Chapter two

Design for static strength
Static load

A static load is a stationary force or couple applied to a member. To be stationary, the force or
couple must be unchanging in magnitude, point or points of application, and direction. A static
load can produce axial tension or compression, a shear load, a bending load, a torsional load, or
any combination of these. To be considered static, the load cannot change in any manner.

Static Strength

Ideally, in designing any machine element, the engineer should have available the results of a
great many strength tests of the particular material chosen. These tests should be made on
specimens having the same heat treatment, surface finish, and size as the element the engineer
proposes to design; and the tests should be made under exactly the same loading conditions as
the part will experience in service. This means that if the part is to experience a bending load, it
should be tested with a bending load.

The cost of gathering such extensive data prior to design is justified if failure of the part may
endanger human life or if the part is manufactured in sufficiently large quantities. Refrigerators
and other appliances, for example, have very good reliabilities because the parts are made in
such large quantities that they can be thoroughly tested in advance of manufacture. The cost of
making these tests is very low when it is divided by the total number of parts manufactured.

You can now appreciate the following four design categories:

1) Failure of the part would endanger human life, or the part is made in extremely large
quantities; consequently, an elaborate testing program is justified during design.

2) The part is made in large enough quantities that a moderate series of tests is feasible.

3) The part is made in such small quantities that testing is not justified at all; or the design
must be completed so rapidly that there is not enough time for testing.

4) The part has already been designed, manufactured, and tested and found to be
unsatisfactory. Analysis is required to understand why the part is unsatisfactory and what
to do to improve it.

More often than not it is necessary to design using only published values of yield strength,
ultimate strength, percentage reduction in area, and percentage elongation, such as those listed in
Appendix A. How can one use such meager data to design against both static and dynamic loads,
two- and three-dimensional stress states, high and low temperatures, and very large and very
small parts? These and similar questions will be addressed in this chapter and those to follow,
but think how much better it would be to have data available that duplicate the actual design
situation.

Theories of Failure Under Static L oad
It has already been discussed in the previous chapter that strength of machine members is based
upon the mechanical properties of the materials used. Since these properties are usually




determined from simple tension or compression tests, therefore, predicting failure in members
subjected to uniaxial stress is both simple and straight-forward. But the problem of predicting the
failure stresses for members subjected to bi-axial or tri-axial stresses is much more complicated.
In fact, the problem is so complicated that a large number of different theories have been
formulated. The principal theories of failure for a member subjected to bi-axial stress are as
follows:
1. Maximum principal (or normal) stress theory (also known as Rankine’s theory).
2. Maximum shear stress theory (also known as Guest’s or Tresca’s theory).
3. Maximum principal (or normal) strain theory (also known as Saint VVenant theory).
4, Maximum strain energy theory (also known as Haigh’s theory).
5. Maximum distortion energy theory (also known as Hencky and VVon Mises theory).
Since ductile materials usually fail by yielding i.e. when permanent deformations occur in the
material and brittle materials fail by fracture, therefore the limiting strength for these two classes
of materials is normally measured by different mechanical properties. For ductile materials, the
limiting strength is the stress at yield point as determined from simple tension test and it is,
assumed to be equal in tension or compression. For brittle materials, the limiting strength is the
ultimate stress in tension or compression.

1. Maximum Principal or Normal Stress Theory (Rankine’s Theory)
According to this theory, the failure or yielding occurs at a point in a member when the
maximum principal or normal stress in a bi-axial stress system reaches the limiting strength of
the material in a simple tension test. Since the limiting strength for ductile materials is yield
point stress and for brittle materials (which do not have well defined yield point) the limiting
strength is ultimate stress, therefore according
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to the above theory, taking factor of safety (F.5.) into consideration, the maximum principal or normal
stress (0,)) 1n a bi-axial stress system 1s given by

i ; ;
0, = —J, for ductile matenials
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= — for brittle materials
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where o, . = Yield point stress i tension as determined from simple tension

test, and
g, = Ultmate stress.

Since the maximum principal or normal stress theory 1s based on failure in tension or compression
and 1gnores the possibility of failure due to shearnng stress, therefore 1t 15 not used for ductile maternials.
However, for brittle materials which are relatively strong i shear but weak in tension or compression,
this theory 1s generally used.

Note : The value of maximum principal stress (G,,) for a member subjected to bi-axial stress system may be
determined as discussed in Art. 5.7,

2. Maximum Shear Stress Theory (Guest’s or Tresca’s Theory)
According to this theory, the failure or yielding occurs at a point in a member when the
maximum shear stress in a bi-axial stress system reaches a value equal to the shear stress at yield
point in a simple tension test. Mathematically,

LA S 20 .(7)
where T, — Maximum shear stress in a bi-axial stress system,
T, = Shear stress at yield point as determined from simple tension test.
and
F.5. = Factor of safety.

