Chapter3

Mathematical Modeling of Dynamic Systems

3.1. Introduction
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Causality: the current output of the system (the output at time t = 0)
depends on the past input (the input for t < 0) but does not depend on

the future input (the input for t > 0). No future anticipation.

Linear Time-Invariant Systems: dynamic systems that are
composed of constant coefficients or functions of independent

variable of differential equations.

Linear Time-Variant systems: systems that are represented by

differential equations whose coetficients are functions of time.
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* Mathematical model of a dynamic system: is defined as a set of
equations that represents the dynamics of the system accurately or, at
least, fairly well, whether they are mechanical, electrical, thermal,
economic, biological, and so on. In other words Mathematical model
of a dynamic system 1s a mathematical relation which relates the

excitation (input) of the system, the system itself and the output. It

may be linear or non-linear.
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» Mathematical model are more to analysis control system.
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»  Mathematical model 1s not unique for a given system (mathematical

models may assume many different forms).
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Example:

In optimal control problems, it 1s advantageous to use state-space

representations.

In transient-response or frequency-response analysis of single-input-
single-output, linear, time-invariant systems, the transfer function

representation may be more convenient than any other.

In mathematical modeling of linear lumped-parameter system, a
certain non-linearity and distributed parameter ignored if their effects

1s small on the response.
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*¢ The most popular mathematical models are:
. Differential equation iii. Impulse response
11 Transter function Iv. State space representation

/

* Rather than the mathematical models, there are also other ways of
describing a system that have an aim of giving a schematic overview
of a system. The two popular schematic system descriptions are:

1. Block diagrams

1. Signal flow graphs



3.2. Classical Mathematical Modeling Techniques

of a Dynamic System
3.2.1. Differential equation

» The oldest way of a time domain system description.

» It includes linearly independent equations of a system as well as the

appropriate initial conditions.
» Applications of differential equations

i. LTI electric Network

» To develop the over all differential equation of the electric network,

KVL and KCL will be applied.

» The basic elements of an electrical system are resistor, inductor and

capacitor.
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«* Resistor - WwW— V = Ri
= A
i
di .1t
« Inductor " e, . V=L— ori=r/ vdt
- v —a

/

s Capacitor

o) S

where V 1s voltage and 1 is current.
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LTI mechanical system

Mechanical systems are classified into two types:

1. Translational ii. Rotational

Translational motion: during this the motion of the body is along a

straight line or a curved path.

There are three elements which are dominantly involved in the

analysis of translational motion. These are mass, spring and damper.

Mass: in the physical model of a mass, it 1s assumed that its mass 1s
concentrated at the centre of the mass. Consider the mass shown

below with zero friction.
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¥
] , L
g The relation between force F and mass M 1s given by
M — it .
d°x du
7 F=M—=M—= Ma
PEEEEETEETTEETES TSI TS dt- dt

Where a 1s the acceleration, u is the velocity, and x 1s the displacement of

the mass.

/

** Spring: consider a spring having negligible mass as shown below.
Let the linear spring constant for the spring be K. the spring

subjected to force and it undergoes elastic deformation. Where X 1s

B
J F = Kx
e

By Zewde T. 8
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Here X, is the displacement of end A, whereas x, is the displacement of end B

B A
—AWWWWWWA—e
> x X

If force is applied at end B,

If force is applied at end A,

/

** Damper: motion is opposed by friction. Types of frictional forces are

given below.

i. Coulomb frictional force: the sliding friction between dry surfaces.

By Zewde T.



Cont. ...
il. Viscous friction: the friction between moving surfaces by a viscous
fluid or the friction between a solid body and a fluid medium.

Viscous friction is proportional to velocity.

—> x

fF—»

Dashpot
d(Xq—%;]
dt

f=pZ=-p
dt

10

Where D is the damping coefficient
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ili. Stiction: the friction force that required to initiate motion between
two contact surfaces.

4
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» Rotational motion: during this the motion of the body is about its

L)

own axis. It 1s similar to translational motion except torque, inertia
and angular displacement are considered instead of force, mass and
linear displacement. The three basic elements of rotational motion
are inertia (J), damper (D) and spring (K).

