medial triangle of AABC . Prove that there exists a
dilation & which maps AABC to AA'B'C'. Find the center and scaling factor.
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CHAPTER-5

AFFINE TRANSFORMATIONS

5.1 Introduction

In affine space, any three points A=(x,y), B=(z,w), C =(u,v)are said to be

A Xy
collinearifandonly if B 1=|z w 1=0
C u v

Consider two mappings in a plane f(x,y) =(x*,y+1),9(x,y) = (y -1 x+2).
Let A=(0,0), B=(1,2), C =(-2,—4). Are these points collinear?

A 0 O

) 4‘=0. Hence A, B, C are collinear.
C -2 -4

On the other hand, consider the two given mappings above.

Under f, A'=f(A)=(0,0), B'=f(B)=(3),C'= f(C)=(-8,-3)and
A 0 0 L 3
B" 1=l1 3 :‘ 8 3‘:Zl;ﬁo.Thus, A', B', C'are not collinear.
C' -8 -3

Again, using g instead of f, we have

A= g(A) = (_1!2)! B'= g(B) = (0!4)’ C'= g(C) = (_3!_2) and

Al -1 2
, 4 0 0 4

B 1=l0 4 1=- 2 + = 6-6+12=0.
, -2 -3 1 |-3 -2

C ~3 -2

Thus, A', B',C'are collinear. Such transformations like gwhich maps

collinear points into collinear points are said to be affine transformations, but

mappings like f are not considered as affine transformation.
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Definition: Let g:W —W be a transformation. Then, g is said to be affine
transformation if and only if it preserves co-linearity. (It maps any collinear
points into collinear points).

Example: Let g:R? — R?be given by g(x,y)=(x-y,x+Yy).Show that gis
affine transformation.

Solution: Clearly g is a transformation.

Let A=(x,y), B=(z,w), C =(u,v) be any collinear points.

A Xy
Then, B 1=z w 1=0
C u v

Now, consider their images under g,

A=g(A)=(x-y,x+Yy),B=g(B)=(z—w,z+w),C'=g(C)=(U—-Vv,u+V).

A X—Yy X+Yy X X+Yy Xy
Thus, |B' 1=lz-w z+w 1=z z+w 1=z w 1=0.
C' Uu—-v u+v u u+v u v

(Here we used properties of determinants)

Thus, A", B', C'are collinear. This means the three collinear points A, B, C are
mapped into collinear points under g . So g is affine transformation.
Coordinate definition of affine transformation: A mapping g:R*> - R” is

said to be affine transformation if and only if it is of the form

b . . i
g X]_[ @x+oy+e , where ad —bc = 0. This definition is equivalent to the
y cx+dy+ f

definition we stated first. In this book, we mainly follow this definition.
Consider the two mappings in a plane that we saw above
f(x,y)=(*y+1),9(xy) =(y—1x+2).Here, g is of the form given in this
definition and thus it is affine transformation but f is not of the form given in
the definition because the power of x is 3 and thus it is not affine

transformation.

Prepared by Begashaw M. 199



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

5.2 Basic Properties of Affine Transformations

1.Any affine transformation maps lines into lines.

Proof: Let | be any line and g be any affine transformation. Suppose A, B, C
are collinear pointson 1.

Since g preserves co-linearity, A'=g(A), B'=g(B), C'=g(C)are also collinear.
Hence, A', B', C'are all on the same line say I'. Now for any point

P onl collinear with A, B, P'=g(P) is collinear with A', B' and found onI'.
Otherwise, if for at least one point Qon I, Q'=g(Q)is not on I', Q"will be
non-collinear with A", B' which means g maps three collinear points A, B, Q
into non-collinear points A', B', Q'. But this is a contradiction with the
definition of affine transformation (as g is supposed to be affine

transformation)
2. An affine transformation maps parallel lines into parallel lines.
Proof: Let mand n be any two distinct parallel lines and g be an affine
transformation such that m'= g(m), n'= g(n). We need to show that m'// n'.
Suppose they are not parallel. Then there exist at least one common point P'.
But, Pem~n'=3Pem,Qen,>g(P)=P", g(Q)=P'=g(P)=g9(Q) = P=Q.
Because gis one to one. This means, P'e m'mn'=3P emnn, >g(P) = P'.But
this is not possible as the lines mand n are parallel and distinct. Consequently,
m'// n* whenever m// n.
3. The image of a plane under affine transformation is again a plane.
Proof: Let # be any plane. If mand nare any two intersecting or parallel
lines on 7, then from above properties their images are intersecting or
parallel under a given affine transformation. But any two intersecting or
parallel lines determine a plane.
4. An affine transformation preserves ‘betweeness’”: If P is any point between

Aand B, then g(P)is a point between g(A)and g(B).
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5. An affine transformation preserves mid-point: If M is the mid-point of A
and B, then g(M)is the mid-point of g(A)and g(B).
6. An affine transformation preserves length ratio of line segments lying along
aline. If A B, C are collinear points, then it is always true that
9(A)-g(B) _A-B
g(B)-g(C) B-C
7. The image of a triangle under affine transformation is another triangle.
8. The image of a parallelogram under affine transformation is another
parallelogram.
9. An affine transformation preserves cenroid of a triangle.
10. An affine transformation preserves bay centric coordinates or center of
mass.
11. The image of an ellipse under affine transformations is another ellipse.
Geometric Properties that are not preserved under AT
As there are preserved properties of geometric figures under affine
transformations, there are also properties which are not preserved under affine
transformations.
1. Lengths of line segments (Distances) are not preserved under affine
transformations.

) . . 2
Example: Let g:R”* — R*be affine transformation given by g[xj:(zx)
y y

Take any two points A:(Q, B:(Zj.Then, AB =./(z—X)> +(W—y)? .

W
But,

A= (;Q B'= [22\3 — AB'=/4(z—X)% +4(w—y)?

= 22— %)% + (W—y)?
:2E:>A'_B'¢E

2. Circles are not preserved under affine transformations. Under affine
transformations, generally circles are mapped into ellipses.