Since the shear stress at yield point 1n a simple tension test 1s equal to one-half the yield stress
mn tension. therefore the equation (7) may be written as
S
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This theory 1s mostly used for designing members of ductile materials.
Note: The value of maximum shear stress i a bi-axial stress system (T
Art 57.
3. Maximum Principal Strain Theory (Saint Venant’s Theory)
According to this theory, the failure or yielding occurs at a point in a member when the
maximum principal (or normal) strain in a bi-axial stress system reaches the limiting value of
strain (i.e. strain at yield point) as determined from a simple tensile test. The maximum principal
(or normal) strain in a bi-axial stress system is given by
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.. According to the above theory,

mae) 13V be determined as discussed m
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where 0, and 0, = Maximum and minimum principal stresses in a bi-axial stress system.
£ = Strain at yield point as determined from simple tension test,

1/m = Poisson’s ratio,
E = Young's modulus. and
FE.S. = Factor of safety.



From equation (7), we may write that
On _ Oy
Oy — =
m F.5.
This theory 1s not used, 1 general. because 1t only gives reliable results in particular cases.
4. Maximum Strain Energy Theory (Haigh’s Theory)
According to this theory, the failure or yielding occurs at a point in a member when the strain
energy per unit volume in a bi-axial stress system reaches the limiting strain energy (i.e. strain
energy at the yield point ) per unit volume as determined from simple tension test.
We know that strain energy per unit volume in a bi-axial stress system,
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and limiting strain energy per unit volume for yielding as determined from simple tension test,
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This theory may be used for ductile materials.
Maximum Distortion Energy Theory (Hencky and Von Mises Theory)
According to this theory, the failure or yielding occurs at a point in a member when the distortion
strain energy (also called shear strain energy) per unit volume in a bi-axial stress system reaches
the limiting distortion energy (i.e. distortion energy at yield point) per unit volume as determined
from a simple tension test. Mathematically, the maximum distortion energy theory for yielding is
expressed as
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This theory is mostly used for ductile materials in place of maximum strain energy theory.

Note: The maximum distortion energy is the difference between the total strain energy and the
strain energy due to uniform stress.

Example The load on a bolt consists of an axial pull of 10 kN together with a transverse

shear force of 5 kN. Find the diameter of bolt required according to 1. Maximum principal stress
theory; 2. Maximum shear stress theory; 3. Maximum principal strain theory; 4. Maximum strain
energy theory; and 5. Maximum distortion energy theory.



Take permissible tensile stress at elastic limit = 100 MPa and poisson s ratio = 0.3.

Solution. Given 1P, =10 kN ; P =5 kKN:o

Let

t(el)

=100 MPa = 100 N/mm? ;

d = Diameter of the bolt in mm.

. Cross-sectional area of the bolt.
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We know that axial tensile stress,

and transverse shear stress,
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We know that maximum principal stress,
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According to maximum principal stress theory.
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d? =15365/100=153.65 or d=12.4 mm Ans.
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2. {cmrdmo to maximum shear stress theory

We know that maximmum shear stress,
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3. According to maximum principal strain theory
We know that maximum principal stress,
g 1 7 15365
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and minimum principal stress
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We know that according to maximum principal strain theory.
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d? =16156/100=161.56 or d=12.7 mm Ans.
4. According to maximum strain energy theory

We know that according to maximum strain energy theory,
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d* =26724 or d=12.78 mm Ans.
5. According to maximum distortion energy theory

According to maximum distortion energy theory.
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d* =32 391 or d=13.4 mm Ans.

Stress Concentration

In the development of the basic stress equations for tension, compression, bending, and torsion, it
was assumed that no geometric irregularities occurred in the member under consideration. But it
is quite difficult to design a machine without permitting some changes in the cross sections of the
members. Rotating shafts must have shoulders designed on them so that the bearings can be
properly seated and so that they will take thrust loads; and the shafts must have key slots
machined into them for securing pulleys and gears. A bolt has a head on one end and screw
threads on the other end, both of which account for abrupt changes in the cross section. Other
parts require holes, oil grooves, and notches of various kinds. Any discontinuity in a machine
part alters the stress distribution in the neighborhood of the discontinuity so that the elementary
stress equations no longer describe the state of stress in the part at these locations. Such
discontinuities are called stress raisers, and the regions in which they occur are called areas of
stress concentration.

The distribution of elastic stress across a section of a member may be uniform as in a bar in
tension, linear as a beam in bending, or even rapid and curvaceous as in a sharply curved beam.
Stress concentrations can arise from some irregularity not inherent in the member, such as tool
marks, holes, notches, grooves, or threads. The nominal stress is said to exist if the member is
free of the stress raiser. This definition is not always honored, so check the definition on the
stress-concentration chart or table you are using. A theoretical, or geometric, stress-
concentration factor Kt or Kts is used to relate the actual maximum stress at the discontinuity to
the nominal stress. The factors are defined by the equations
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theoretical or Form Stress Concentration Factor
The theoretical or form stress concentration factor is defined as the ratio of the maximum stress
in a member (at a notch or a fillet) to the nominal stress at the same section based upon net area.

Mathematically, theoretical or form stress concentration factor,
_ Maximum stress

' Nominal stress
The value of Kt depends upon the material and geometry of the part.