/

s Inertia

\ \l 7k E d’e dis
r.// E Tz]dt3=]5=]a

T- is torque

Where a is the acceleration, @ is the velocity, and & is the displacement of the
inertia.
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T=0D2L- Do

-
J‘l.{ dt
e

¢ Spring:

-]
|

Ko
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3.2.2. Transfer function

» Itis a description of frequency domain.
» It holds only for LTI systems having zero initial conditions.
» Consider the following

Input Output
System

u® | g Y0

Let u(t) be the input signal y(t) be the output signal and g(t)be the
representation of the system.

» Then, the transfer function of a LTI system with zero initial

conditions 1s the ratio of the Laplace transform of the output y(t) to

the Laplace transtorm of the input u(t).
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» Mathematically

laplace transform of output

Transfer function = -
laplace transform of input

. Y(s) L .
G(s) = —— | zero initial conditions
U(s)

» It is mathematical model expressing differential equation that relates

output variable to input variable.

» The order of system is the highest power of s in the denominator of

the transfer function.

> Poles and zeros of a transfer function is obtained from denominator

and numerator of the transfer function respectively.

»> Property of system itself, independent of magnitude and nature of

input.
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Does not provide any information concerning physical structure of

system.

Used for the study of output for various input if transfer function 1s

known.

Stability 1s determined based on the location of poles of transfer

function.
Exercise 3.1:

Consider the differential equation given by

dmu(t) dm=1y()

d"y(t) d" "ty (t) b
m " gem  + Pm-1" gmog
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Proof its transfer function is given by

Y(S) bmSm + bm_lsm_l + *ee + b1$ + bo
B ~ ays"+ap_(sPl+ -+ ags+ag

2) The relation between input and output of the system can be expressed

mathematically by using convolution integral as

y(t) = u(t) * g(v)

t

y(0) = j a(Du(t - Ddr

0

Y(s)
U(s)

Then proof G(s) =
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3.2.3. Impulse response function
» Consider the following

u(t) - v(t)

»> Impulse response h(t) of a linear system with zero initial conditions is
the systems output when its input 1s the unit impulse function .
Then  Y(s) =H(s)U(s) = H(s) Sinced(s)=U(s) =1

» The impulse response of the above system is

y(t) = L™{Y(s)} = L"*{H(s)} = h(t)

By Zewde T. 17
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3.3. Mathematical models of electrical systems

Example 3.1: Consider RLC circuit shown below. Find the differential
equation and transfer function of the electrical network. Assume the Vi(t)

as an input and Vo(t) as an output of the given system.

R L

e
v;i (D) 2 ) Vo (t) ==c

i

solution

To get the differential equation of the system, let us apply KVL into

the given network.

By Zewde T. 18
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v;(t) = Ri(t) + L d‘(t) + v, () (3.1)
vo() = ¢ [ i()dt
i(t) = C dVO © (3.2

» In order to get transfer function, let us apply Laplace transform into

equation (3.1) and (3.2).

For eqn.(3.1), v;(s) = RI(s) + LsI(s) + v,(s) (3.3)

For eqn.(3.2), I(s) = CSv,(s) (3.4)
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» Substituting eqn.(3.4) into eqn.(3.3) and rearranging will result the

following transfer function.

Vo(S) _ 1/Lc
— R
vils)  sZ+7s+1/c

Exercise 3.2: 1) Find the transfer function ]Z:Og)) of the given network
below. L R
"

By Zewde T. 20
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2) Find the transfer function for the following operational amplifier

circuits
1. Inverting amplifier
1. Non-inverting amplifier
11. Differential amplifier
1v. Integral amplifier

3) Find the differential equation that describe the network given below.
v

i
o

By Zewde T. 21
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3.4. Mathematical models of mechanical systems

Example 3.2:

1) Determine the mathematical model for the system shown below.

LLLLLLL L L L L2277

DH;I K

i 1
‘e

Solution:
» The force f causes the displacement on mass M. This is oppose by

spring as well as by damper.