Example: Let g:R®> — R’be affine transformation given by g@jz(

Al W=
< X
N—

Find the image of the circleC : x* + y* =144.
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' 1
Solution: Let (;J be any point on the given circle. Then, @J = g@] = [f );J :

Solving this equation for x and y in terms of the images x'and y'yields,
X=3X', y=4y'.
Now put these values in the equation of the circle to find the required image.

C:x*+y? =144

= C"(3x')* +(4y')? =144

= C":9x?+16y'* =144

TR

16 9
Thus, the image is an ellipse.

The norm of a vector is not preserved under affine transformations.
Angle measures are not preserved under affine transformations.
Area and volume are not preserved under affine transformations.
Affine transformations do not preserve orientation of plane figures.
Right, Isosceles and equilateral triangles are not preserved under affine
transformations.
8. Rectangles are not preserved under affine transformations.
9. Generally, affine transformations do not preserve shape and size.

Proposition 5.1: Let g be an affine transformation that fixes two distinct
points A, B. Then g fixes the whole line through A, B point wise.

Proof: Given g(A) = A, g(B) = B. We need to show that g(P) = P for any point
on a line through A, B. Let Pbe any point on a line through A, B. Then,

4

No gk~ ow

A, B, Pare collinear so that AP =rAB. On the other hand as g preserves co
linearity, A", B', P'are also collinear. So, AP'=rA'B'. But A'= A B'= B implies
AP' = rAB . Thus combining AP =rABand AP'=rAB, gives

AP =rAB=AP = P-A=P—-A=P'=P

Hence, ¢ fixes the whole line through A, B point wise.
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5.3 Types of Affine Transformations

5.3.1 Line (Skew)-Reflections

Definition: Let land k be two intersecting lines in a plane. Then, line
refection is a reflection on line k in the direction of line | that maps every point
P to the point P’ such that the line through P and P’ is parallel to the line |

and the midpoint of P and P’ lies on the line of reflection k .

Figure 5.1
P

Notation: Let S be line reflection on k in the direction of I .

P,if Pek

Then, S(P)= P+P

P'.5 PP'//I, ck, if P'gk

Here, the line k is called axis of reflection and the line I is called direction of
reflection.

Example: Find the image of the point (2,-1) by a reflection on a line
k:2x—y-+1=0in the direction of the line I;3x+y-6=0.

Solution: Let the image of the point (2,-1)be (x',y"). Then, the line through
(2,-Dand (x',y')is parallel to the direction linel. As any two parallel lines

have the same slope, we get
Y XY B = Ot (i)
X'=2

On the other hand the mid point of (2,-1)and (x',y')lies on the axis of

reflection k , hence it satisfies the equation of line k.

X2 Y by @ = 2(242) — (L2) 4 1= 0= 2X'—Y'+7 = Oueooeeeeveeeeeennnen (ii))
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Combining (i) and (ii) , we get the following system of linear equations
2 l_ 1] 720

ey =>5X=2=x=-%,y=3=>P=(-£3%
3X'+y'-5=0

Therefore, the image of the point (2,-1) by a reflection on the line

k:2x—y-+1=0in the direction of the line I;3x+ y—-6=01is P'=(-£,3).
Remarks:

1. In reflection problems, the line through a point Pand its image P'is
perpendicular to the line of reflection, but in skew or line reflection, this is not
necessarily true. For instance, in the above example the line through the point
P =(2,-1and its image P'=(-2,3)is not perpendicular to the line
k:2x—y+1=0.This is because their slopes are m=2and m'=-3such that
m.m'=—6 = —1, but the product of the slope of

two non- vertical and perpendicular lines must be -1.

2. If the direction line of reflection is perpendicular to the line of reflection,
then the line through Pand its image P'is also perpendicular to the line of
reflection or axis of reflection. In this case, it becomes the normal or the usual
reflection that we know it before. It is simply called orthogonal reflection. That
means, every reflection is line reflection but every line reflection is not

orthogonal reflection.
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5.3.2 Compressions

Definition: Let land k be two intersecting lines in a plane. Then, a
compression on line k in the direction of line | with factor tis a transformation
that maps every point P to the point P’ such that the line through Q and P is
parallel to the line | where Q isa pointon linek.

Notation: Let C be a compression on k in the direction of |. Then,

P,if Pek
cP=1 _
P' 5 QP =tQP,Q ek, if Pk

Q/k

o p

Figure 5.2 |
Here, the line k is called axis of compression, the line | is called direction of
compression, the scalar tis called factor of the compression and the point Qis
called the critical point.
Example: Find the image of the point (1,4) by a compression on the line
k:2x—y—-3=0in the direction of the line I : 3x + y — 6 = O with factor t =2

Solution: Let Q = (a,b) be the critical point on line k such that the line QPis

parallel to | . Since parallel lines have the same slope, we have

b-4_ -3=3a+b-7=0. On the other hand Qis on line k means it satisfies

a-1

the equationk:2x—y—-3=0. Thus, 2a-b-3=0. Collecting these two
. . 3a+b-7=0

equations yields {2a+b 3_o:>5a:10:> a=2b=1=Q=(a,b)=(2))

But from the definition of compression, we have
C(P)=P",5QP'=tQP = P-Q =2(P-Q) = (x,y') - (21) = 2[(L4) - (2)]
=X, y)=2D+(-32=0G3
Note that to solve compression problems, the first task is to identify the axis of

compression and the direction line, then to find the critical point Qand finally

to find the image P'using QP'=tQP where t is factor of the compression.
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5.3.3 Shears

Definitions:

a) Horizontal Shears:

Shears in the x-—direction with factor k that sends each point (x, y)parallel to
the x—axis by an amount of kyto the pointS, (x,y) = (x+ky, y)are known as
horizontal shears.

Under a horizontal shear points on the x-axis are invariant or unmoved
because on the x—axis y=0s0 thatx+ky=x+0=x.