Notes:



1. In static loading, stress concentration in ductile materials is not so serious as in brittle
materials, because in ductile materials local deformation or yielding takes place which reduces
the concentration. In brittle materials, cracks may appear at these local concentrations of stress
which will increase the stress over the rest of the section. It is, therefore, necessary that in
designing parts of brittle materials such as castings, care should be taken. In order to avoid
failure due to stress concentration, fillets at the changes of section must be provided.

2. In cyclic loading, stress concentration in ductile materials is always serious because the
ductility of the material is not effective in relieving the concentration of stress caused by cracks,
flaws, surface roughness, or any sharp discontinuity in the geometrical form of the member. If
the stress at any point in a member is above the endurance limit of the material, a crack may
develop under the action of repeated load and the crack will lead to failure of the member.

Stress Concentration due to Holes and Notches

Consider a plate with transverse elliptical hole and subjected to a tensile load as shown in Fig.
6.6 (a). We see from the stress-distribution that the stress at the point away from the hole is
practically uniform and the maximum stress will be induced at the edge of the hole. The
maximum stress is given by

and the theoretical stress concentration factor,

Gmax (
K- 2 =(1e
When a/b is large, the ellipse approaches a crack transverse to the load and the value of Kt
becomes very large. When a/b is small, the ellipse approaches a longitudinal slit [as shown in
Fig. 6.6 (b)] and the increase in stress is small. When the hole is circular as shown in Fig. 6.6 (c),

then a/b = 1 and the maximum stress is three times the nominal value.
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Fig. 6.6. Stress concentration due to holes.
The stress concentration in the notched tension member, as
shown in Fig. 6.7, is influenced by the depth a of the notch and radius
r at the bottom of the notch. The maximum stress, which applies to
members having notches that are small in comparison with the width
of the plate, may be obtained by the following equation,
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Stress Concentration Factor for Various Machine Members
The following tables show the theoretical stress concentration factor for various types of
members.
Table 6.1. Theoretical stress concentration factor (Kt ) for a plate with hole
(of diameter d) in tension.

d
p |005 |01 |o01s 1020 | 025 030 035 | 040 0.45 050 | 055
K, | 283 |269 |259 |250 | 243 237 232 | 226 222 217 | 213
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Fig. for Table 6.1 Fig. for Table 6.2
Table 6.2. Theoretical stress concentration factor (K,) for a shaft
with transverse hole (of diameter d) in bending.
d
> 002 | 004 | 008 | 010 | 0.12 0.16 020 | 024 0.28 0.30

N

270 2.52 233 226 220 2.11 203 1.96 1.92 1.90




Table 6.3. Theoretical stress concentration factor (K;) for stepped
shaft with a shoulder fillet (of radius r) in tension.

Theoretical stress concentration factor (K,)

D
E r/d

0.08 010 | 012 0.16 0.18 0.20 0.22 0.24 0.28 0.30
1.01 127 124 121 1.17 1.16 1.15 1.15 1.14 113 1.13
1.02 1.38 1.34 1.30 1.26 1.24 1.23 1.22 1.21 1.19 1.19
1.05 1.53 1.46 142 136 134 1.32 1.30 128 126 1.25
1.10 1.65 1.56 1.50 1.43 1.39 1.37 1.34 1.33 1.30 1.28
1.15 1.73 1.63 1.56 146 143 1.40 137 1.35 132 131
1.20 182 1.68 1.62 1.51 147 144 141 138 135 134
1.50 2.03 1.84 1.80 1.66 1.60 1.56 1.53 1.50 1.46 1.44
2.00 214 194 1.89 1.74 1.68 1.64 1.59 1.56 1.50 1.47
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Fig. for Table 6.3 Fig. for Table 6.4



Table 6.4. Theoretical stress concentration factor (K,) for a stepped
shaft with a shoulder fillet (of radius r) in bending.

_ Theoretical stress concentration factor (K)

D

E rid

0.02 0.04 0.08 0.10 0.12 0.16 0.20 0.24 0.28 0.30

1.01 1.85 1.61 1.42 1.36 1.32 124 1.20 1.17 1.15 1.14
1.02 o7 1.72 1.50 1.44 1.40 1.32 1.27 1.23 121 1.20
1.05 220 1.88 1.60 1.53 1.48 1.40 1.34 1.30 1.27 1.25
1.10 2.36 1.99 1.66 1.58 1.53 1.44 1.38 1.33 1.28 1.27
120 2.52 2.10 1.72 1.62 1.56 1.46 1.39 1.34 1.29 1.28
1.50 275 2.20 1.78 1.68 1.60 1.50 1.42 1.36 131 1.29
2.00 2.86 2.32 1.87 1.74 1.64 1.53 1.43 1.37 132 1.30
3.00 3.00 2.45 1.95 1.80 1.69 1.56 1.46 1.38 134 1.32
6.00 3.04 2.58 2.04 1.87 1.76 1.60 1.49 1.41 135 1.33