By Zewde T. 22
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» So the mathematical model of the system is given by,
2
MEE = F-DE _kx
dt dt

dx? dx
f—M?-FDE-FKX

2) Determine the torque equation of the system shown below.

C J
r o —
/’77/777/77777,
D
Solution: T Dda— d*e
olution: ac 7’ ac
_ d25l+ de
_;dI@Zewdeer
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Exercise 3.3:

1. Determine the transfer function Xz(S)/ r(s) for the system shown in

Figure 3.1. Both masses slide on a frictionless surface, and k =

1N/m.

—> X1 — X

f(t) = T s

1 | kg | kg

Fig.3.1: Two connected masses on a frictionless surface.

By Zewde T. 24
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2. A two-mass model of the robot is shown in Figure 3.2. Find the

transfer function *(®)/ F(s)

— X >V

ey

Firy—> M m

—/\Y V\{W\N —

Fig.3.2: spring-mass-damper model of a robot arm.

By Zewde T. 25
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3. For the three-cart system illustrated in Figure 3.3, obtain the
equations of motion. The system has three inputs u,, u,, and u; and
three outputs X4, X,, and X;. Obtain three second-order ordinary

differential equations with constant coefficients.

— y) e X 5 —p 1y
ad s U3
— — > —_——
k, ko ks
| M M M
SYAVAVAYES B WVAVAVAVAS B VAVAVAVE
—0— —— [

e

Fig.3.3: Three-cart system with Three inputs and three outputs.

By Zewde T. 26
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3.5. Poles and zeros of a transfer function

>

The n order transfer function of a system can be expressed as the

following:
boS™ + by S™ L+ by S™2 4 hyS™ 3 4o+ by S + by,
ST+ b, SV + h,S2 4+ h S 4 L+ b, 1S+ Db,
It 1s often convenient to factor the polynomials in the numerator and

G(s) =

denominator, and to write the transfer function in terms of those

factors:
P(s) — K(5=z,)(5—2z3)(S—23).(S—Z}p)
Q(s) (S=p)(S=p2)(S=p3) . S=Pm)

G(s) =

Where P(s) and Q(s) are the numerator and denominator polynomial

equations of the transfer function respectively.

By Zewde T. 27



Cont. ...

» The two polynomials, P(s) and Q(s), allow us to find the finite poles

and zeros of the transfer function.

Definition 1: zeros

o Theroots of P(s) = 0. {P(s)[s-;, = 0} wherez;,i=12,..,marezeroof the TF

o Theroots that will make the overall transfer function to zero. {lim;_, G(s) = 0}

Definition 2: poles

o Therootsof Q(s) = 0. {Q(S)lsz-pj =0} wherep, j=1,2,..,narepole of the TF

o The roots that will make the overall transfer function to infinity. {limwj. G(s) = w}

Remark:

o The total number of finite and infinite poles and the total number of finite and

P - - ' By Zewde T. 28
infinite zeros of a transfer function are always equal.
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The total number of finite and infinite poles of a transfer function is

always equal to the order of the transfer function.

Example 3.3: Find the zeros and poles of the following transfer

functions
_ (S+2) __ (5+2)
a) G(S) - (S+3)(S-2) ‘) ((S) (S+3)%(5-2)
b) G(S) (¢+3) )(5-2) d) G(S) B (S+3)3(5-2)(S+1)

Solution a) Poles:S=-3,2

Z.eros:

S8~ limg = =0
(S+3)(S—2) T s

By Zewde T. 29

lim,_,, G(s) = lim._,
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» As we can see from this approximation, there will be one

opportunity in which the zero of the system can be infinity.

In general the zeros of the given TFare S = —2, w0
b) Poles:S=-33,2

Zeros:

6+2) ~ lim i=(]
(S+3)(5-3)(5-2) TP g2

o limg,, G(s) = lim,_,

As we can see from this approximation, there will be two opportunities in
which the zeros of the system can be infinity.