But when we move away from the x-—axis, the magnitude of vy increases, so
that points farther from the x-—axis moves a greater distance than which are
closer to or on the x-—axis.

b) Vertical Shears:

Shears in the y —direction with factor tthat sends each point (x, y)parallel to

the y —axis by an amount of txto the pointS (x,y) =(x,y+ty) are known as

vertical shears.
Under such types of shears points on the y —axis are invariant or fixed and
points farther from the y — axis moves a greater distance than closer points to
the y — axis.
c) Total Shears (Simply called shears):
A total shear or simply a shear with factors k and tis a transformation that
maps any point (x, y)to the point S(x,y) = (x+ky, y +tx).
Examples: Find the equation of a shear that maps

a) (2,3) to (8,3) b) (-31) to (-3,0) c) (2,-6) to (8,2)
Solution: To find the equations, first identify the type of the shear from the
images.
a) Here, the x-coordinate is changed and the y-coordinate is fixed. Hence, the

shear is horizontal.
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So, S, (X, y) =(x+ky,y) = S,(2,3) =(2+3k,3)
= (2+3k,3)=(8,3)
=k=2=S,(Xy)=(X+2y,y)
b) Here, the y-coordinate is changed and the x-coordinate is fixed.
Hence, the shear is vertical.
So,
S,(x,y)=(X,y+x) =S, (-31) =(-31-3t)

= (-31-3t)=(<3,0) =t = % =5,(xy)=(x, y+%x)

c) Here, both coordinates are changed and thus it is a total shear.
So,
S(x,y) = (x+ky,y+tx) = S(2,-6) = (2-6k,2t - 6)
= (2-6k,2t—6)=(82)=>k=-1t=4
=S(XY)=(X-Yy,y+4X)
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5.3.4 Sililarities

All isometries are affine transformations.Generally, all similarities

(Homothety and or Dilations) are affine transformations. All isometries are
similarities. But there are similarities that are not isometries. For instance,
homotheties are similarities but not isometries. All similarities are affine
transformations but there are affine transformations which are not similarities.
For instance, shears, line reflections and compressions are affine

transformations but not similarities.

Theorem 5.1(Characterization): Let g(iJ:(bee affine transformation

X'=ax+by+h

, ad —bc = 0. Then,
y'=cx+dy+k

where {

I. gisasimilarity if and only if a®+c* =b*+d?, ab+cd =0.
Il. gisanisometryif and only if a®+c*=b*+d*=1 ab+cd =0.

Proof: Let A:(XJ, B:(ZJ, C :(uj be vertices of AABC .Then, @:(Z_xj
y w v w-—y

For the first part, gis a similarity if and only if A'B'=r AB where,
AB =(2—%)7 +(w-y)’,
AB = \/(az +¢¥)(z-x)*+ (% +d*)(w-y)* +(2ab + 2cd)(z - X)(W—)
From these relations,
A'B'=rAB
o @2 +c?)(z-x)% + (b2 +d?)(w—y)? + (2ab+ 2cd)(z — X)(W— y)

=1z -%)7 +(w-y)®
sat+ci=r?,b>+d?=r? 2ab+2cd =0

o a’+c®=b’+d? ab+cd =0
Thus, gis asimilarity if and only if a®+c¢* =b*+d?, ab+cd =0.
Finally, gisanisometry if and only if A'B'=AB.
AB'=AB < /(a2 +c?)(z— %)% + (b2 +d?)(w—y)? + (2ab + 2cd )(z — X)(W—Y)
=Jz-%)? +(w-y)*
oa’+c®=1b*+d*=12ab+2cd =0

<at+c’=b*+d?=1 ab+cd =0
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Problem Set 5.1

1. If 5:R* - R?is an affine transformation given by ﬁ@j = (3x+4y—5} find
all values of p.

X'=X+Yy

2. Show that the mapping given by S(x,y) =(x',y') where { . is a shear.

y=y

3. Determine whether the set of shears forms a group of transformation with
composition or not.

4. If the image of (1,3)under a compression Con a line k:y=2x+3in the
direction of the line I : 2x+ y+2=01s the point P'=(2,1), find the image of the
line m:x—-y+1=0.

5. Prove that any affine transformation maps two intersecting lines into
intersecting lines. (Affine transformation preserves point of concurrency).
Preserves ratio of the areas of triangles.

6. Show that the inverse of a horizontal (Vertical) shear is again a horizontal
(vertical) shear with opposite factor.

7. Let uand whbe perpendicular vectors in R*. Define a mapping T :R? —» R?
by T(v) =v+ (uv)w forall v in R?. Show that a) T is a linear transformation.
b) T isashear parallel to a line L spanned by w.
c) If u=(2,-1)and w=(3,6), find T(v)where v=(34).
8. Let S be a shear parallel to a line L in R*. Show that
a) S(v) =v forall von L b) S(v)—v//L forall v in R?.
9. Find the image of the point (2,3) and the line 1:4x-2y+6=0
a) By a reflection on the line 1, : 6x—3y +12 = 0in the direction of the line
l,:3x+y-2=0
b) By a compression on the line I, :6x—3y+12=0in the direction of the

line 1, :3x+y—2=0with factor % : c) By a shear with factor 2.

10. Let g be a reflection on the line 1, :15x—2y+10=o0in the direction of the
line 1, :3x+7y—10=0. Give at least three fixed points and three fixed line of g .
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5.4 Affine Transformations and Linear Mappings

Definition: Linear transformations are any transformations from a plane onto a

. '= b
plane given by p(x, y)=(x',y')where{x. DY o b,c.d eR, ad —bc#0
y'=cx +dy

. . X).
Notation: From now onwards we use the notation (y}lnstead of (x,y)for

simplicity.
Using this notation, the above linear transformation becomes
X X' ax + by
)G
y y cX +dy
Examples:

a) Reflection on the x—axis and y—axis are linear.

Let S, be a reflection on x—axis. Then, SX(X){ X j
y) =Y

Hence, S is linear.

b) Rotations about the origin are linear.

Let p,be a rotation by an angle 6 about the origin.

