CHAPTER-V
Two Degree of Freedom

Introduction

In earlier classes we have discussed analysis of single degree
of freedom systems
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Systems with two degree of freedom
Introduction
Degree of freedom of a system =

(Number of masses in a system) x (humber of possible types of
motion of each mass

It is well known that each mass point has SIX degrees of
freedom in space
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Systems with two degree of freedom
Introduction
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Systems with two degree of freedom
Introduction

A two-degree freedom system is one that requires two
coordinates to describe its motion.

These coordinates are called generalized coordinates when
they are independent of each other.

A two DOF system has two equations of motion, which can be
solved to obtain two natural frequencies



Systems with two degree of freedom

Model Governing equations
Newton’s method

KyXq

Obtain the
= equations of
- T the motion of
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Systems with two degree of freedom

Governing equations
Newton’s method

From Force equilibrium diagram of mass m,

KiXq mliil + K1X1 — KZ(XZ — Xl) =0
T m1x1 mlxl + (Kl + KZ)X1 — szz =0 15t Egn. of
motion
K, (X,X,) From Force equilibrium diagram of mass m,
ﬁT X MyX, +Ky(Xp —%;) =0
m, X, ) d
m,X, —K,x, + K, x, =0 2nd Eqn. of

motion



Systems with two degree of freedom
Governing equations

Matrix form
M %} + [KEx} = O]
Mass matr|x generahzed
force vector
generalized Stiffness  generalized

acceleration vector matrix displacement vector



Systems with two degree of freedom
Solution of governing equations

It is possible to have pure harmonic free vibration for both the
masses.
Let us assume X, = Asin(wt + @)

X, = A,sin(wt + @)

The above equations have to satisfy the governing equations of
motions
mX, + (K, +K,)x;, —K,x, =0 1t Eqn. of
motion
m,X, — K, X, + K,x, =0 2"d Egn. of
motion



Systems with two degree of freedom
Solution of governing equations

(K, +K,) — mw? |Asin(wt + @) — K,A,sin(wt + ¢) = 0
— K,Asin(wt + @) — (K, — m,w?)A,sin(wt + @) =0

In above equations  sin(wt + ¢) # 0

The above equations reduces to: (characteristic equation)

(K, +K,) —mw?|A, —K,A, =0

KA, — (K, - m,w?)A, =0



Systems with two degree of freedom
Solution of governing equations

The solution of equations is:

=0

The above equation is referred as a characteristic determinant
Solving, we get :

mm,w* — [m, (K, +K,) + mK, jw? + KK, =0
w4 . |:(K1 + Kz) n Kz }wz n K1K2 -0

ml m2 mlmz
Frequency equation




Systems with two degree of freedom
Solution of governing equations

For simplification, let us consider : K, =K, =K

The frequency equation changes to:

4 2K K K?
w" — + w+—2:0
m m m

m 2

2
w4—[3K}w LA
m

put w” = A, in the above
equation:



Systems with two degree of freedom
Solution of governing equations

2 -b +v/b? - 4ac
A - [BK})HLK—:O AsA, = Wy, w; =
m m 2a
%J(BK)M
- 2
Al,)\z—wf,w§: il il il
2
x, [ s 05)<
2 2_ m__\m’ W2 W2 = m
1772



Systems with two degree of freedom
Solution of governing equations
K
G-y5)K 3+5)"
_ m W. — m
W, = 2
2 2

w, = 0.61w, w, = 1.61w, radians/sec

As the system has two natural frequencies, under certain
conditions it may vibrate with first or second frequency,
which are referred as principal modes of vibration



Torsional Vibration

Example TORSIONAL VIBRATION
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Equations of motion for
91- J1é1:'K191'K2((91'(92)
J1é1+ Kif1t K2(6’1' 92):0



Torsional Vibration

Equations of motion for 6,:

J20,=-K:(02-61)
J.0,1TKz(60:-60,)=0

Assume: g = ACos(wt-¢)  @,=BCos(at-g¢)

Differentiating the above equations twice:

6,=-o°ACos(at-¢)  §,=-w’BCos(at-¢)



Torsional Vibration

Substituting equations the displacement equations the
EOM vyields the following.

'Jla)z A+(K1+K2)A' K,B=0
-J, 0’ B+K,B-K,A=0

Find the solutions to the two independent frequencies by solving
the determinant and finding the Eigenvalues.

_(K1+K2'J1(02) 'Kz_

Kz (Kz2-J.0%))

KiKo+tKs-Kidow' - Kl -Kodiw® + J1d.0" -K5=0

JlJZC()4'(K1+K2 )Jza)z' Klea)Z"'Kle:O



Torsional Vibration

4 _(K1+ K> )+&_Co2+ K1K2:
J1 Ja2 | Ji1d2

0

Solve for the Eigen Values:

2 -bi\/b2-4ac
/’L:a) A = -

L 2a




Systems with two degree of freedom
Forced Vibration




Systems with two degree of freedom

Problem-1 Governing equations
Newton’s method

KiXq

F, = Fsinwt {fmdt mX,

.Force equilibrium diagram




Systems with two degree of freedom
Governing equations
Newton’s method

From Force equilibrium diagram of mass m,
K1X4 3 :
mX; + KX, —K, (X, — X;) = F,sinwt

F = }

F sinot T m, X, mlxl + (K1 + KZ)X1 —K X, = Fosinwt 15t Egn.

of
.From Force equilibrium diagram of mass nmotion

m,X, + Ky(X, —%;) =0

2" Eqn. of

m,X, —K,x, +K,x, =0 _
motion



Systems with two degree of freedom
Solution of governing equations

It is possible to have pure harmonic free vibration for both the

masses.
Let us assume X, = AsInWt  where o is the forcing

X, = A,sinwt frequency
Be the forced response of the system, where A, and A, are the
amplitudes to be obtained

The above equations have to satisfy the governing equations of

motions . :
m X, + (K, + K,)X; —K,X, = F;sinwt 15t Egn. of

. motion
m,X, — K, X; + K, X, =0 2"d Eqn. of

motion



Systems with two degree of freedom
Solution of governing equations

(K, + K,) — mw? A sin(wt + @) — K,A,sin(wt + @) = F,sinwt
— K,Asin(wt + @) — (K, — m,w?)A,sin(wt + @) =0
In above equations  sin(wt + ¢) = 0

The above equations reduces to: (characteristic equation)
(K, +K,) - mw? A, —K,A, = F,sinwt
-K,A; — (K, — mzooz)A2 =0



Systems with two degree of freedom

Solution of governing equations
(K, +K,)-mw? A, —K,A, =Fsinwt
~K,A, — (K, —-m,w?)A, =0



Solution of governing equations

From above equations obtain A; and A, by Cramer’s rule

where A is the determinant of characteristic equations

(K, +K,))-mw?*  —K,

A = =0

-K, K, — m,w?

A = {(K, +K,) —mw? {K, — m,w?}— K2



Systems with two degree of freedom
Dynamic vibration absorber

The system can be used as

Main system Dynamic vibration absorber
having forced (Tuned damper)
vibration

Choose K,, m, such that
vibrations of mass m is
minimized

Absorber
system




Systems with two degree of freedom
Dynamic vibration absorber

Undesired maximum vibrations can occur only when main system
is under resonance, or neariti.e w, =w

So, to reduce undesired vibration of main system mass m,, we
choose K,, m, in such a way that w, =W,

Ke_ K2 o K_K
ml m2 ml m2