In general the zeros of the given TF are S = =2, o0, w

c) Poles:S=-3,-32

o . (S+2)
Zeros: lim._.. G(s) = lim,_, 513976 D

By Zewde
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» As we can see from this approximation, there will be two

opportunities in which the zeros of the system can be infinity.

In general the zeros of the given TF are S = —2, c0, w0

d) Poles:S=-3,-3,-3,2-1
1eros:

(S+2)
(S+3)3(5-2)(S+1)

o because lim,_, G(s) = lim,_,,,

1
X limg_,, == 0

As we can see from this approximation, there will be three opportunities in
which the zeros of the system can be infinity.

In general the zeros of the given TF are S = -2, -2, 0, », «

By Zewde T. 31



3.6. Diagrammatical representation mechanisms of a
systems dynamic models

3.6.1. Block Diagram

» It is a pictorial representation of the functions performed by each
component and of the flow of signals. Such a diagram depicts the

interrelationships that exist among the various components.

» Differing from a purely abstract mathematical representation, a block
diagram has the advantage of indicating more realistically the signal

flows of the actual system.

» In a block diagram all system variables are linked to each other

through functional blocks.

By Zewde T. 32
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» The functional block or simply block is a symbol for the mathematical

operation on the input signal to the block that produces the output.

» The transfer functions of the components are usually entered in the
corresponding blocks, which are connected by arrows to indicate the
direction of the flow of signals. Note that the signal can pass only in the

direction of the arrows.

» The advantages of the block diagram representation of a system lie in
the fact that it 1s easy to form the overall block diagram for the entire
system by merely connecting the blocks of the components according to
the signal flow and that it is possible to evaluate the contribution of

each component to the overall performance of the system.
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In general, the functional operation of the system can be visualized
more readily by examining the block diagram than by examining the

physical system itself.

A block diagram contains information concerning dynamic behavior,
but 1t does not include any information on the physical construction
of the system. Consequently, many dissimilar and unrelated systems

can be represented by the same block diagram.

It should be noted that a block diagram of a given system 1s not
unique. A number of different block diagrams can be drawn for a

system, depending on the point of view of the analysis.
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Parts of a Block diagram

Summing Point

As 1t 1s shown 1n figure 3.1, a circle with a cross 1s the symbol that
indicates a summing operation. The plus or minus sign at each

arrowhead indicates whether that signal is to be added or subtracted.

Quantities being added or subtracted should be the same dimensions

and the same units.
Branch/ Takeoff Point

It 1s a point from which the signal from a block goes concurrently to

other blocks or summing points.

By Zewde T. 35
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Block Diagram of a Closed-Loop System

» Figure 3.1 shows an example of a block diagram of a closed-loop
system. The output Y(s) 1s fed back to the summing point, where it 1s

compared with the reference input R(s) .

S umn;ing point bran.ch. point
f
R(s) E(s) 6(s) Y(s)
B(s)
H(s)

Figure 3.4: Block diagram of a closed loop system.

By Zewde T. 36
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Open-Loop Transfer Function

Referring to Figure 3.1, the ratio of the feedback signal B(s) to the

actuating error signal E(s) 1s called the open-loop transfer function.

That is,

. B(s)
Open loop transfer function = %
= B(s) = H(s)Y(s) But Y(s) = G(s)E(s)
= B(s) = H(s)G(s)E(s)
B(s) _ py¢.
M H(s)G(s)

By Zewde T. 37
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ii. Feed forward Transfer Function

» Referring to Figure 3.1, the ratio of the output signal Y(s) to the
actuating error signal E(s) i1s called the feed forward transfer

function. That is

Y(s)

Feed forward transfer function = E

= Y(s) = G(s)E(s)

Y(s) _ ¢
“Ee G(s)

» If the feedback transfer function H(s) is unity, then the open-loop

transfer function and the feed forward transfer function are the same.
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ili. Closed-Loop Transfer Function

Referring to Figure 3.1, the ratio of the output signal Y(s) to the

reference input signal R(s) is called the closed-loop transfer function.