Then, for any point[XJ :
y
X) (xcos@—ysind
Po y) (xsin@+vycosd)

c) B:R? - R%given by ﬂ[ J:(Zx—3y

X .
is linear.
y 3X+ 2y

. 2 x| [ 2x ). .
d) B:R° — R“given by ’B(yj_[3x—1jls not linear.
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5.5 Matrix Representation of Affine Transformations

So far we have seen that any linear transformation f is given by the formula

b . .
f[xj = (ax i y} ad —bc = 0. This formula can be equivalently expressed as
y cX + dy

f(XJ =(a bj(xj Z(ax+byjl Now, denote the first matrix by M {a bJand
y c dily CX +dy c d

the second by X=(§].Thus any linear transformation f is given by

f(X)=MX. This is known as matrix Representation (formula) of linear
transformation and M is called the standard matrix of f .

From now onwards, we use the notation f(X)=MX, but to use this formula
we have to see the method how to find the matrix M .

b by) . :
The formula f(X)=MX :[a j(x]:(am yJ is true for a unique M and
c dily cX +dy

for any point X = @J . In particular, this formula works for X = [(1)) Y = (OJ

w0 O

. . i . . 1
This means the first column of M is obtained by calculating f(oj and the

second by calculating f(OJ so that M :{f(lJ f(oD:(a bj.
1 0 1 c d

Examples:
2X—Y

a) Let f:R? - R?be given byf(xj:(
y 3X+7y

j. Find the standard matrix M
of f and write its matrix representation.

Solution: Let M :(i

w333 (33 )

b) Let p,be a rotation by an angle @ about the origin. Find the matrix M of p,

Z] be the standard matrix of f . Then, from the above
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: . X : L
Solution: For any point X :(yj’ a rotation p, by an angle ¢ about the origin is

X Xcosé@—ysing a b
=" so that for M = :
y Xsin @ + ycos @ c d

P 1 (o] g S g

In conclusion, for any linear transformation f , there is a unique matrix M

given by pe(

. . 1 0 .
whose first and second columns are the images of (0) and [J respectively.

Conversely, to each 2x2invertible matrix M there corresponds a unique linear

transformation f whose formula is obtained by multiplying any point ( be

X
y
. X X
the matrix M as f[ j:M( J
y y

. . X 2 —5\X 2X -5y
transformation f is f = = .
y 4 -9y 4x -9y

Rules of Thumb!

i. To obtain the standard matrix of a linear transformation whose formula is

. 2 -5 -
For instance, for M = [4 gj , the formula of the corresponding linear

given, simply take the coefficients of xandy. Then, form the matrix by
putting the coefficients of xin the first column and the coefficients of yas

second column. For instance, let f:R®> — R?be a linear transformation given

by f(x} - (SX - Zy} Here, the coefficients of x are (5) and that of vy are [_ Zj .
y 3x+4y 3 4

So, putting the coefficients of x in the first column and the coefficients of y as

. . . . 5 -2
second column yields a 2x2 invertible matrix M = (3 4 j
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il. To find the formula of a linear transformation, whose standard matrix M is

. . . X
given, simply multiply M by the column vector(y}.

For instance, let f:R? — R?be a linear transformation whose standard matrix

is M :((2) 31] . Then, the formula of f will be

G S
y y 2 -1y 2X—y
At this point, we are equipped with enough concepts that are useful to find the

matrix representation of any affine transformations.

Theorem 5.2 (Representation Theorem): Let g be any affine transformation.

Then, gcan be represented uniquely as a product of linear transformation f

and a translation with translation vector b as g(X) = f(X) +b.

Proof: Consider the general coordinate definitions of affine transformation that
we discussed at the beginning of this Chapter,

b
g X|o| X rby e , Where ad —bc = 0.
y cx+dy+ f

Here, g(X)=g X3 _ ax+by+e _ ax + by . e |
y cX+dy+ f cX +dy f
0 .

Now, observe that g(oj = [:] . S0, by taking

X ax+hy) - 0 e -~
f(X)zf( j:( ],b:g(Jz[ J,Wegetthat g(X)=f(X)+b.

y cX + dy 0 f

. 0 0 ) - .
Besides, f[oj:(ojwhlch shows that f is linear transformation.
. . - L. 0

The uniqueness follows from the uniqueness of b which is b= g[oj and from

the uniqueness of the coefficients in the formula of the image of f@] (Note

e : 0 - : :
that if either the image of (Oj or the coefficients are not unique, the map g will

not be bijective. That is why we used these facts).
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X+y-3
as
2X—5y+2

Example: Represent the transformation g(ﬁ = (

g(X) = f(X)+b.

Solution: Using b = g{ojz(_ﬂ, f(sz( x+y ),we get g(X) = f(X)+b.
0 2 y 2X -5y

Theorem 5.3 (Matrix Representation Theorem (MRT) of Affine

Transformations): Let g:R*> — R*be any affine transformation. Then, there

exist a unique matrix M and a unique vector bsuch thatg(X) = MX +b. This
representation is said to be matrix representation of g.

Proof: From theorem 5.2, for any affine transformation g, there is a unique

linear transformation f and a unique vector b such that g(X) = f(X)+5. Again
from the above discussions, to each linear transformation f , there is a unique

matrix M such that f (X)=MX.

Consequently, we get that g(X) = f(X)+b=MX +b. Our next task will be

determining the matrix associated with a given affine transformation g .

How to determine M from g(X)=MX +b?

Here we need to investigate how to find the standard matrix M associated with

a given affine transformation.

X X\ - . _ _ .
From g(yj = f(yj +b, since any linear transformation preserves the origin

0 0) - - =
g[ j: f( J+b:b and f@: g(xj—b.
0 0 y y
But from the previous observations we have seen that the standard matrix M of

. .. . . 1
any linear transformation is completely determined from the images of (Oj and
Oasa:fl, Iozfosothathab.
1 c 0 d 1 c d
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s, rom 7)o )
- oola)5 () ()-olapeomam (2 )

X= y+3J Find the

b,

Example: Let g:R* — R*be affine given by g( ] (
y 2X+3y —
standard matrix of g and give its matrix representation.

a b -
Solution: Let the matrix representation be g(X)=MX + b= [ J(X}L b.

Besides, from the above relations,

o)l 3L} (e o))

Consequently, the standard matrix is found to be M = [c dJ = [2 3 j

Now, find g(ojfrom the formula of g ,thatis b= g( j [ J

Therefore, the matrix representation is given by

o)z S

How can we determine affine transformations from their images?