That 1is, Y(s)
Closed loop transfer function = E
> Y(s) = G(5)E(s) But E(s) = R(s) — B(s) = R(s) —H(s)Y(s)

)
R(s) 1+G(s)H(s) By Zewde T -
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In general, for a negative feedback system the closed loop
transfer function can be easily obtained by using the following

formula.
Feed forward Transfer Function

1+ Open loop transfer function

Closed loop transfer function =

Procedures for Drawing a Block Diagram

To draw a block diagram for a system the following procedures will
be followed.

Write the equations that describe the dynamic behavior of each
component.

Then take the Laplace transforms of these equations, assuming zero
initial conditions.

Represent each Laplace-transformed equation individually 1in block
form.

Assemble the elements into a ¢ottiplete block diagram.
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Example 3.4: Represent the following system in block form

Solution: The system differential equation (using KVL)

Loopl: e =L; =2 +<[(iy —i;)dt

Loop2: Ri,+ e, + % [(iy — iy) dt

di-
ED — LE —dB'_y'ZewdeT.
t

41
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Laplace transtormed eqns.1
loopl: Ei(s) = Lysly(s) + —(11(s) - z(S))
s

Cs 1 _
+ o B gk (0) = 1) 0
EI(E} 4+ CS 11{5}
> " L,CsZ+1 >

T ~

1

Cs

T I;(s)

Block diagram representation, of equation (1)

42
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Loop2: | | 1, |
b RI,(s) +E,(s) + - (I,(s) = 1,(8)) = 0
1 RCs+1
= 1i(8) ==~ 15(8) = Eq(8) &)
I;(s) + ) Eo(s)
- E I .
RCs +1

T I,(s)

Block diagram representation of equation (2)

By Zewde T. 43
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1

I L

E,(5) = Lysly(s) = I,(s) = ﬁEu[s) 3 s

Block diagram representation for eqn. (3)

Also E,(s)

The complete block diagram of the system by combination of the above
individual.

Ei(s) + s | Lls) + 1 Eo(s)
- L[ > o T
I +

1 RCs +1 4

Cs 1

Los
[JE[:S} IE['S}

By Zewde T. 44
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Rules For Block Diagram Reduction

» The complex block diagram involving many feedback loops can be

simplified by reduction of block diagram.

1) Summing point: it is a point where two or more signals may be

added /subtracted.

R3(S)

+ R,;(s) —Rz(s) + R3(s) = Y(s)
R(S) —

R(S)

By Zewde T. 45
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2) For blocks 1n cascade (series)

R(s) C(s) R(s)

—1 605) [ Gl) [ 68 == —6,(5)6,(5)64(s) ——

2) For blocks 1n parallel C(s)
- 6(9)
R ——¢- 69 &)

By Zewde T.
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o= _3"{;1(5}' EE[SJ +£1{5}

— C(s)

46
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4) Shifting a summing point before a block

:«5)—.:" G(s) As = R(S)—o@——*‘ G(s) \ —> Q9

1

————

X9 61‘5’

X($)
5) Shifting of summing point after a block

.......
OOOOO
- -
-
»?

- RGS) C(s)
A9 a9 Faaag= > @9 ——-’——*

G(s)
Xts)

By Zewde T. TX(S) 47
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6) Shifting of take-off point before a block

R(s)

G(5)

-
------

Gls) — C(9)

(9 =R T »

G(s)

X($) —

7) Shifting of take-off point after a block

R(s)

> G(s)

4 > C(5) = R(s) ——» G(9)

-
- o wn =

/

By Zewde T.

> C(s)

48



Cont. ...
¢ Procedure for block diagram reduction

1) Reduce the cascade blocks.
2) Reduce the parallel blocks.
3) Reduce the internal feedback loops.

4) It 1s advisable to shift take-off points towards right and summing

points towards left.
5) Repeat steps 1 to step 4 until the simple form is obtained.

6) Find transfer function of the overall system using the formula

C(S)/ R(s):
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Example 3.5: a) Find the single block equivalent and transfer

function of the “/p 4.

C(s)

By Zewde T. 50
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b) Obtain the simplified block and “”/p .

By Zewde T.

2

6,

A
M

51
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c) Obtain the expression for the output C(s) of the system.

Hy(s) R(5)
. + +

Ry(s) —()— 66 X i(% 6 |1 C6)

Hy(s) |¢

Hi(s) [
Answer:
C(s) G;(s)G,(s)G3(s) R.(s)
" 1+ H,(s)G3(s) — H3(5)G,(s)G3(s) + H;(5)G1(5)G,(5)Gs(s)
N (1 — H,(s)G,(s))G3(s) R, (5)
2

1 —H3(s)G,(s) + G3(s)[H,(s) + H;(s)G;(s)G, ()]
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d) Obtain the expression for the output C(s) of the system

Answer:

C(s) =

R,(s)
3 G3(s)
T +
_I_
G1(s) 2G4 (s) "I G4(s) F—— C(s)
Hy(s) |
G1G4(G2+G3) R, (S) n G4 (G2+G3)

1+H{G1(G,+G3)+G1 G4 (G, +G3)

1+H{G1(G2+G3)+G4 (G, +G3)

R, (s)
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e) For the block diagram given below
1. Reduce the block diagram and find the closed loop transter function.
11. Find the poles and zeros of the closed loop system.

111. Convert the system into a unity feedback.

s+1
hs+1

R(s) + @ B c(i)

- -
o 10

[#5]
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Solution:

C(s) _ 255s+55
R(s)  5s3+s2+510s+110

L
ii. Characteristic equation: 5s° + s + 510s + 110 = 0

55 11

Zeros: 255s+55=0 »s=——=——
255 51

poles: slove, 5s® +s“+510s+ 110 =0

i11. Unity feedback form from given system

RG) + G*(s) C-fs) KL G
T =

C(s)
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where G(s) = [(55:1) + 10] =

Cs) G(s) G(s)  G'(s)
R(s) 1+H(s)G(s) 1+2G(s) 1+G*(s)

Then solving for G*(s) gives,

G (s)

2 EE) =166




3.6.2. Signal Flow Graph (SFG)

»> A signal flow graph is another graphical representation of control

system. In which nodes represent system variable are connected by

direct branches.
» It may be regarded as a simplified version of a block diagram.
¢ Signal Flow Graph Terminology

» Consider the signal flow graph shown below:

By Zewde T. 57
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¢ Node: is system variable which is equal to the sum of all incoming
signal at node, while outgoing signal from node do not affect the value

of node.

“ Example x, = G;x; + H,x3 & x, = G3x3 + H;x,

¢ Branch: is direct line between nodes.

¢ Transmittance: is gain between nodes/branch gain.
Example G4, G,, G5 & G,.

¢ Input node/source node: is node which has only outgoing branches.
Example: x;.

¢ Output node/sink node: is node which has only incoming branches.

Example: xc.
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¢ Chain node/mixed node: is node which has both incoming and

outgoing branches. Example: x,,x; & x,.
“* Forward path: is path from input node to output node.
Example: x; = x, = x3 = x, = Xxs.
¢ Closed loop/feedback loop: is loop which start from particular node

and ends to same node. Example: x, — x; — x,.
¢ Self loop: start from a node and end at same node. Example: x,.
¢ Path gain: the product of gains going through a forward path.
Example: the path gain of the path x; - x, - x3 - x, - x5 is G,G,G3G,.
¢ Loop gain: product of branch gains in a closed loop.

Example: x, = x5 = x, 1s G, H,.
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** Dummy Node: If the incoming as well as outgoing branches exist at
the first and the last node representing input and output variables,
these nodes cannot be taken as input and output nodes. In such case,
separate input and output nodes are created by adding branches with

gain 1.

Example

x h A W R R

Without input and output nodes. Dummy nodes.

By Zewde T. 60



Construction of signal flow graph from linear equations

¢ Let consider the system described by linear equation shown below:
A12X1 T A32X3 + Ay Xy
A23X3

A24X7 + A34X3 + AgyXy
Az5Xp + A45Xy

By Zewde T.
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Procedure to draw signal flow graph from block diagram
¢ Steps to draw signal flow graph from block diagram are:
1) Replace input and output signal by nodes.
2) Replace the summing point by nodes.
3) Replace all the take off points by nodes.