In our discussion of isometries, we have seen that any isometry is uniquely
determined from its effect on three non-collinear points. Likewise, any affine
transformation is uniquely determined from the images of three non-collinear
points. That means there is a unique affine transformation that sends three non-
collinear points into three non-collinear points. In other words, for any three
non- collinear points A, B, C, and any two affine transformations f and g if
9(A) = f(A), g(B)=f(B), g(C) = f(C), then g=f.

Therefore, to determine the formula of any affine transformation g, it suffices
to know the images of any three non- collinear points A, B, C .

This basic and important concept is illustrated by the following example.
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Example: Let g : R*> — R?be affine transformation with

g[zj = [GJ, g(OJ = (_ 10} and g( 4} = (_ 23} . Then, determine the formula of
0 0 5 -7 10 10

0
g and calculate g(o}

. . . 2 0 4 . .
Solution: Since the points A= [Oj B= (5] C= (10] are non-collinear, there is

: : : : - b
a unique affine transformation g given by g(X)=MX +b, where M :(: d]

and 6:(?}30 that g(A) = MA+D, g(B) = MB+b, g(C) = MC +b. Thus,
. a by-2 —2a+5b -16
wnn-a-an=(2 2] 227

) a bY4 4a+5b -13
i. M(C—B)ZQ(C)_Q(B)S(C d](5J:(4c+5dj:(l7j

Equating components and collecting like terms from (i) and (ii) , we get

—2a+5b=-16
=6a=3=>a=3,b=-3
4a+5b=-13
—-2c+5d =-7
=>6C=24=c=4,d=1
4c +5d =17

b i _3
Hence, M = a =|? .
c d 4 1

Now using one of the given points A, Bor C, we obtain the vector bas
follow:

9(A) =MA+b = b = g(A) - MA= g@—(4 _ﬂ@ ) @_@ i (—ZJ

Therefore, forany X = @j g(X) =MX +b gives

(I TR 15
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5.6 Orientation and Affine Transformations (Revisited)

Definitions: Let g be any affine transformation. Then, ee say that g preserves
orientation if and only if for any positively oriented vectors X andY , their

images X'=g(X), Y'=g(Y)are again positively oriented vectors. In this case,
g is said to be orientation preserving affine transformation. In general, if the
pair (X,Y)and the pair(g(X),g(Y)) have the same orientation, then g preserves
orientation. But, if they have opposite orientation, then g reverses (changes)
orientation. In this case, gis said to be orientation reversing (changing) affine
transformation.
Theorem 5.4 (Orientation Characterization Theorem):
Letg:W —W be any affine transformation given by g(X) = MX +b. Then,

a) g preserves orientation if and only if detM > 0.

b) g reverses (changes) orientation if and only if detM <O.
Proof: Whether a given transformation g preserves or reverses orientation is
determined from its effect on the orientation of a triangle. This means if g

preserves the orientation of any triangle ABC, then it is orientateon preserving

and if greverses the orientation of AABC, then it is orientation reversing affine

transformation.
Now, having this fact as basis, let’s prove our theorem. Let AABC be arbitrary

triangle. Then its orientation is determined from the orientation of the vectors
AB and AC . Suppose AABC has positive orientation. That means det(AB, AC) >0
On the other hand, let AA'B'C'be the image of AABCunder g. Then, the

orientation of AA'B'C'is determined from the orientation of the pair(ﬁ, ﬁ).
But from g(X)=MX +b,

A'=g(A) =MA+b, B'=g(B)=MB+Db, C'=g(C) = MC +b
— AB'=M(B—A), AC'=M(C—-A) '

Prepared by Begashaw M. 217



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

Thus,
det(A'B', A'C") = det[M (B — A),M (C — A)] = det[M (B — A,.C — A)]
= det[M (AB, AC)] = det M. det(AB, AC)
Hence, g preserves orientation if and only if
det(A'B', A'C") > 0 < det M.det(AB, AC) > 0 <> det M > Obecause det(AB, AC) >0

from our assumption. Similarly, greverses orientation if and only if

det(A'B', A'C") < 0 <> det M.det(AB, AC) < 0 <> detM <O0.

Note that since any affine transformation g is bijective, it is invertible and so is
its standard matrix M and hence det M can not be zero.

So, any affine transformation g is either orientation preserving or orientation
reversing but cannot be both.

Examples: Determine whether the following affine transformations are
orientation preserving or orientation reversing.

3x—2y+7J

X
:R?> - R?given b =
a)g — Rglven by g(y} (x+5y—11

b) «:R* > R? gi [XJ—[X+1J
; givenby o |=
y) \y-11

Solution:
X 3X-2y+7 3x—2y 7 3 —2)\x 7
a) Here, g| |= = + = +
y X+5y—-11 X+5Yy -11 1 5 )y -11
3 -2
=M= = detM =17>0
i)
Hence, by the above theorem g preserves orientation.
1 1 1 1
b) Similarly, « ol P ol P + T |= 0 X +
y) \2-y) \-y) \2) (0 -1y \2
1 0
:M:( ]:detM:—l<O
0 -1

Hence, by the above theorem « reverses orientation.
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Theorem 5.5: The inverse of orientation-preserving affine transformation is
again orientation-preserving. The inverse of orientation-reversing affine

transformation is again orientation-reversing.
Proof: Let g(X)=MX +bbe orientation-preserving affine transformation.
Then, we need to show that g™is also orientation-preserving. Since gis

orientation-preserving, detM >0. Besides, fromg(X)=MX +b, by Inverse

Characterization Theorem, g™(X)=M "X —M ‘bwhich gives us the standard
matrix of g~tis M.

Thus, det(M ™) = >0, detM >0.

1
detM
Hence, g~ (X)=M "X —M *bis also orientation-preserving whenever

g(X)=MX+5is orientation -preserving. Similarly, if g(X)=MX+5is

<0, detM <O.

orientation —reversing, thendetM <0. So, det(M ) = J th
€

Theorem 5.6: The composition of two orientation-preserving affine
transformations is orientation-preserving. The composition of two orientation-
reversing affine transformations is orientation-preserving. The composition of
an orientation-preserving and an orientation-reversing affine transformation is
orientation-reversing.

Proof: Let g(X)=MX +b and h(X) = NX +che any affine transformations. In
section 6.6, we have seen that the matrix of the composition g o h is the product
of the matrices of g and h.Thus, the standard matrix of goh iSMN .

Now, suppose gand hare orientation-preserving.

That means, detM >0, detN >0.50, det(MN)=detM.det N >0. On the other
hand, if gand hare orientation-reversing, detM <0, detN <0gives
det(MN) =detM.det N > 0.

Thus, in either cases, g o his orientation-preserving.

Finally, if gis orientation preserving and his orientation reversing, we will
have detM >0, det N <0=>det MN =det M.det N <O.

Hence, if gand hhave opposite effect on orientation, then their composition
g o hwill be orientation reversing.
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5.7 Area and Affine Transformations

Let 77 be a parallelogram whose adjacent sides are given by the vectors

X =®JandY =(VZ\Jas shown in the figure 5.3 below. For simplicity of

. . .. X Z
calculation, assume one of the vertices to be the origin and X =( ] Y :( ]
\W

.- . X Z
to be positively oriented vectors. That means det(X,Y) :‘ w‘ >0.

Pryl

Iz “ [y]

—d = pret] -

L

I
Figure 5.3

Now let’s calculate the area of the parallelogram 7 denoted by a(r).
Thatis @(77) =Db.nwhere b is the base of the parallelogram 7 given by
b =|X|and his the altitude from the vertex Y to the base X . Here, how to

find h will need a little algebraic calculation as follow. From Pythagoras
Theorem,

2
XY X Y)?
Lt SR A R o .00 IR0
IX] IX]
—(X. x? + 22 +wW?) —(xz +
_IXIVI=(XY)® o 4 y?)(? +w?) — (xz + yw)® XY =xz+ yw
X Ky’ -
_ (2)? + (xw)? + (yz)? + (yw)* —[(x2)* + 2xzyw + (yw)?]
x% +y?
_ Ow)? —2(xw)(yz) + (yz)* _ w— yz)®
X% +y? x% +y?
ey
VX2 +y?
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Hence, the area of the parallelogram 7 is computed by
Xw— yz| X z
2 2 ‘
a(r)=bh=(yx*+vy —— 2):\xw—yz\: w‘
X2 +Y y
Notice: The first bar is to indicate absolute value and the second is to indicate
determinant in the above area formula. From this area of a parallelogram, if we

are interested on the area of the triangle with adjacent sides the vectors

X = (X] andY = U\J , we simply multiply by half. a(AOXY) = 1

-
y 2|y w|’

In general, for arbitrary parallelogram 7 with vertices

Az(X],B:(ZJ,C:(U}Dz[rJ,the area of 7% is given by
y w v t

Z—X U—X . . . .
a(r) = H For arbitrary triangle ABC with vertices
wW—y Vv-y
A:(XJ,B:[ZJ,C:(u],wehave a(AABC) = L[| 27X U7X
y w Vv 2|W—y Vv-y

(The derivations of these formulas are similar as we did above). The plus sign
of the determinant is obtained when the triangle has positive orientation where
as the minus sign is taken when the triangle has negative orientation. Notation
from now onwards, we use the following notations.

For vertices A= [);] B= (VZ\JC = CJJ , the pair (AB, AC) is a matrix formed by

putting the coordinates of AB as first column and the coordinates of AC as the

— Z-X U-X
second column as follow: (AB, AC) :( J :
w—y v-y

Let det(AB, AC) denotes determinant of (AB, AC) so that we can write

det(AB, AC) = (Z_X U_XJ‘. Hence,
W—y V=Y
_— Z—X U—X
a(AABC):E‘det(AB,AC)‘:E .
2 2[w—-y v-y

Now let g be any affine transformation. We need to investigate the effect of g
on the area of AABC. Let AA'B'C'be the image of AABC under gwhere
A=g(A), B'=g(B), C'=9g(C).
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Since gis affine transformation, there is a unique matrix M and a vector b
such that g(X) = MX +bfor all points X in the plane. Thus,

A'=g(A) = MA+b, B'=g(B) = MB+b, C'= g(C) = MC +b
— A'B'= MB +b—(MA+b) = MB — MA,

A'C'=MC +b - (MA+b) = MC — MA
Hence, from the above area formula,

a(AA'B'C') =

det(A'B', TO)‘ = 1|det(MB — MA, MC — MA)
=1|det(M(B— A,C— A)] = 1|detM det(B— A,C—A)|,  det(XY) =det X detY
=1ldet(B—A,C—A)[det M|,  |xy|=]x]y|

_1
2

det(AB, AC)|det M| = a(AABC)[det M|,

det(AB, A_Cf)‘ — a(AABC)

This relation in general is given by the following theorem.

Theorem 5.7 (Area Relation Theorem, ART):

Letg be any affine transformation given by g(X)=MX+b. Then,
a(AA'B'C') = a(AABC)|det M|where AA'B'C'is the image of AABC .

Examples:
1. Given AABC with vertices A=(4,1), B=(-2,0), C =(2,-2). Let g be affine
. . 4y -3 . .
transformation given by g o e . If AA'B'C'is the image of AABC
y 3X+T7y+2

under g, compute a(AA'B'C").
Solution: First find the area of AABC so that to apply the area relation theorem.

In AABC, AB = (-6,-1), AC = (-2,-3). Thus,

a(AABC)=13

det(ﬁs',A_c')‘ —1

-6 -2 .
det( . 3]‘ =118 - 2| =8sq.units
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. . 1 4
Now from the formula of g, its standard matrix is given by M :(3 7} such

that detM =-5. Therefore, from area relation theorem,
a(AA'B'C') = a(AABC)|det M| =85 = 40sq.units.
2. Suppose a certain affine transformation g takes AABC into AA'B'C' such that
a(AA'B'C') =1a(AABC) .If gtakes ADEF into AD'E'F'where
a(AD'E'F') = 7cm?, calculate a(ADEF).
Solution: For an affine transformation g, if AA'B'C'is the image of AABC
under g, then a(AA'B'C') = a(AABC)|det M|. But we are given that,
a(AA'B'C') = 1a(AABC) = a(AABC)|det M| = La(AABC) = [det M| =1 = det M = +1
Thus,
a(AD'E'F') = a(ADEF)|det M| = 7cm? = a(ADEF )|+ 4| = a(ADEF) = 21cm?