4) If the branch connecting summing point and take off point has unity

gain, combined and represented by a single node.

5) If there are more take off points from the same signal, all take off

points combined and represented by a single node.

6) If the gain of the link connecting two summing points 1s one, the two

summing points combined and represented by a single node.
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7) In summing point, if a signal is subtracted instead of addition then
multiply the transmittance by —1 while representing in signal flow

graph.
Examplel: Draw the signal flow graph for the block diagram shown

below.
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Solution

By Zewde T.
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Exercise 3.3: Construct the equivalent signal flow graph for the block

diagram shown below.
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Mason’s Gain formula

» Mason’s gain formula is used for the determination of the overall transfer

function of a system.

» It is convenient and easy way of finding the relation between input and

output variables from the signal flow graph.

» Since high number of steps involved in block diagram reduction and time
consuming, any complex block diagram can be converted into signal flow
graph and transfer function can be easily obtained using Mason’s gain

formula.

Mason’s gain formula 1s given by

T ! A
=~ /) PrBk
Q;T 66
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where k = Number of forward paths
p, = path gain of k" forward path,
A= determinant of the graph given by

A= 1 — (sum of individual loop gains) +
(sum of gain product of all combinations of two non touching loops) —

(sumof gain products of all combinations of three non touching loops) + -

A, = A part of graph not touching the k" forward path.

¢ Non-touching loop: it is a subgraph forming loop (closed path) but

does not touch the forward path.
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Example: Find transfer function (%) of the following signal flow graphs

using Mason’s gain formula.
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Solution:
a) The number of forward paths are 2

Forward path 1:

pathgainp, = G;G,G4Gs
Forward path 2:

pathgain p, = G1G,G;

By Zewde T.



Cont. ...

» The number of single loops are six.

Loopl:

Loop gainlL, = —G4GsH,

Loop2:

Loop gainl, = -G,G,GsH,
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Loop3:

Loop gain L; = —G1G,G 4G5

loop4:

loopgainl, = —-G,G,Gs
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Loop3:

Loop gainLs = —G,G3H4

Loop6:

Loop gainlL, = —G3H,

» The number of two and more than two non-touching loops are zero.
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Mason’s gain formula

1
T = EZ Pk

A=1 - (sum of individual loop gains) +
(sumof gain product of all combinations of two non touching loops) —

(sum of gain products of all combinations of three non touching loops) + +

By Zewde T.
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A, = A for that part of graph which is not touching k" forward path.

Ai=1—-0=1; A,=1—0 = 1, since all the loops are touching the two

forward paths.

1
T(s) = Z(p1A1 + paA;)

G1Gy GG + Gy G, G3

T =
(s) =77 HjG4Gs + G, G,GsHy + Gy G, G4Gs + G, G,G3 + G,G3Hy + G3H,
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G16G2G3G4
24+2G4+2G3G4+GoG3G,

Answer: T(s) = ip1A1=
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Exercise3.4: Construct an equivalent signal flow graph for the block

C(s)

diagram shown below and evaluate the transfer function —= RGs

By Zewde T.
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Exercise3.5: Construct an equivalent signal flow graph for the block

C(s)
R(s)

diagram shown below and evaluate the transfer function —=

C(s 14G=GrGa+GrGiG=G-G
AnswerT(s)_() 506 Ggtlp by G5l by
R(S) 1+G5G668+G2G4GSG7GS+G1G2G3G7G8
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3.7. Introduction about Automatic industrial controllers
*¢» Automatic controllers

» Automatic controller compares the actual value of the plant output
with the reference input (desired value), determines the deviation, and
produces a control signal that will reduce the deviation to zero or to a

small value.

» The manner in which the automatic controller produces the control

signal is called the control action.

» The controller detects the actuating error signal, which is usually at a
very low power level, and amplifies it to a sufficiently high level and

fed to an actuator such as electric motor or valve.
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» The actuator is a power device that produces the input to the plant

according to the control signal.