Definition: Equi-affine transformation is an affine transformation that
preserves area.
An affine transformation preserves area of AABC if a(AA'B'C') =a(AABC).

Corollary:

An affine transformation g(X) = MX +bis equi affine if and only if detM =+1
Proof: Suppose g is equi affine transformation. Thus, for any AABC ,

a(AA'B'C') = a(AABC) . But from area relation theorem,

a(AA'B'C') = a(AABC)|det M| = a(AABC)|det M| = a(AABC) = |det M| =1=> det M =+1.
Conversely, suppose detM =+1. Then,

a(AA'B'C') = a(AABC)|det M| = a(AABC)|+1 = a(AABC).

Hence, g preserves area.
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Theorem 5.8: Let g@] = @J be any affine transformation where

'— b h 1 1 i i i
{X PEYT ad —be 0. Then, g is equi affine i and only if |ad —bo|=1.

y'=cx+dy+k

Proof: Let A= (Xj B =(ZJ, C-= [uj be vertices of AABC .
y w Vv

Then, ﬁ:[z_x} E=(U_stothat
w—y V—X

( Z-X Uu-— x]
det

W—-y Vv-y
On the other hand, let AA'B'C'be the image of AABC under g, then

A= g(A) = ax+by+h B'= g(B) = az+bw+h C'=g(C) = au+bv+h
-9 lex+dy+k ) O g rdwak ) T T I T i vk

— (a(z—x)+b(W—y)j AC (a(U—X)er(V—Y)J

= A'B'=
c(z=x)+d(w-y) clu—x)+d(v—y)

a(AABC)=1

det(AB, E’)‘ =1

Hence, using the general area formula for the image AA'B'C', we have

a(AA'B'C') =1

det(A'B", R‘)‘
et[a(z —X)+b(w-y) a(u-x)+b(v— y)j‘

-1
2

c(z=x)+d(w—y) clu—x)+d(v-y)
(a bYz-x u-—x
lc di\w-y v-y
b _ _

det a ]det(z U=

c d wW—y Vv-y

3 et Z—X u—x} :

W—y V-Yy
= a(AABC)|ad —bc| = a(AA'B'C') = a(AABC)|ad — bc)|

de

—

Il
(NI

I
N[

Hence, g is equi affine if and only if

a(AA'B'C') = a(AABC) <> a(AABC)|ad —bc| = a(AABC) <> |ad —bc| =1
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5.8 Inverse of Affine Transformations

Let g(X)=MX +band h(X)=NX +c be any two affine transformations. Then,
their composition is given by
i. goh(X)=g(h(X))=g(NX +c)=MNX + Mc+b
= goh(X)=CX+d, C=MN, d=Mc+b
i. hog(X)=h(g(X))=h(MX +b)=NMX +Nb+c
—hog(X)=DX+6 D=NM, e=Nb+c
In either case, the matrix of the composition is the product of the matrices of
the individual affine transformations.
Definition: Any two affine transformations g and f are said to be inverse of
each other if and only if fog(X)=go f(X)=i(X)=Xfor all Xin the
domain. For instance inR, f(x)=x+1and g(x)=x-1are inverses of each

other because fog(x)=go f(x)=i(x)=x,VvxeR. Now our aim is to find the
inverse of an affine transformation whose formula is given. Consider any two
affine transformations g(X) = MX +band f(X)=M X —Mb. Then,

i. fog(X)=f(MX+b)=M*(MX +b)-Mb=X+Mb-M b=X

i. go F(X)=g(M X =M b)=M(M*X —M'b)+b=X -b+b =X

Thus, from these two cases, fog(X)=geo f(X)=i(X)=Xfor all X in the
given space. Hence, the given affine transformations gand f are inverse of

each other. This observation is generalized by the following theorem.
Theorem 5.9 (Inverse Characterization Theorem, ICT):

Let g(X) =MX +b be affine transformation. Then, the inverse of g is given by
g (X)=M*X —Mb.

Notice: To find the inverse of any given affine transformation g:R* - R®
given by g(X) = MX +b, it is advisable to remember the following steps:

Step-1: Find carefully the standard matrix M and the vector b of g using:

i
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_ d -b
Step-2: Calculate M “using M = adlbc{ ¢ a ]

Step-3: Compute g "using inverse characterization theorem.
g (X)=MIX -M"b

Example: Find the inverse of an affine transformation g given by

X) (9x—-4y+2
J y) | 2x—y-5]
Solution: To find the inverse of g, the first task is to identify its standard

matrix M so that to apply theorem 5.9.

Let g(X) = MX +bwhere M =(2 zj Hence, b= g(oj=( 2 ] and
o) do) B ) ola) -6
Thus, M :(Z :‘D Now calculate M *,

: : _ a
For any 2x2invertible matrix M =(

C
. d -b
So, for Mz(g _4) M‘1=il(_1 4J:(1 _4)
2 -1 -2 9 2 -9
Therefore,
g’l(X):M’1X—M’15:>g’1 X _ 1 —4yx) (1 -4\ 2
y 2 -9)\y 2 -9)A-5
[ x-4y 22
“l2x-9y) |49

[ x—-4y-22
| 2x-9y-49

b) .. . L
dJ, IS Inverse IS given by
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Review Problems on Chapter-5

1. Suppose T is an affine transformation given by T(yj = C - ?Q .Then, find
+

a) the image of the y-axis under T

b) the image of the line x+y=21under T
c) the image of the circle x*+y?=1under T
) 4(x+Yy)*+(y—x)*> =16

Answer:a) y=-—x b) x+3y-4=0

2. Find the image of the circle x* +y? =16 under affine transformation
X2 y2
lunder affine transformation

o{5)ar)

3. Find the image of the ellipse T+ S

o)l

. . . . . 31
4. Suppose g is a linear transformation with standard matrix M =(2 J.

Answer :x* +y? =64

©l< o|x

Answer :x* +y?=1/9

Find the image of the line 1:y=2x+1under . Answer:4x—-5y+1=0

. . . . . 2
5%*. Suppose g is an affine transformation with standard matrix M =( . OJ'

If g(OJ:(ﬂ'}, find the image of I:y=3xunder g. Answer:x+8y—20=0
6. Let S, and S, be a reflections on lines a long the vectors u= (1) and

v=(12). Then, find the equations of S, -S, and give its standard matrix.
3. 4 4/5 3/5

4
Answer:S, oS (X, yY)=(=X+=Y,——X+—-Y), M =
1°Su (X Y) (5 A +5y) (_3/5 4/5j

227
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7. Let T : R? — R2be defined by T(ij(?’x_zyj.
y 4x -3y

a) Find the matrix representation of T .
b) Determine whether T preserves or changes orientation.
c) Find the formula forT .
d) If A'B'C'D'is the image of the parallelogram ABCD underT where a
A(L), B(41), C(4,3), D(13), calculate the area of AB'C'D'.
8. Let g be a reflection on the line I, :2x—y=0in the direction of the line
l,:12x+3y-2=0. If I :tx—3y+5=01s the fixed line of g, then find t
9. Let S be ashear which takes the point (2,6)to (5,6). Then find S™(3,-2)

10. Let T7:R?>R? be a one to one linear transformation. Then,

a) If TKZX_GJZ(OJ’ then find the point [X]
3y+9) (0 y

b) If T(_ZH 3 ] then find the image T( 16 J
3 —-24

11. Let g:R? — R? be affine transformation. If g is a reflection on the line
x—y-1=0 in the direction of the line y=2x. Then,

a) Find the formula for the linear mapping f (x) associated with g(x)

b) Find the matrix representation of g(x)

c) Give at least three fixed points of g

d) Is the line 1:6x-3y+12=0 afixed line of g?
12. If the image of the (1,3) under a compression Con a line k:y =2x+3in the
direction of the linel : 2x+y+2=0is the pointP'= (2, 1), find the image of the
linem: x —y+1=0under this compression.
13. Let y : R* — R?Dbe linear transformation such that “’@:@ and

l/,(_ 3 - Gj Find the formula for  and the image of Y =95X—2 under i .
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14. Let « be a shear such that «(-1,4) =(7,11). Then, find the equations of « .
Answer : a(X,y) =(X+2y,y—7X)
15. Suppose f is an orientation-reversing similarity. Prove that f o f is either

dilation or a translation.

—-by) . e :
16. Suppose g[xj = (ax yJ Is an equi-affine transformation. Then, prove that
y bx + ay

a’+b%=1.

17. Given the affine mapping g(x) { 33 0 }(J{ 62]

a) Is g orientation preserving or orientation changing?
b) Is gisometric mapping?

5x

18. Given the affine mapping g(xj:{
y 6y

}{ﬂ and triangle ABC with vertices

A(0,1), B(2,1), C(2,5). Find the area of the image triangle A'B'C' under g.
19. Let g(X) = MX +b be affine tansformation. If g(x) preserves area , then

prove thatdet(M) = +1.

20. Prove that any homothety preserves orientation.
21. Determine the effects of shears on area and orientation.

22. Let S, be a reflection where |is a line through the origin that makes an

angle of @ with the positive x—axis.

. . cos26 sin20

a) Show that the standard matrix of S,isgivenby M =| :
sin26 —cos 260

b) Using part (a), conclude that S, preserves area but changes orientation.

23. Every affine transformation given by f@) = M[X

ol

j+5 is a similarity if and

only if there exists k >0 such that

x) .
for all vectors(yj in R?.
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24. In the cell of the following table, put “ ~ ” if the geometric concept will

be preserved or “>' if it will be changed under the given type of
transformations in general.

Geometric concepts ‘ijes Qfﬁmﬁm{}m

Similarity Affine Isometry

1. Size

2. Orientation

3. ﬂifci’ipﬂin t

4. Angles

25. Produce an example of similarity but not an isometry
a) That preserves area but not orientation.
b) That preserves orientation but not area.

c) That preserves both area and orientation.

X'= kx

26. Let «, be a mapping for k = 0given by «, (x,y) = (X, y')where{y,_ y
a) Show that «, is affine transformation. Can «, be a similarity?

b) Determine whether «, is equi-affine or not. Is it orientation preserving?

27. Let T:R? — R?be defined by T| * | = ax+2a , Where aand b are non zero
y by + 3b

constants. Show that T is affine transformation and find the formula for 7.
Let IT be a plane with area A= % . Give the area of T(IT)? Is T equi-affine?

Is T orientation preserving or reversing?

28. Determine the orientation of AABC whose vertices are given as follow

(e
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29. Given [ ¥ | = 34V ~2
y —4x+3y+1

a) Show that f is an affine transformation

b) Show that f is a similarity

c) Find a dilation & , a rotation R, and a translation

T,suchthat f =6-T,0oR,

d) Is f orientation preserving?
30. Classify the following affine transformations as orientation preserving and
orientation changing.

a. Dilation

b. Line reflection

c. Shears

d. Compression
2 2
31. Show that the ellipse X—2 +Z—2 =1is the image of the circle x* + y* =1under
a

some affine transformation.

32. If 2x=—3x—y+2 and 2y'=x—+/3y—1 are equations of a rotation, then
find the center and angle of the rotation.

33. Let «a be an isometry with «(0,0) =(2,1), a(,-1) =(10), «(2,3)=(51).Then

find the equations of « . Determine whether « even or odd isometry?

Prepared by Begashaw M. 231



Text Book of Transformation Geometry by Begashaw M. For your comments, use -0938836262

REFERENCES

[1] G.E. Martin. (1982). Transformation Geometry. New York: Springer-
Verlag. [2] H. Anton. (1987). Elementary Linear Algebra. New York: John
Wiley- Sons.

[3] S. Singh. (1982). Modern Algebra. New Delhi: Vikas publishing, 3" ed.

[4] E. Moise. Elementary Geometry from an advanced standpoint

Prepared by Begashaw M. 232