Automatic controller

Reference
input

Output
Amplifier jee—m—l AcCtuator e Plant

( Set )
point
Actuating
error signal

s e — e o b e e i b M S s M

Sensor

Fig.3.4: Block diagram of industrial control system consisting (automatic

controller, actuator, plant and sensor), . . 75
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» The sensor (measuring element) is a device that converts the output
variable into another suitable variable, such as a displacement,
pressure, or voltage, that can be used to compare the output to the

reference input signal.

» The set point of the controller must be converted to the same units as

the feedback signal from the sensor.

» Industrial controllers may be classified according to their control

actions as:
1) Two-position/on-oft controllers
2) Proportional controllers

3) Integral controllers
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4) Proportional-plus-integral controllers
5) Proportional-plus-derivative controllers

6) Proportional-plus-Integral-plus-derivative controllers

¢ Controllers may also be classified according to the kind of power
emplovyed in the operation, such as pneumatic controllers, hydraulic
controllers, or electronic controllers.

» Two-Position or On-Off Controller

» In two-position control, the control signal u(f) remains at either a
maximum or minimum value, depending on whether the actuating
error signal 1s positive or negative, so that

u, fore(t) >0

u(t) = {wyﬁw e(t) <O 81
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Differential gap \

R |
e Uy u Uy Y

4

(2) | (b)

Fig.3.5: (a) Block diagram of an on-off controller; (b) block diagram of

an on-off controller with differential gap.

» The range through which the actuating error signal must move before

the switching occurs 1is called the differential gap.

» Such controllers are relatively simple and inexpensive and, for this

reason, widely used 1n both industrial and domestic control systems.
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» However, reducing output oscillation by decreasing the differential

gap, increases the number of on-off switching per minute and reduces
the useful life of the component.

Example:

* Liqud-level control system using electromagnetic valve to control the
inflow rate.

Movable iron core

tgv ( —— 4
r( o) 2 s

. i
g
[N AR
C g

cH]-<— Magnetic coil

(a) (b)

Fig.3.6: (a) Liquid-level control system (b) electromagnetic valve.
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*+ Proportional controller (P-controller):

» In this controller, relationship between the output of the controller u(?)

and the actuating error signal e(?) 1s
u(t) = k,e(t)

» The transfer function of the proportional controller is

Us) _
E(s)

Where, k- is proportional gain.

kp

» Proportional controller is essentially an amplifier with an adjustable

gain.
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¢ Integral Controller (I-Controller):

» In this controller, the value of the controller output u(t) is changed at a

rate proportional to the actuating error signal e(t). That is,

t

= kie(t) or u(t) = kif e(t)dt
0

du(t)
dt

Where K; is an adjustable constant.

» The transfer function of the integral controller is

U _k

E(s) s
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¢ Proportional-Plus-Integral Controller:

» Its control action is defined by

u(t) = kpe(t) + %Jte(t)dt
iJ0

» The transfer function of the controller is

Ucs) 1
% = kp(l +ﬁ

where, T;j 1s called the integral time.



Cont. ...

*+ Proportional-Plus-Derivative Controller(PD controller):

» Its control action is defined by

de(t)
dt

u(t) = kpe(t) + k, Ty

> The transfer function of the controller is

@ = kp(l + TdS)

E(s)

where, Ty 1s called the derivative time.
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¢ Proportional-Plus-Integral-Plus-Derivative (PID) Controller:

» It is the combination of proportional control action, integral control

action, and derivative control action.

» This combined action has the advantages of each of the three

individual control actions. The equation of a controller is given by

de(t)
dt

k t
_ p
u(t) = kye(t) + fjo e(t)dt + k, Ty

> The transfer function of the controller is

U(s)_k , 1
%— p( +ﬁ+TdS)
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Where, k- is the proportional gain, T;- is the integral time, and Tp- is

the derivative time.

E(s) Kl +Tis+T; T,s%) Uls)
T:s

Fig.3.7: Block diagram of a proportional-plus-integral-plus-derivative

controller.

3.8. Mathematical models of thermal and fluid systems (reading

assignment )
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